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SECTION A - GENERAL 

The Structures Manual is issued in three volumes. Volume I contain- 
IlIXt ar l SUbsec ^ ns ^ «a B 5 of Section B - Allowable Stresses? Volume 
sections remain ^ of Section B. Volume III contains all the other 

of the St^aS SrslS^ Sf S^^^*J? 

ss&s: settee* within a ^ or subsection ^ * — ^ ££» 

Sub-Secticnr; 

Structures Manual Table of Contents " " 

Section A - General 

Leg of Revisions A1 1 



Table of Contents 
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Publications from the Structural Mechanics Section A6 
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Material Properties 
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Fittings, Fasteners, Bushing, and Bearings 


B2 


Thick Sections 


B3 


Strength of Short, Thin Walled Sections 


Xk 


Tl.in Sheet 


B5 


Flat Stiffened Sheet 


B6 


Fatigue 


Br 


Members Under Combined Loading 


B8 
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Beam Deflections and Moments 
Multiple Fastener Joints 
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Miscellaneous Topics 

Section D - Applied Loads 

Flight Loads 
Section E - Dynamic Loads 
Section F - Statistics 
Section G - Computer Programs 
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C3 
Ck 
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Cll 
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SECTION A6 - PUBLICATIONS FROM THE STRUCTURAL MECHANICS SECTTnM 



in OT e S eited in on°^f? ?f ^ cations issued b y the Structural Mechanics Section 
vithirtt1ub°Jec?topSf ^ PageS ' liSUne 13 ln ^^logical order 



Stress Distribution 



A6.01-1 thru -6 



Dynamic Loads Under Transient Conditions A6.02-1 thru -k 



Temperature Distribution 
Allowable Stress 
Aeroelasticity 
General 



A6.O3-I 

A6.0i;-1 thru -2 

A6.O5-I 

A6.06-1 



Where a digital computer program is associated with the publication the 
program number is shown. Additional information concerning some of\£se 
computer programs can be found in Section G. 

These publications do not have a formal distribution' list so that 
every copy of a particular report may not have the lates? revision^ It 
is important to make sure that one's copy contains the late sl revL ions 
SS^^.^.* 11 * *» — - Administrator^h; 



May 1967 



STRUCTURES MANUAL 

PUBLICATIONS FROM THE STRUCTURAL MECHANICS SECTION 



A6.01-1 



Stress Distribution 
Title 



Ref. & 
Date 



J.A.S. 



A Method for Reducing The Analysis 
of Complex Redundant Structures to 10 / 52 
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8/15/57 
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SMM 11 



On Simplified Fuselage 
Stress Distributions 



Structure J.A.S. Vol. 25 
No. 10 

IO/58 



Eagle Missile - Bending Moments SMM 16 
In Shell Reinforcement At Booster 9/60 
Fin Tie Down ' 



Redundant Structure Analysis: 
Examples & Comments 
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Author(s) 
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W. Lansing 



W. Mueller 
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W. Mueller 
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P. Ratner 

W. Mueller 



W. Mueller 
J. Malakoff 
P. Ratner 

P. Ratner 



P. Ratner 
I. Jones 
I. Villalba 

W. R. Jensen 



P. Ratner 
J. Malakoff 



E. Lerner 
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Date 



ADR 02-11-61.1* 
5/61 

ADR 02-12-61.2 
6/61 

ADR 02-12-61.3 

6/61 



Author(s) 



W. Lansing 
P. Ratner 
I. W. Jones 

I. W. Jones 



I. W. Jones 



ADR 02- 12-61. U I. W. Jones 
7/61 

ADR 02-11-61.2 W. R. Jensen 



Str. Section Memo W. Elkins 
No. 62-5-25 



1/62 

GE 19U 
2/62 

AIAA Journal 
Vol. 1, No. 7 

7/63 

ADR 02-12-62.1 
7/63 
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6/15/62 



W. R. Jensen 
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P. Ratner 



P. Ratner 



W. R. Jensen 
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* Also Symposium Proceed ingc, Structural Dynamics of High Speed Flight, 
April 1961, Office of Naval Res. ACR-62, Vol. 1, pp. 533-566 (1962). 
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B1.10 INTRODUCTION 
Compressive Stress-Strain Relations in the Yield Range 

Stress-strain curves are of fundamental importance in the coniDutati nn 
of inelastic instability and failure stresses. ^he 1 S design oltrl 
required for the many available structural materials and the various 
able stresses for these materials at room and elevated temperatures can^e 
fSs^sSJS ^St^f 3 — ^-^-^^hematical descriptio^ T 

Symbols 

E c Design elastic modulus (figure Bl.10-1), psi 
Eg Secant modulus of elasticity, pci 
E T Tangent modulus of elasticity, psi 

E' Typical elastic modulus (figure Bl.10-1), psi 
F Stress, psi 

P crel Elastlc buckling stress, psi : 
F cr PlaG ^ic buckling stress, psi 

F cy Design compressive yield stress (figure Bl.10-1), pci' 

F 0.7 Refere nce stress, stress at secant modulus '.JK (figure ' 
Bl.10-1) , psi G 

f .05 ;? 5 f n °^ Set ctreCE ' tyPicai stress-strain curve (figure 
Bl.10-1), psi 0 

f 0.2 ( i: 2 f r ° ft , aet Kt ^sc, typical stress-strain curve (figure 
Bl.10-1), psi 

n Shape factor of stress -strain curve 

e Strain 

11 Plasticity correction factor ■ 

v Instantaneous Poisson's ratio 

v Elastic Poisson's ratio 



v 



» p Fully plastic Poisson's ratio, = 0.5 for isotropic materials. 

F 0.7 F 0.7 7 i F 0. 7 / BU1 - 
"hich is plotted in non-dimensional form on page SL30-2 
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0 0.2 0.1+ 0.6 0.8 1.0 

STRAIN , % 



The parameter n describes the shape of the stress-strain curve in 
the yield region. It can be found from a typical stress-strain curve by 
$C§ling two stresses and their corresponding offset strains. The .05$ and 
'0.2$ offsets have been used here as shown in figure Bl.10-1. Hence 

Log e (.2/. 05) 



Equation Bl-2 is plotted for convenience in figure Bl.10-2. 




h 5 6 8 10 15 20 _ 30 UO 50 



n 
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The reference stress ? Q ^, is chosen so that a stress-strain curve 
having the same curvature (described- by n) as the typical stress-strain 
curve, will pass through a specified value of the yield stress. Then 



/ F \ l/(n-l 

F 0.7 = F cy(^.3^) 



-1) 

Bl-3 



is the reference stress corresponding to the design compressive stress- 
strain curve. In equation Bl-3, F and E are design values and n des- 
cribes the curvature of a typical compressive stress-strain curve. 

Design values of F Q/f , E^, and n for o large number of materials are 

tabulated in Section B1.20. From these values and the curves of Bl.30-2 
appropriate compressive stress-strain relations are easily found. ' 

To determine the design stress-strain relation of a material not in- 
cluded in the tables of Section B1.20 (but whose design yield, stress and 
design elastic modulus are known, and for which a typical stress-strain 
curve is available), the following procedure should be followed: 

1) From the typical stress-strain curve determine f and f 

.05 0.2" 

2) From figure EL. 10-2 determine n 

3) From equation Bl-3 determine F„ 

u . ( 

For inelastic buckling problems the modulus ratios E /E and E /E 

c' S c' T 

appear. These ratios have been computed as follows and have been plotted 
m non-dimensional form on pages Bl.40-2,-3: 



E c 

= 1 + 7 1^-1 El-lf 



nP1 . F ^-dimensional approach has been applied to determining the 
effect of exceeding the proportional limit of material on its bucklinr 
stress. This is discussed in paragraph Bl.50.0. 
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B1.20 MATERIAL PROPERTIES 



The following pages present basic data and material properties for 
a large number of flight vehicle materials. The following information is 

-LIE TjGCL ■ 

(1) MATERIAL - The alloy, temper and/or heat treatment designation 
is listed under this heading. For definitions of the various 
tempers and heat treatments see MIL-HDBK- 5A . 

(2) FORM - as indicated. Note that the designation "plate" refer- 
to material greater than 0.2^9 inch thick. 

(3) THICKNESS - The thickness of the material. Note that in the 
case of extrusions,, a cross-sectional area exceeding 20 in 2 can 
influence material properties; see MIL-HDBK- 5A. 

W DIRECTION OF LOADING - The direction in which the material is 
loaded is referred to the three material axes shown below. 





(Rolling Direction) 

Short i ^ ~ ^ 

Transverse! 1 1^ -^ <c$&> <-<v Q 
Longitudinal <£C^ 

(5) TEMPERATURE - Temperature of material in degrees Fahrenheit ■ 
Exposure time is - t hour unless otherwise indicated. 

(6) ELONGATION (e)_ - A measure of the ductility of the material 
measured generally in accordance with Federal Test Method Standard 
151. Values given in tables are A-values unless otherwise indi- 
cated. "" 

(7) ULTIMATE TENSILE STRESS (f ) - The stress at maximum tensile 
load. Stresses are based on the uu original cross-section area of the 
section. Values given in the tables are A-values unless otherwise 
indicated. 

(8 > COMPRESSIVE YIELD STRESS . (p ) - the compressive stress 
corresponding to a permanent strait of .2% as shown in figure Bl 10-1 
A and B-Values of F are listed in the tables, unless otherwise 
indicated. 

(9) COMPRESSIVE MODULUS OF ELASTICITY (E ) - the ratio of stress 
to strain below the proportional limit of c the material. Values 
of the modulus of elasticity in the tables are average values unless 
otherwise indicated. For clad materials, only secondary moduli! 
are given in. the tables. 
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(10) REFERENCE STRESS (F 7 ) - As discussed earlier in section 
B1.10. Given with the desigA yield stress on which it is based. 

(11) SHfi.EE PARAMETER (n) - as discussed earlier in section Bl.lO. 



BASIS - Primary strength properties appearing in the tables are identified 
by a letter indicating the basis on which they were established: 
B- Value is the value above which at least 90 percent 
of the population of values is expected to 
fall with a confidence of 95 percent. 

A -Value is the value above which at least 99 percent 
of the population of values is expected to 
fall with a confidence of 95 percent. 

S- Value the' specified minimum value of the governing 
Military Spec, or SAE Aerospace Material Spec, 
of the material. 



REFERENCES 
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5. GAEC IN- PLANT TESTS 
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8. BA.TTELLE MEMORIAL INSTITUTE AFML-TR-67-1^2 ; March, 1967 

9. TIMET Case Study M515; November, 1968 

3.0. TIMET Eng'g Bulletin #10. September, 1967 
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B1.30 NON-DIMENSIONAL STRESS STRAIN CURVES 

Non-dimensional stress strain curves are given on the following page 
and are used as follows: 

General Procedure 

1. Determine values of n, E , and F n „ from the tables of 

3 c' 0.7 

Section B1.20 

F 

2. To determine the stress corresponding to a given 
strain e: 

a) Compute the ratio of^ E c Xe ^F n 7 

b) Enter the appropriate curve of page Bl.30-2 
and determine the ratio (f/F_ „) 

c) The stress at strain e is then computed to 

■ bG r= ( F / F o.7 ) x F 0.7 

3. To determine the strain e corresponding to a given 
stress F: 

a) Compute the ratio of (E c x e)/ F 0 ^ 

b) Enter the appropriate curve of page Bl.30-2 and 

determine the ratio (E x e/F„ „) 

c ' 0.7 ; 

c) The strain at stress F is then computed to be 
e H(* c * e)/F 0 . 7 } * (F 0>? /E c ) 

Note: The non-dimensional stress-strain relations of page Bl.30-2 are 

most accurate at stress levels below F Q ^; beyond this stress they may not 
adequately define the true stress- strain curve of the material. 
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NON-DIMENSIONAL STRES3- STRAIN CURVES 
Obtain values of n, E c and F from Section B1.20 



1.2 




ZUisnman. 



January. 1969 



Bl.UO NOW- DIMENSIONAL MODULUS CURVES 

Hon-dimensional secant- and tangent-modulus curves are given on the 
following two pages and are used as follows: 

General Procedure 

(l.) Determine values of n E , and F- r , from the tables 
' > c 0.7 

of Section B1.20 

(2.) To determine the secant modulus E g at a stress F. 

determine the ratio of (F/Fq ^) . Enter the appropriate 
curve on page B1.U0-2 and determine the ratio (E^/E^. 
The secant modulus at stress F is calculated to be 

E = (E /E ) x E . 

s s' c' c 

(3.) To determine the tangent modulus at a stress 

Fj the same procedure as used in (2) above is followed 

using the curves of page B1.U0-3 instead of those of 
page Bl. 1*0-2. 
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NON-DIMENSIOKAL SECANT MODULUS CURVES 



n 



Obtain values of n, E e and 



Fq ^ from Section B1.20 
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to 
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CO 



CQ 
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2§ = SECANT MODULUS 
Ec ELASTIC MODULUS 



3 
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NON-DIMENSIOHAL TAUGEHT MODULUS CURVES 
Obtain values of n, and IF „ from Section B1.20 




^ _ TANGEMT MODULUS 
K c " ELASTIC MODULUS 
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l50 NON-DIMENS IONAL PTARTTC BUCKLTNG flUBVES 



When the theoretical elastic buckling stress of a structure exceeds 
the proportional limit of the material, there is a reduction in bending 
stiffness which allows the structure to buckle at a stress below the 
theoretical elastic value. The effects of exceeding the proportional 
limit are incorporated into a plasticity correction (reduction) factor 
T)_which, when multiplied by the theoretical elastic buckling stress 
gives the stress at which the section will actually buckle (plastic 
buckling stress). 

Recommended values of the plasticity correction factor for various 
cases are given below. 

TABLE B1.50 (Ref. NACA TN 378l) 



LOADING 


STRUCTURE 




CHART ON PAGE 


COMPR. 


LONG PLATE , BOTH 
UNLOADED EDGES 
SIMPLY SUPPORTED 




Bl. 50.1-1 


COMPR. 


LONG FLANGE, ONE 
UNLOADED EDGE 
SIMPLY SUPPORTED 


E s . 

c 


Bl.50.1-2 


COMPR. 


SHORT PLATE COLUMN 
-ALSO INTERRIVET ■ 
BUCKLING 


( E S + 3 E t) 


Bl. 50.2-1 


3HEAR 


RECTANGULAR PLATE, 
ALL EDGES EIAST- 
ICALLY RESTRAINED 


(• 83E s + 

i E c —) > 


Bl. 50.3-1 


COMPR. 


LONG COLUMNS 


V E c 


B1.50.U-1 


where j = (1 _ ^ b 


1-6) 



The value j in the above table is the correction to account for the 
instantaneous value of Poisson's ratio v, which is determined from the 
equation: 



v = v p -{[E s /Ejx[v p - v e] | 
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In plotting the curves of this section a value of 0.5 was assumed for the 
fully plastic Poisson's ratio, v^; a value of 0,3 was assumed for the 

elastic Poisson's ratio, v q . These values may be used without appreciable 

error for aluminum, titanium, and steel alloys. 

The non-dimensional buckling, stress charts of pages Bl.50.1 through 
EL.50.1j. were constructed from the basic stress strain and modulii equations 
of section B1.10 and the plasticity correction factors of table Bl.50. 
Since there is little difference among the numerical values of the 
plasticity correction factors applicable to a long clamped flange, to a 
long plate with any amount of edge rotational restraint, and to a thin 
walled section, these cases are grouped into one curve (Bl.50.1-1) employ- 
ing the correction factor of the simply supported plate. 

A general procedure is given for determining the plastic buckling 
stress of a section whose elastic buckling stress, F , is known. 



GENERAL PROCEDURE 



(1) From section B1.20 determine the appropriate material proper- 
ties n, E c , F 0 _ 7 

(2) Using the values of the ratio (F crel /F Q ? ) and the exponent 
n, determine the value of the ratio (P /P ) from the 
appropriate curve of section Bl.50. 

The plastic buckling stress is then found as P =(f /f )x 
t? cr ^ cr' 0.7' 

0.7 



EXAMPLE 



Determine the local plastic compressive buckling stress of a simply 
supported, bare 7075-T6 sheet loaded in compression along the short 
edges. The sheet dimensions are 6.0" x l.V x 0.061+". 

■s.s, 

r 




From Section Bl.20.1, 



E Q = 10.5 X 10 psi 

F 0 ^ = 72900 psi (B-value) 



(cont'd) 



January 1969 



Bl. 50.0-3 



EXAMPLE (Cont'd) 

6 ? 

From page B5. 11. 11-1, F crel = 3.62 x 10.5 x 10 x {.06k/l.k) = ' 

79,100 psi 



(F crel /F 0.7 )= (79,100/72,900) = 1.087 



For long plates with simply supported edges, the curves of page 

Bl.50.1-1 apply: from them (F /F„ J= O.89 

cr' 0.7 

The stress at which the sheet buckles is : 
F cr = 0.89 x 72,900 = 6U,800 psi. 



Bl. 50.1-1 January 1969 

N0N- DIMENSIONAL PLASTIC BUCKLING OF PLATES IN COMPRESSION 

Curves are for long plates with both unloaded edges simply supported 
but may be applied to long flanges with one unloaded edge clamped and 
to long plates with both unloaded edges clamped. 

F cr el " P cr^ = ^(t/b) 2 

where T\ = plasticity correction factor (s,ee. below) 
E c » elastic modulus 
t = plate thickness 
b = plate width 

K = the appropriate buckling stress coefficient from Section B5.11 
Obtain values of n, E c and $ Q „ from Section B1.20 
1.2, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ' 
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NON-DIMENSIONAL PLASTIC BUCKLING OF A LONG FLANGE, IN COMPRESSION, 
ONE UNLOADED EDGE SIMPLE SUPPORTED 



cr el 



= F cr A =KE 0 (t/br 



where T] = plasticity correction factor (see "below) 
E Q = elastic modulus 
t = flange thickness 
~b = flange width 

K = "buckling stress coefficient (see page B5. 11. 11-1) 



Obtain values of n, E c and Fq j from Section B1.20 




F 



cr el ELASTIC BUCKLING STRESS 



F 



O.Y 



REFERENCE STRESS 
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NON-DIMENSIONAL PLASTIC BUCKLING OF SHORT PLATE COLUMNS, 
INTERRIVET BUCKLING OF PLATE- STRINGER COMBINATIONS 



'cr el 



12(1-7) ' p/ 



CD 
CO 



o 
o 

M 
En 



CO 
CO 



where 11 = plasticity correction factor (see below) 
E c « elastic modulus 
t = plate thickness 
p = rivet pitch 

e = rivet end fixity coefficient (see page B6 11 k) 
v = Poisson's ratio ■ 

Obtain values of n, E c and F Q from Section B1.20 



1.2 



in 
O 



^ 0 




cr el ELASTIC BUCKLING STRESS 



F 



0.7 



REFERENCE STRESS 
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HON-DIMEHSIOHAL PLASTIC BUCKLING OF PLATE IN SHEAR 

F cr el " " K^"' 2 

where Tl = plasticity correction factor (see "below) 

E ■ elastic modulus 
c 

t = plate thickness 
b = plate width 

K = buckling stress coefficient (see page BJ. 11. 12-1). 
Obtain values- of n, E c and F Q ? from Section B1.20 
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NQN-D IMENS IOKAL COLUMN CURVES (BASED ON 1A.NGENT MODULUS) 



cr cttE c _ 



TT^E 



1.2 



cr el - T (L/p) - (L , /pr 

where 1] = plasticity correction 'factor = E_/Ec 
C = end fixity factor (see page B3.TO-1) 
L = column length 

L' = equivalent pinned-end length = L/Tc" 
p = section radius of gyration 



Obtain values of n, E,. and F Q ^ from Section B1.20 
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cr el ELASTIC BUCKLING STRESS 
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NON-DIMENSIONAL PLASTIC BUCKLING OF A COLIMN ON AN ELASTIC FOUNDATION 



1.2 



1.0 



03 



CO 
<3 



S3 



E9 0.8 



t4 
O 



0.1+ 



0.2 



'crel 

H 
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tb 

A 



~ I] " V A . 



plasticity correction factor = 

section radiua of gyration 
foundation modulus 
section area 



0.6 




crel ELASTIC BUCKLING- STRESS 



0.7 



REFERENCE S3EESS 
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HL.60 CRIPPLING OF THDT-WALLED SECTIONS 

A physical description of the crippling of thin-walled sections is given 
in Section B1+.30. The crippling stress of a thin-walled section can be deter- 
mined using the non-dimensional crippling curve of page KL.60-2 in conjunc- 
tion with the tables of Section HL.20. The crippling curve is specifically 
for "f ormed-type " sections. Crippling strength of extruded thin-walled 
sections is determined from HL.60.2 plus a correction term that adds in the 
strength due to the corner area present in the extruded sections that does 
not exist in formed sections. The calculation required for an extruded 
section is shown in the following equation. 

Crippling for Extruded Thin-Walled Sections: 

< V F 0. 7 Wrusion = ^cA.Amd (A "I>corner^ + VVr^corner^ 

is from EL.60-2. Calculate F /F in accordance 
with instructions of page, crel U,/ &.ll-2. 

is the maximum stress on the section and is the 
stress acting on each of the individual corner 
areas. This stress is obtained from page 
Bl.60-3. . 

is the area of all corner material common to 
the intersecting elements of the section. The 
area of the fillets may be included in this item. 

A is the total section area including all corner 

area that is included in the VA calculation. 

corner 

The areas required are shown for the following typical section. 



( F cc/ F 0.7^Frmd 



2>, 



corner 



T 



R 



I 



Ya = 2t.t„ + 2t„t, + (k - n)R 

corner 12 2 3 



= 2b 1 t 1 + 2b 2 t 2 + b 3 t 3 + ]PA 



corner 



Application of this section on crippling is included in the numerical 
examples of Section Bij.30. 
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NOK DIMENSIONAL CURVES FOR THE CRIPPLING 
OF "FORMED-TYPE " THIN-WALLED SECTIONS IN COMPRESSION 

For "Extruded Sections" See Page HL.60-1 
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MAXIMUM SECTION STRESS FOR COMPRESSION CRIPPLING 
OF THIN-WALLED SECTIONS 




10 



20 



30 



1+0 



50 



60 



Stress-Strain Curve Shape Factor 
Values from Section KL.20 
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STRESS - STRAIN CURVES FOR ALUMINUM 
ALLOYS IN LONGITUDINAL TENSION 




.002 



Ref ANC-5 June 1951 
- TN 1010, 1385, 2085 



.ock .006 .008 

Unit Strain - inches/inch 



.010 



.012 



■. i fl»\ 
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STRESS STRAIN CURVES FOE ALUMINUM 
ALLOYS IN LONGITUDINAL COMPRESSION 
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ANC-5 June 1951 
TN 1010 1385, 2085 
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E = Tangent Modulus -. 10 psi 

Ref: ANC-5, June 1951 
& TN 1010, 1385, 2085 
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SECTION B2 - FITTINGS, FASTENERS, BUSHINGS, AMD BEARINGS 
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FITTING DESIGN REQUIREMENTS 
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Introduction 

A large proportion of structural failures in aircraft occur in, or 
because of, improperly de si gne cL f i t.t.ij n g r , nnrl a large percentage of airplane 
cost is absorbed in fitting manuf acture . The purpose of this discussion is to 
aid in reducing both the number of failures associated with fittings, and the 
high cost of making them. 

Definition 

Fittings are defined as those parts which connect one primary member to 
another. Structurally, they shall also include that part of the primary mem- 
ber adjacent to the fitting. Riveted and bolted connections between members 
are considered as fittings. Riveted seams between large sheets, wherein there 
is no stress concentration, are not considered fittings. 

General Design 

Fittings in general should be cheap, simple, and rugged. A fitting must 
be stronger and less critical than the main member it connects. Because negli- 
gible additional weight will make a questionable fitting satisfactory, weight 
saving should not be a primary consideration in fitting design. 

Fatigue 

Small fittings with complex sections subjected to frequent stress rever- 
sals are particularly sensitive to fatigue, because of the resulting stress ■ 
concentrations. In designing fittings, stress concentrations should be kept 
to a minimum, and critical fittings should be checked for fatigue, using the - 
methods of Sect. B1.03- 

Distortion Due to Heat Treat 

Heat treating frequently causes the length of a part when ready for drill- 
ing end holes to be different from its length before heat treatment. Thus, 
centering limits of holes shall be large enough to allow for this variation, 
and such tolerance shall be specifically noted on the drawing of the part. 

Provision for Reaming Oversize 

A diameter of at least l/l6 inch over minimum allowable edge distance 
shall be allowed on unbushed holes to provide for subsequent reaming oversize. 
Drawings shall note either that this provision has been made or that the hole 
may not be reamed oversize. 
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FITTING DESIGN REQUIREMENTS (cont.) 



Tapped Holes 



In parts subject to frequent field disassembly, tapping should be avoided 
because of high initial cost and difficulty . of. replacement if threads are dam- 
aged. 

Bolts 

Only steel bolts l/h diameter and larger and aluminum alloy bolts 5/16 
diameter and larger shall be used in primary structures. Shear loads are taken 
only on the unthreaded portion of a bolt. Special bolts, stressed otherwise 
than in shear, shall have between head and body a fillet equal to l/k the body 
diameter. 

Rotation on Aluminum Alloy Parts 

Rotation must be taken by bushings or appended bearing surfaces other 
than the aluminum alloy part itself. 

Fitting Factors 

In general, it is desirable that any failure in an airplane, structural 
assembly take place in a long structural member, rather than in a fitting. A 
long member will fail more gradually and with more warning, will absorb more 
energy in failing, and can sustain more damage without complete disintegration; 
for example, a wing test specimen which has failed properly at ultimate load 
somewhere in the compression material will usually sustain at least 1.5g after 
failure . 

On the other hand, failure in a fitting will occur suddenly with no warning 
and little absorption of energy, and with no possibility of sustaining load 
after failure. These probabilities are all aggravated by the susceptability 
of fittings to stress concentrations because of their small size and usual 
complication and because of the uncertainty as to the actual stress distribu- 
tion in the fitting. 

Therefore, in order to insure that failure will not take place in the 
fitting, it is standard practice to design fittings for a higher load than the 
structural members which they connect; the standard factor of increase is 1.13 
(SB-73A). If the strength of a fitting is to be demonstrated by static test, 
the fitting factor may be reduced to 1.0 (SB-73A). However, in the early 
stages of design when the applied loads may not be in final form, a factor of 
1.15 should be applied to all fittings. 
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FITTING DESIGN REQUIREMENTS (co nt. ) 

In certain special cases, different fitting factors are specified in the 
following references: 

Plain Journal Bearings: ANC-5 (June 1951) Tables 2.6112-2 (a) and (b). 

Castings : SR-llla, superseded by MIL-C-6021 on late contracts. 
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ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 
HS-^8 HI-SHEAR RIVETS - PROTRUDING HEAD - IN ^130 STEEL SHEET 



(1) 



e/D = 2.0 



(Sheet H.T. = 150 ksi) 



W/D = 6.0 



Strength in Lbs. ^ 


Sheet 
Thickness 


Rivet Diameter 


3/16 


l/k 


5/16 


3/8 


.025 


1135 








.028 


1365 


1395 






.032 




±00 Q 






.036 


1850 


2290 


2320 




.0^0 


201+0 


2670 


2910 




.0^5 


2230 


3075 


3780 


3665 


.050 


2385 


3^20 


4170 


^530 


.063 


2600 


^095 


5380 


6380 


.071 


2620 


^385 


5955 


7295 


.080 




lj-580 


6475 


8150 


.090 




^650 


6890 


8915 


•095 






70^0 


9255 


.100 






7155 


9535 


.125 






7300 


10^05 


-l60 








10500 




H/D-.246 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-1^8. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear hearing allowable for the lower sheet-rivet combination should 
be computed. 

(3) Yield strength is not critical x yield load exceeds design 
ultimate load for all cases listed). 
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ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 
HS-48 EE-SHEAR RIVETS - PROTRUDING HEAD - In kl^Q STEEL SHEET ^ 



e/D =2.0 



(Sheet H.T. = iBO ksi) 



W/D = 6.0 



Strength in Lbs.^' ^ 


Sheet 
Thickness 


Rivet Diameter 


3/16 


iA 


5/16 


3/8 


.025 


1270 








.020 


1^70 


1630 






.032 


1850 


2105 








2100 


2555 


2700 




.QkO 


2325 


3000 


3290 




.0^5 


2^65 


3520 


3990 


4-210 


.050 


2550 


3930 


4690 


5070 


.063 


2620 


4470 


6185 


7230 


.071 




4575 


669O 


8395 


.080 




4650 


7005 


9290 


.090 






7175 


9880 


.095 






7250 


10065 


.100 






7300 


10195 


.125 








10500 




H/D-.246 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-148. 

(2) In cases where the lower sheet is thinner than the upper sheet, 
the shear hearing allowable for the lower sheet - rivet com- 
bination should be computed. 

(3) Yield strength is not critical (1.304 x yield load exceeds 
design ultimate load for all cases). 
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ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 
HS-^8 HE-SHEAR AND SALP HUCK FASTENERS- 
PROTRUDING HEAD - IN 7075-T6 BARE SHEET ^ 



e/D = 2.0 



W/D = 6.0 



Strength in lbs. ^ 


Sheet 
ThicKness 


Rive' 


; Diameter 


3 /l6 




-716 


3/o 


.0^0 


985 








.0^5 


ll4o 








.050 


1290 


1600 






.056 


1^05 


1855 






.063 


1650 


21^0 


2530 





.071 


1850 


2400 


2950 




.080 


2070 


2790 


3^10 


3930 


.090 


2190 


31^0 


3905 


4550 


.100 


2300 


3^90 


^360 


5150 


.125 


2505 


3960 


5^50 


6550 


.160 


2620 


^380 


6230 


82^0 


.190 




i)-590 


6675 


8975 


.250 




^4-650 


7300 


10000 


.3125 








10500 




HS-48, H/D-.21+6 
SALP, H/D ~ . 312 



(1) All test specimens were single shear lap joints, (l or 2 rivets). 
— Ref. Grumman Report GE-148 and 123MT520. 

(2) In cases where the lower sheet is thinner than the upper sheet, 
the shear-bearing allowable for the lower sheet-rivet combination 
should be computed. 

(3) Yield strength is not critical (1.30^ x yield load exceeds design 
ultimate load for all cases listed). 



1 
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STRUCTURES MANUAL 



1 April 1962 



ALLOWABLE ULTIMATE ■ STATIC SINGLE SHEAR STRENGTH FOR 
HS-48 EE-SHEAR AND SALP HUCK FASTENERS- 
PROTRUDING HEAD-IN 2014-T6 CLAD SHEET ^ 



e/D = 2.0 



W/D = 6.0 





Strength in lbs. ^ 


Sheet 


Rivet Diameter 


3/16 


1/k 


5/16 


3/8 




715 










805 








.cko 


900 










1025 


13^0 








1135 


1495 






.056 


1275 


1695 


2085 




.063 


1^05 


1915 


2355 


2810 




1535 


2155 


2685 


3170 


.080 


1680 


2^00 


30^0 


3600 


.090 




2630 


3^20 


4100 


.100 


1990 


2850 


3750 


^555 


.125 


2350 


3370 


kh 50 


5575 


.160 


2620 


4o6o 


5355 


6720 


.190 




4650 


6105 


7650 


.250 






7300 


9^20 


• 3125 








10500 




HS-^8, H/D ~ .2*1-6 
SALP, H/D ~ .312 



(1) All test specimens were single shear single rivet lap joints 
Ref. Grumman Report GE-1^8 and 123MT520. 

(2) In cases where the lower sheet is thinner than the upper sheet, 
the shear-hearing allowable for the lower sheet-rivet combination 
should be computed. 

(3) Yield strength is not critical (1.30^ x yield load exceeds design 
ultimate load for all cases listed). 



1 August I96I 



STRUCTURES MANUAL 



B2.22-1 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 
HS-^7 HE-SHEAR RIVETS - COUNTERSUNK HEAD - IN ^130 STEEL SHEET ^ 



e/D = 2.0 



(Sheet H.T. = 150 ksi) 



w/d = 6.0 



Strength in Lbs.^' ^ 


Sheet 
Thickness 


Rivet Diameter 


3/l6 


1 /k 

X/H- 


I?/ XD 


3 /ft 
0/0 


.025 










.028 


90 


XXUU 






.032 


xxuu 








.036 


1275 


1570 


1790 




.0^0 


li+50 


1805 


2090 




.0^5 


1675 


2095 


2^55 


2735 


.050 


1875 


2380 


2820 


3190 


.063 


2210 


3150 


3760 


4320 


.071 


2310 


3530 


^350 


5005 


.080 


2^15 


3820 


5000 


5805 


.090 


2500 


J+030 


5570 


6690 


.095 


25^5 


k 110 


5795 


7125 


.100 


2570 


h 190 


5970 


7505 


.125 


2620 


^500 


65^5 


8790 


.160 




4650 


7100 


9660 


.190 






7300 


10500 



100 e 




H/D-.228 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-l48. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear bearing allowable for the lower sheet - rivet combination should 
be computed. 

(3) Yield strength is not critical (1.30^ x yield load exceeds design 
ultimate load for all cases listed). 
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STRUCTURES MANUAL 



1 August I961 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 
HS-47 EE-SHEAR RIVETS - COUNTERSUNK HEAD - IN 4130 STEEL SHEET^ 



e/D =2.0 



(Sheet H.T. = 180 ksi) 



W/D = 6.0 



Strength in Lbs. ^ 


Sheet 
Thickness 


Rivet Diameter 


3/16 


iA 


5/l6 


3/8 


.025 


910 








.028 


1060 


1270 






.032 


1260 


1535 






.036 


1455 


1800 


2070 




.o4o 


1660 


2060 


2400 




.045 


1910 


2390 


2810 


3160 


.050 


2l4o 


2725 


3225 


3650 


.063 


25^0 


3590 


4300 


4935 


.071 


2620 


it- 0^5 


4975 


5725 


.080 




4410 


5705 


6630 


.090 




4635 


6395 


764o 


•095 




4650 


6665 


8125 


.100 






689O 


. 8560 


.125 






7300 


10125 


.160 








10500 



100 c 




H/D-.228 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-148. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear hearing allowable for the lower sheet - rivet combination should 
be computed. 

(3) Yield strength is not critical (1-304 x yield load exceeds design 
ultimate load for all cases listed). 



■ liintnta/iz. 
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STRUCTURES MANUAL 



B2.22-3 



ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 



HS-47 HI-SHEAR AND SALIOO HUCK FASTENERS - 
FLUSH HEAD - IN MACHINE COUNTERSUNK 7075-T6 BARE SHEET 



(1) 



100° 



e/D = 2.0 



w/d b 6.0 



(2) 

Strength in lbs. v ' 


Sheet 
Thickness 


Rivet Diameter 


5/32 


3/16 


1/4 


5/16 


3/8 


.032 


525 










.036 


635 


675 








.040 


7*4-0 


820 








.045, 


860 


980 








.050 


975 


1130 


1300 






.056 


1100 


1300 


1570 






.063 


1245 


1490 


i860 


2060 




.071 


1405 


1695 


2175 


2505 


2640 


.080 


*1540 


1915 


2510 


2975 


3265 


.090 


*l665 


*2155 


2860 


3460 


3920 


.100 


1820 


*2305 


3195 


3920 


4520 


.125 




2620 


*393 5 


4990 


5925 


.160 






*4605 


*6230 


7670 


.190 






4650 


*6965 


*8905 


.250 








7300 


10500 




HS-47, H/D-.228 
SALIOO, H/D~.240 



(1) All test specimens were single shear, single rivet lap joints. Ref. 
Grumman Report GE-148, 123MT520, and Chance Vought "Structural Design 
Data" Pocket Handbook, Dec. 1955 . 

(2) In cases where the lower sheet is thinner than the upper sheet the shear- 
bearing allowable for the lower sheet-rivet combination should be computed. 

* Yield is critical (1.304 x yield load < test ultimate load/. 
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1 April 1962 



ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 

HS-^7 HI-SHEAR AMD SALIOO HUCK FASTENERS- 

FLUSH HEAD-IN MACHINE COUNTERSUNK 2Q1^-t6 CLAD SHEET ^ 
e/D =2.0 W/D = 6.0 



100 ' 



Strength in Ibs.^' ^ 


Sheet 
Thickness 


Rivet Diameter 


3/16 




5/16 


3/16 


.0^0 


765 








.0 1 4-5 


895 








.050 


1010 








.056 


1155 


1^55 






.063 


1315 


1685 


1970 




.071 


1^85 


19^5 


2310 




.080 


1665 


2220 


2685 


3060 


.090 


i860 


2510 


3085 


3570 


.100 


20k0 


2785 


3^65 


4055 


.125 


2kl0 


3^30 


^355 


5230 


.160 


2620 


4185 


5if75 


6665 


.190 




^575 . 


6295 


7810 


.250 




4620 


7300 


9660 


.3125 








10500 




HS-47, H/D-.228 
SALIOO, R/lt~.2k0 



(1) All test specimens were single shear lap joints, (1 or 2 rivets). 
Ref. Grumman Report GE-1^8 and 123MT520. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear-bearing allowable for the lower sheet-rivet combination should 
be computed. 

(3) Yield strength is not critical (l.3Ck x yield load exceeds design 
ultimate load for all cases listed). 



• tiuiimanr. 
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STRUCTURES MANUAL 



B2.22-5 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR HS-67-5 HI-SHEAR 
RIVET-COIMCERSIMK HEAD-IN 17-7PH(TH1050) STAINLESS STEEL SHEET ^ 



e/D = 1.5 



w/d = 6.0 



100° 



Strength in Lbs. ^ > 


Sheet 
Thickness 


Rivet Diameter 


5/32 


.025 


765 


.028 


1080 


.032 


1300 


.036 


1^50 


.0^-0 


1575 


.0^5 


1720 


.050 


1835 


.063 


2115 


■071 


2270 


.080 


2350 




H/D-.258 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-1^8. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear-bearing allowable for lower sheet - rivet combination should 
be computed. 

(3) Yield strength is not critical (1-30^ x yield load exceeds design 
ultimate load for all cases). 



NOTE: Minimum guaranteed values of 17-7PH(TH1050) stainless steel sheet: 
"° " " F bru = 305,000 psi (e/D = 1.5) 



F tu = 180,000 psi; F = 150,000 psi; F T 
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STRUCTURES MANUAL 



1 August I96I 



TENSION ALLOWABLE ULTIMATE STATIC STRENGTH FOR 



HS-67-5 HE-SHEAR RIVETS-COUNTERSUNK HEAD-IN 17-7PH(TH1050) STAINLESS STEEL 



(1) 



100 c 



Strength in Lbs. 


Sheet 
Thickness 


Rivet Diameter 


5/32 


.025 


^20 


.028 


535 


• 'Joe. 


f\1C\ 
D 








875 


.0^5 


915 


.050 


935 


.063 


965 


.071 


995 


.080 


1025 


.090 


1060 


• 095 


1080 


.100 


1095 


.125 


1170 




H/D-.258 



(1) Reference Grumman Report GE-1^8. 

NOTE: Minimum guaranteed value of 17-7PH(TKL050) stainless steel 
sheet: F tu = 180,000 psi; F^ = 150,000 psi. 
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STRUCTURES MANUAL 



B2.22-7 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 



e/D = 2.0 




w/d = 


Strength in Lbs. ^ ' ^ 


Sheet 


Rivet 


Diameter 


Thickness 


5/32 


3/16 


.032 


395 




.036 


^95 




.0^0 


550 


620 


.0^5 


590 


755 


.050 


620 


825 


.056 


6ko 


870 


.063 


655 


910 


.071 


675 


9^0 


.080 


685 


960 


.090 


695 


980 


.100 


700 


995 


.125 


720 


1010 


.160 


765 


1060 


.190 


815 


1095 


.250 




1180 



100° 




_ — 


-D- 




\ 

H 




•7 
s 











H/D~.2^2 



(1) All test specimens were single shear, single rivet lap joints. Reference 
Grumman Report GE-148. 

(2) In cases where the lower sheet is thinner than the upper sheet, the shear 
bearing allowable for the lower sheet-rivet combination should be computed. 

(3) Yield strength is not critical (1.3c* x yield load exceeds design ultimate 
load for all cases listed). 
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1 April 1962 



-100°. 



ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 
NA1097-AD RIVETS - FLUSH HEAD 
GOLD DIMPLED - MACHINE COUNTERSUNK 2024-T3 CIAD SHEET ^ 

W/D b 6.0 




Sheet^ 
Thickness 


(3) 

Strenth in Lbs. w> 


e/D = 1.5 


e/D = 2.0 


Rivet Diameter 


1/8 


5/32 


3/16 


1/8 


5/32 


3/16 




165 






165 






. OPO 


195 


260 




• 195 


295 




• 02 1 )- 


215 


315 


375 


215 


3^5 


^25 


.028 


255 


365 


kko 


255.. 


380 


500 


.032 


285 


*U5 


500 


285 


^15 


570 


.036 


320 


H5 


560 


320 


41+5 


6^0 


.0^0 


350 


475 


625 


350 


475 


675 


.0^5 


388 


515 


700 


388 


515 


705 


.050 




550- 


7^0 




550 


7^0 


.056 




596 


775 




596 


775 


.063 






820 






820 


.071 






862 






862 



(1) All test specimens were single shear, single rivet lap joints. 
Ref. Grumman Report GE-1^8 and 128MT509- 

(2) The thickness of the machine-countersunk lower sheet must be at least 
one tabulated gauge thicker than the dimpled sheet; and the minimum 
gauge of the lower sheets are .032, .OkO and .050 for the l/8, 5/32 and 
3/l6 diameter rivets respectively. Ref. Engineering Manual, Section D. 

(3) Yield strength is not critical (1-30^ x yield load exceeds design ulti- 
mate load for all cases listed). 
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STRUCTURES MANUAL 



B2.22-9 



ALLOWABLE U LTIMATE STATIC SHEAR STRENGTH FOR 
AN^27 MONE L RIVETS - COUNTERSUNK HEAD - IN 7075- To CLAD SHEET ^ 
e / D=2 -° W/D=6.0 



100° 



Strength in Lbs. ^ 


Sheet 
Thickness 


Rivet Diameter 


1/8 


5/32 


3/16 


.032 


380 






.oko 


520 


' 595 




.050 


610 


810 


920 


.063 


665 


955 


1215 


.071 


675^ 


1020 


1320 


.080 




lc4o 


1^25 


.090 | 




1055^) 


1520^ 




H/D-.395 



(1) All test specimens were single shear, single rivet lap joints. 
Reference Grumman Report GE-1^8. 

(2) In cases where the lower sheet is thinner than the upper sheet, 
the shear bearing allowable for the lower sheet - rivet comb- 
ination should be computed. 

(3) Yield strength is not critical (1.3c* x - yield load exceeds 
design ultimate load for all cases listed). 

(h) Shear values based on annealed rivet material (F su = 55 ksi). 



.22-10 



STRUCTURES MANUAL 



1 August 1961 



TENSION ALLOWABLE ULTIMATE STATIC STRENGTH FOR 
AN^27 MONEL RIVETS - COUNTERSUNK HEAD - IN 7075-T6 CLAD -SHEET ^ 



Strength in lbs. 


Sheet 
Thickness 


Rivet Diameter 


1/8 


5/32 


3/16 


.c4o 


310 






.050 


^20 


485 


560 


.063 


565 


660 


7^5 


.071 


650 


780 


875 


.'.080 


675 


900 


1025 


.090 




1025 


1200 


.100 




1155 


1360 


.125 




1250 


1735 


.160 






1995 



M f 

, H 



h/d . 395 



(1) Reference Grumman Report GE-1^8. 



'Uini/riaAz 



December 1968 



B2. 22-11 



Allovable Ultimate Static Shear Strength for Hi-Lok 
GB510A and GB510B Fasteners - Countersunk Head 
(In T1-6A1-4V STA and Ti-6Al-6V~2Sn Annealed Titanium Sheet) (l) (2) 
e/D = 2.0 W /d = 6.0 



Room Temperature Strength in 


lbs. (3) (4) (5) (6) 






Fastener Diameter 


Sheet Thickness 


3/16 


1/4 


5/16 


3/8 


.063 

.071 

.080 

.090 

.100 

.125 

.160 

.190 

.250 

.3125 

• 375 


1890 
2080 

2235 
2380 

2475 
2600 
2610 
2630 


2820 
3220 

3555 
3825 
4280 
4600 
4650 


3850 
4470 
5030 

5975 
6750 
7240 
7265 


5030 
5850 
7500 
8940 
9700 
10410 
10490 


Fastener Shear Strength 


2690 


4650 


7290 


10490 



(1) All tests were of single shear, single fastener joints at room 
temperature. 

(2) All tests were of GB510A fasteners in Ti-6A1-4V STA sheet. 

(3) For effects of elevated temperature, see Grumman Titanium Desipn 
Guide, Fig. 450.4.4-13. 6 

(4) 5/16" diameter fasteners were not tested. The values listed are 
based upon the design static shear envelope obtained from tests 
of fasteners of the other three sizes. 

(5) In cases where the lower sheet is thinner than the upper sheet the 
shear-bearing allowable for the lower sheet-fastener combination should 
be computed. 

(6) Yield strength is not critical (1.304 x yield load exceeds design 
ultimate load for all cases tested). 



15 March 1955 



STRUCTURES MANUAL 



B2.24-1 



ULTIMATE STRENGTH OF BLIND RIVETS 



(in 2024-T3, Clad 2024-T3, 2014-T6, 7075-T6, and Clad 7075-T6 sheets) 



Rivet 


Protruding Head^ 


100° Dimpled^ 


100° Machine , nS 


Type 




















Countersunk^ } 


Diameter 


1/8 


5/32 


3/16 


l/4 


1/8 


5/32 


3/16 


l/4 


1/8 


5/32 


3/16 


1/4 




.012 


l42 








110 


















.016 


161 


23^ 






151 


185 
















.020 


197 


251 


34l 




183 


237 


281 














.025 


2^7 


309 


373 


586 


216 


287 


354 


463 










m 
w 


.032 


303 


395 


k7k 


64 3 


252 


3^3 


433 


606 


100 








w 

Si 


.04o 


355 


474 


587 


789 


283 


393 


508 


733 


129 


156 






o 


.051 


399 


561 


714 


1006 


313 


446 


585 


873 


215 


206 


24 0 






.064 


4o6 


617 


828 


1213 




^90 


658 


1006 


334 


3^3 


316 


4oo 


■p 

a> 

<D 


.072 




635 


878 


1319 






689 


1076 


381 


439 


413 


454 


fit 
KJ 


.081 






911 


1430 






721 


1136 


407 


530 


546 


521 




.091 






91k 


1524 








1199 




603 


691 


644 




.102 








1594 








1252 




635 


812 


861 




.125 








1626 














914 


1288 


Rivet 


























Shear 


4o6 


635 


9l4 


1626 










4o6 


635 


914 


1626 


Strength 























(1) Huck "P", Huck "9SP-B-A", Rocket "SB-A", Cherry "CRI63", du Pont DR 
MS 20600 AD 



(2) Huck "l0OV",Huck "9SP-100-A", Rocket "SC-A", Cherry "CR162", du Pont DR, 
MS 20601 AD ' 

(3) Sheet gage is that of the thinnest sheet for protruding head and for 
dimpled applications. 

Sheet gage is that of the upper sheet for machine countersunk applications, 
except that where the lower sheet is thinner than the upper, the shear-bearing 
allowable for the lower sheet-rivet combination should be computed from 
MIL-HDBK-5 
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STRUCTURES MANUAL 



B2. 2^.20-1 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 

MLSIOO-M 1 *- AND -Mg (HUCK) BLIND RIVETS 

COUNTERSUNK HEAD - IN 7075-16 CLAD MATERIAL ^' ^ 
e/D = 2.0 W / D = 6.o 



Strength in Lbs. ^ 


oneex 
Thickness 


Rivet Diameter 


Ultimate ^ 


1/8 


5/32 


.032 






.036 


470 




.0^0 


515 


6^5 


.0^5 


570 


730 


.050 


610 


795 


.056 


670 


880 


.063 


725 


960 


.071 


790 


1045 


.080 


870 


nho 


.090 


950 


1235 


.100 




13^5 


.125 




lU90 (5) 




h/d ~ .3^2 



(1) All test specimens were single shear, single rivet lap joints. 
(Ref. Grumman Report GE-1^8)and 123MT514. 

(2) In cases where the lower sheet is thinner than the upper sheet, the 
shear-bearing allowable for the lower sheet fastener combination should 
be computed. 

(3) Ultimate load = Test Ultimate Load Average Curve/l.15. 

(h) When used in conjunction with other fasteners, the deflection character- 
istics of the MLS100-M Blind Rivets should be taken into account. 
(5) Shear values based on Huck Manufacturing Company data sheet. 
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STRUCTURES MANUAL 



1 April 1962 



ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 



MLSIOO-EU (A286) HUCK BLIND RIVETS-FLUSH HEAD- 
IN MACHINE COUNTERSUNK 7075-T6 CLAD SHEET^' ^ 



e/D = 2.0 



w/d = 6.0 



Strength in lbs. (3) 


Sheet 


Rivet Diameter 


1/8 


5/32 


3/16 


.036 










*^35 






. 0*t-5 


*^85 


*630 




.050 


*5^o 


*6"75 


*875 


.056 


*620 


*750 


*925 


.063 


675 


-*850 


*1010 


.071 


735 


*980 


*ll4o 


.080 


800 


*1120 


*1310 


.090 


875 


*1275 


*1500 


.100 


9U5 


*l425 


*l685 


.125 


970^) 




*2130 


.160 






2150C" 




h/d ~ .3^2 



(1) All test specimens were single shear, single rivet lap joints. 
Ref. Grumman Report GE-1^8 and 128MT508. 

(2) When used in conjunction with other fasteners, the deflection character- 
istics of the MLS100-EU rivets should he taken into account. 

(3) In cases where the lower sheet is thinner than the upper sheet, the shear- 
hearing allowable for the lower sheet-fastener combination should be com- 
puted. 

(h) Shear values based on Huck Manufacturing Co. data sheet. 
* Yield is critical (l. 30^ x yield load test ultimate load/^ 



1 August I96I 



STRUCTURES MANUAL 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH FOR 



D = 1.5 




w/d = 6.0 


Strength in lbs. 


(2) 


Sheet 


Screw Diameter 


Thickness 


10 (.190) 


hl6 (.2*4-75) 


.CkO 


*1255 




.0^5 


*136o 




.050 


*lU6o 


*1900 


.063 


■*l690 


*2l80 


.071 


*1820 


*2300 


.080 


19^5 


*2^35 


.090 


1980 


*2560 


•095 


1990 


*26l5 . 


.100 


2005 


*2675 


.125 


2090 


2795 


.160 


2126 


2870 


.190 




2985 


.224 




3215 


'.250 




33^0 


.3125 




3680 




— D-»- 



1 — r 
1 1 
■ 1 



H/D ~ 0.^27 



(1) All test specimens were single shear, single fastener lap joints. Refer- 
ence Grumman Report GE-148. 

(2) In cases where the lower sheet is thinner than the upper sheet, the shear 
bearing allowable for the lower sheet-fastener combination should be com- 
puted. 

NOTE: Minimum guaranteed values of 17-7PH(TH1050) stainless steel sheet- 

F tu = l80 > 000 P si 3 F ty = 150,000 psi, F bru = 305,000 psi- (e/D = 1.5) 

* Allowable ultimate load equals 1.36k X yield load. 
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ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 

AN5Q9 SCREWS - FLUSH HEAD - IN 
PIMPLED-MACHINE COUNTERSUNK 7Q75-T6 CLAD 



SHEET 



(1) 



e/D = 2.0 



Strength in lbs. ^ 


Sheet 


Screw Diameter 


#8 (.1610 


#10 (.190) 


1/k 


5/16 




430 








.0?8 


520 


585 






.032 


605 


685 






.036 


685 


785 


915 




.0^0 


765 


880 


1115 




.0^5 


855 


995 


1285 


1525 


.050 


* 925 


1095 




17^5 




* 970 


*1225 


1630 


1995 


.063 


*1015 


*1285 


1835 


2275 


.071 


*1065 


*1350 


2030 


2550 


.080 


*1120 


*l4l5 


2190 


2910 


.090 


*1180 


■*1^85 


*2300 


3260' 


.100 


*1220 


*1555 


*2395 


*3^30 


.125 


*1335 


■^1690 


*2625 


*37^5 


.160 


*1555 


*1875 


*2900 


*4i50 


.190 


1584 


*2020 


*3090 


*^30 


.250 




2126 


*3500 


*496o 


.3125 






3680 


*5465 


.375 








5750 



100' 




— D 



1 f 



! ! 



H/D-.U27 



(1) Ref. (a) A. I. A. Report on Flush Screw Joint Strength, January 22, 1952. 

(b) Grumman Report GE-148. 

(2) The thickness of the machine -countersunk lower sheet must be at least 
one tabulated gauge thicker than the dimpled sheet; and the minimum 
gauge of the lower sheets are .071, .080, .125 and .l60 for the #8, 
#10, X/h and 5/16 screws respectively. Ref. Engineering Manual, 
Section D. 

* Yield strength is critical (I.30U x yield load < test ultimate load/, 

1.15 
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ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 
AN5Q9 SCREWS - FLUSH HEAD - IN 
PIMPLED-MACHINE COUNTERSUNK 2014-T6 CLAD AND 2Q24-T3 CLAD SHEET ^ 
e/D = 2.0 



100° 





Strength in lbs.^ 


Sheet 
Thickness 


Screw Diameter 


#8(.l64 


#10(.l90) 


l/4 


5/16 


.024 


385 








.028 


465 


525 






.032 


5^5 


615 






.036 


615 


705 


875 




• 04o 


685 


790 


1000 




.0^5 


770 


890 


1150 


1370 


.050 


855 


990 


1295 


1565 


.056 


* 920 


1110 


1455 


1790 


.063 


* 970 


*1210 


1645 


2050 


.071 


*1025 


*1285 


1825 


2280 


.080 


*1075 


*1355 


*206o 


•2610 


.090 


*rL35 


*l425 


*2l85 


2930 


.100 


*1185 


*l4-95 


*2300 


*3220 


•125 


*1310 


*l64o 


*2530 


*3600 


.160 


*l470 


*1835 


*2800 


*4ooo 


.190 


1584 


*2000 


*304o 


*4290 


.250 




2126 


*344o 


#4840 


.3125 






3680 


*5365 


• 375 








5750 




T_j "y 



n 



H/D~.427 



(1) Ref. (a) A. I. A. Report on Flush Screw Joint Strength, January 22, 1952. 

(b) Grumman Report GE-148. 

(c) Grumman Report 134MT515. 



(2) 



* 



The thickness of the machine-countersunk lower sheet must be at least 
one tabulated gauge thicker than the dimpled sheet; and the minimum 
gauge of the lower sheets are .04l, .080, .125 and .160 for the #8, 
#10, 1/4 and 5/16 screws respectively. Ref. Engineering Manual. 
Section D. 

Yield strength is critical (1.304 x yield load < test ultimate load/.,., J 

' 115 



T 

H 
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ALLOWABLE ULTIMATE STATIC SINGLE SHEAR STRENGTH FOR 
AN509 SCREWS - FLUSH HEAD - DOUBLE DIMPLED 



20l4 -T6 CLAD AND 2024 -T3 CLAD SHEET 



(1) 



e/D = 2.0 



W/D = 6.0 



Sheet ^ 
Thickness 


Strength in lbs. 


Screw Diameter 


#8(.l64) 


#10 (.190) 


1/4 


.016 


1 An 


* i ad 




.020 


* 230 


* ?65 




.024 


■# 275 


* 320 


4in 


.028 




j 1 j 


y? 4on 


.032 


•X- ^70 


4^o 




.036 


* 420 


* 480 


* 630 


.040 


* i)-70 


* 540 


* 705 


.045 


* 54o 


* 615 


* 790 


.050 


* 610 


* 690 


* 885 


.056 


* 695 


* 785 


* 995 


.063 


* 805 


* 905 


*1130 


.071 


* 930 


*104o 


*1300 


.080 


*1075 


*1205 


*l490 


.090 


*1235 


*1390 


*1720 


.100 


*1395 


*1580 


*1 9 55 


.125 


1584 


*2045 


*256o 


.160 




2126 


*3430 


.190 






3680 



100° 




H/D-.427 



(1) All test specimens were single shear, single rivet lap Joints. 
Ref. Grumman Report GE-148, 134MT507 and 134MT516. 

(2) Sheet gauge is that of the thinnest sheet for a double dimpled joint 
* Yield strength is critical (1.304 x yield load < test ultimate load 
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B2.40-5 



ALLOWABLE ULTIMATE STATIC SHEAR STRENGTH 
NAS1200 SCREWS-COUNTERSUMK HEAD-IN 17-7PH(TH1050) STAINLESS STEE L^ 
e/D = 1-5 W/D = 6.0. 



Strength in lbs/ 2 ) 


Shee ( t 
Thickness 


Screw Diameter 


1203 (.I89) 


1204 (.24-9) 


• 04o 


164 0 




.0^5 


1815 




.050 


1980 


2455 


.063 


2290 


*2605 


.071 


2400 


*2625 


.080 


2500 


*264o 


.090 


2550 


*2820 


•095 


2590 


*2900 


.100 


2605 


■K-2995 


.125 


2620 . 


*3590 


.160 




4i45 


.190 




4335 


.224 




4650 




100' 




— D- 



I n ! 



h/d ~ .425 



T 

H 



(1) All test specimens were single shear, single fastener lap joints. Ref. 
Grumman Report GE-148. 

(2) In cases where the lower sheet is thinner than the upper sheet, the shear 
bearing allowable for the lower sheet-fastener combination should be 
computed. 

NOTE: Minimum guaranteed values of 17-7PH(TH1050) stainless steel sheet' 
F tu = 180,000 psi; f, " ' - " - 



■ty 



150,000 psi; F bru = 305,000 psi. (e/D = 1.5) 



* Allowable ultimate load equals 1.304 x yield load. 
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STIFFNESS OF MECHANICALLY ATTACHED 
SINGLE SHEAR JOINTS 



Introduction 



The data on the following pages provide the stiffness of single 
shear, single fastener, mechanically attached lap joints. Stiffness 
is the slope of the load -deflection curve from test specimens of this 
configuration. The data is presented for some of the common combinations 
of fasteners and plate materials that are encountered in aircraft and 
spacecraft design. 

Discussion 

Stiffness data are a necessary part of any analysis which treats 
the problem of fastener load distribution in a joint with multiple 
connections. The load distribution problem is usually most important 
when fatigue is a design factor, since the stress concentration due 
to the loaded fastener is a significant part of the total stress 
concentration factor. Because the magnitude of the predicted load 
concentration within a fastener group is a direct function of fastener 
stiffness, it is necessary to make this prediction on the basis of a 

) ItZi* S a S 1C analysis * C 1 - 6 - the ^iffness value for the fasteners 

) should be the maximum reasonable value of the slope of the straight 

line portion of the load deflection curve.) 

It should also be noted that fasteners contribute a significant 
amount to the flexibility of a shear panel when it is attached to 
its framing members with discrete mechanical fasteners (Reference a 
page 431) as well as to the flexibility of a structural assembly of' 
axial load members joined by a group of mechanical fasteners. 

Derivation 

The presented data was obtained by fairing curves through plotted 
values of available test data. These data were modified frof the raw 
sSai^n?^ t° f m0Ve . the Cerement of flexibility due to the axial 
strain of the test specimen. Faired test data was then curve fit in 
order to extrapolate it to the range of fastener sizes and plate 
thicknesses included in the presented data. The test 'data was obtained 
from References (b), (c), and (d). chained 

Materials 

J he ? at f P resented is applicable to plate materials of the common 

SrS^f ?^ BU ? Um 3ll0yS 111 the heat treated condition, 6Al-kY oT 
bAl-oV-2Sn titanium alloys in the annealed condition, and steel of 

">l aS 6 ^ hea Vf at (say 160 k , 5i to 180 ksi F tu). The pin materials 

^ daL becoJ" SiTM 160 kSi F ^ heat treat Until test 

data becomes available it is recommended that data for steel fasteners 
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Materials (Continued) 



in aluminum plate can be used for the case of titanium fasteners in 
aluminum plate. . . 

Geometry and Material Variations 

The data presented in this section is for the case of equal plate 
thicknesses and like materials in each plate. When plates of significantly 
different thicknesses and/or dissimilar materials are joined, a reasonable 
adjustment of the available data must be made. The following adjustment is 
suggested, referring to the figure. 



Thickness 2 
Material 2 



p-— £ 



Thickness 1 
Material 1 



Pin Diameter D 



Let k]_ be the stiffness value for two plates of thickness 1, material 1 
Let k2 be the stiffness value for two plates of thickness 2, material 2 
where kj_ and kg are obtained from the appropriate figure of page 
B2.50-lf thru B2.50-7 for consistant values of D and T/D. 

The value of k for the multi-thickness or mixed material joint is then: 

k = 2 (k! • kg) 
*1 + k 2 

This approach has been checked favorably with a few test points for 
one thickness configuration with plates of like material. No test data 
exists for mixed material configurations. 

Double Shear Joints 

No attempt has been made to extrapolate test data for double 
shear joints primarily because of a paucity of test data.' However, 
there are 18 usable test data points in the reference that can be used 
to establish the value of a simple multiplying factor to apply to 
single shear data in order to obtain double shear data. This factor 
ranges in value from 2.5 to 3.^ as determined from the test data 
mentioned above. Again, since conservative fastener loads are usually 
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Double Shear Joints (Continued) 

desired, the higher factor is recommended. The factor is applied 
as shown, referring to the following figure. 



2T 1 f 



r 









L 1 1 > 




f t- T 

Pin Diameter D 



^2 



Determine the stiffness for a plate and fastener configuration of D and T 
(NOT 2T) from pages B2.50-U thru B2.50-7. The stiffness of the double 
shear joint shown above is then this stiffness increased by the factor 
2.5 — 3. UO . 

If the center member is not 2x the thickness of the outer strap, the 
joint stiffness is calculated as shown for the following case. 



T 2 4 2T 



The actual joint is structurally equal to the idealized joint. 

T 2 /2 £ T, 



1 



p 

T 2 4 2 T~{ C 



P/2 



'P/2 



Tx 



T 



P/2 



+ 

■+- 



T p /2 ^ T» 



t 



P/2 



Then follow the proceedure for single shear joint of unequal plate 
thickness from the previous page to obtain the joint stiffness k for 
each Idealized member. The double shear joint stiffness is then: 

k (double) = (2.5 — *- 3.h) x k 

for the two shear faces. If the stiffness of a single shear face is 
desired, it is 



k (single) = (1.25 



1.7) x k 



2-74 



— B2.50-3 — 



JUKE I98O 



GRUMMAN tSXEEKSa^iSilSE <£QI8lg>QlSWflnQIRa 



STRUCTURES MANUAL 




*C»C 401 o . . 

— B2.50-U — JUNE 197it 




*G»C 4010 

= B2.50-5 JUNE 197^ 



GRUMMAN .- ,: it a- - :■•■) 5 ! " * "I: i': •* "I: i-'WM' >HMI 




T/DrPLflTE iTHI CKMEf-55/P IfN i 0-i RjH£TER 



REV MflR 13/ J37H 



*GAC 481 0 
2-74 



B2.50-6 



JUNE 197U 



I 




Wd.'jQ-f - JUNK J-VY'l 



h July 1956 



STRUCTURES MANUAL 



B2.61-1 



MINIMUM HOUSING RADII FOR STANDARD BUSHINGS BASED UPON PRESS FIT 

Steel Bushings in Aluminum Alloy Housings 
(Reference Grumman Standard Part G B10A) 




& . = Bushing Nominal Outer Diameter 
t^ = Bushing Wall Thickness 
r 0 = Housing Wall Radius 

For d < 7/8", ti = 3/32" 
d >7/8", ti = 1/8" 



F ty = Transverse tensile yield stress of housing material. 



Item 
G B10A 


Bushing 

I.D. 
(Nominal) 


Bushing 

O.D. 
(Nominal) 


Maximum 
Interference 

6 




r o 


- Housing Wall Radius 


F ty =40,000 psi 


F ty = 50, 000 psi 

(14S-TG 
Extruded Bar) 


F ty = 60,000 psi 

(14S-T6 Plate 
75S-T6 Extr Bar) 


F ty = 68, 000 psi 
(75S-TG Plate) 


Jf- 


iA 


7/16 


.0015 






29/32 


1/2 


-5- 


5/16 


1/2 


.0015 




19/32 


17/32 


13/32 


-6- 


3/8 


9/16 


.0017 


1-1/16 


5/8 


17/32 


7/16 


-7- 


7/16 


5/8 


.0019 


31/32 


5/8 


9/16 


15/32 


-8- 


1/2 


11/16 


.0021 


15/16 


21/32 


19/32 


1/2 


-9- 


9/16 


3A 


.0023 


29/32 


11/16 


5/8 


17/32 


-10- 


5/8 


13/16 


.0023 


27/32 


21/32 


5/8 


17/32 


-11- 


11/16 


15/16 


• 0025 


29/32 


23/32 


11/16 


19/32 


-12- 


3A 


l 


.0027 


15/16 


3A 


23/32 


5/8 


-13- 


13/16 


1-1/16 


.0028 


29/32 


3A 


23/32 


21/32 


-ik- 


7/8 


1-1/8 


.0028 


7/8 


3A 


23/32 


II/16 


.-16- 


1 


1-1/4 


.0030 


15/16 


13/16 


25/32 


3A 


-20- 


1-1/4 


1-1/2 


•0035 


1 


29/32 


7/8 


7/8 



Notes: 
1 



3- 
If. 



These standard hushing housings are designed for press fit stresses only 
following the method of B3-50 and are based upon the maximum inter- 
S'TSV the n ?™T an Standard Part G B10A. Each housing must also he 
checked for applied load (B3-13) and fatigue life. 

lL™i Tt ^ tr T S ™ rSe ^ "JLLrection in housing is not parallel to bushing, 
double the housing wall thickness. ' 

For non-standard bushings, see B3-50. 

Be :X, the ?° tted 11116 ° f the table ' the ^sing vail radius is based on 
a 1/ti minimum housing wall thickness. 
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MINIMUM HOUSING RADII FOR STANDARD BUSHINGS BASED UPON PRESS FIT 

Bronze Bushings in Aluminum Alloy Housings 
(Reference Grumman Standard Part G BlOB) 




d = Bushing Nominal Outer Diameter 
t± = Bushing Wall Thickness 
ro = Housing Wall Radius 

For d < 7/8", t ± = 3/32" 
d > 7/8", t ± = 1/8" 

F^y = Transverse tensile yield stress of housing material. 



Item 
C D10B 


Bushlng 

I.D. 
(Nominal) 


Bushing 

0. D. 
(Nominal) 


Maximum 
Interference 
5 




0 


- Housing Wall Radius 


F. =48,000psi 

ly 


F ty = 56, 000 psl 

(14S-T6 
Extruded Bar) 


F ty = 60,000 psl 

(14S-T6 Plate 
15S-TG Extr Bar) 


F t = 68, 000 psl 
(75S-TG Plate) 


Jf- 


iA 


7/16 


.0015 


23/32 


15/32 


7/16 


3/8 


-5- 


5/16 


1/2 


.0015 


1/2 


13/32 


13/32 


3/8 


-6- 


3/8 


9/16 


.0017 


17/32 


7/16 


7/16 


13/32 


-7- 


7/16 


5/8 


.0019 


9/l6 


15/32 


15/32 


7/16 


-8- 


1/2 


11/16 


.0021 


9/16 


1/2 


1/2 , 


15/32 


-9- 


9/16 


3A 


.0023 


19/32 


17/32 


17/32 


1/2 


-10- 


5/8 


13/16 


.0023 


5/8 


9/16 


17/32 


17/32 


-11- 


11/16 


15/16 


.0025 


11/16 


5/8 


19/32 


19/32 


-12- 


3A 


1 


.0027 


23/32 


21/32 


5/8 


5/8 


-13- 


13/16 


I-1/16 


.0028 


23/32 


II/16 


21/32 


21/32 


-1^- 


7/8 


lil/8 


.0028 


3A 


11/16 


. 11/16 


11/16 


-16- 


1 


1-1A 


.0030 


13/16 


3A 


3A 


3A 


-20- 


1-1A 


1-1/2 


•0035 


29/32 


7/8 


7/8 


7/8 



NOTES : 



3. 



These standard hushing housings are designed for press fit stresses 
only following the method of B3-50, and are based upon the maximum 
interferences of the Grumman Standard Part G B10B. Each housing 
must also be checked for applied load (B3-13) and fatigue life. 

If short transverse grain, direction in housing is not parallel to 
bushing, double the housing wall thickness. 

For non-standard bushings, see B3-50- 

Below the dotted line of the table, the housing wall radius is based 
on a l/8" minimum housing wall thickness. 
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MINIMUM HOUSING RADII FOR STANDARD BUSHINGS BASED UPON PRESS FIT 

Steel Shoulder Bushings in Aluminum Alloy Housings 

(Reference Grumman Standard Part G B10C) 

d = Bushing Nominal Outer Diameter 
ti = Bushing Wall Thickness 
ro = Housing Wall Radius 

For d < 3A", ti = 1/16" 

d > 3/4", ti = 3/32" 
Fty = Transverse tensile yield stress of housing material. 




[tern 
C H10C 


Bushing 

I.D. 
(Nominal) 


Duehlng 

O.D. 
(Nominal) 


Maximum 
Interference 
0 






- Housing Wall Radius 


F ty =48,000psi 


7\ n *ifi ftftfl rial 

(14S-T6 

Extruded Bar) 


F, y - 60,000 psl 

{14S-T6 Plate 
75S-T6 Extr Bar) 


F, y - 66,000 psl 
(75S-TG Plate) 


-4- 


1 Ik 
1/4 


3/e 


.0015 






29/32 


1/2 


-5- 


5/ lb 


7/ Id 


.0015 




19/32 


17/32 


13/32 


-6- 


3/8 


1/2 


.0015 


l-l/l6 


5/8 


17/32 


7/16 


-7~ 


7/16 


9/16 


.0017 


31/32 


5/8 


9/16 


15/32 


Q 

-0- 


1/2 


5/8 


.0019 


15/16 


21/32 


19/32 


1/2 


-9- 


9/16 


11/16 


.0021 


29/32 


II/16 


5/8 


17/32 


— J.U— 


2/0 


3/4 


.0023 


27/32 


21/32 


5/8 


17/32 


-11- 


11/16 


13/16 


.0023 


29/32 


23/32 


11/16 


9/16 


-12- 


3/4 


7/8 


.0025 


15/16 


3A 


23/32 


19/32 


-13- 


13/16 


1 


.0027 


29/32 


3A.. 


23/32 


21/32 


-14- 


7/8 


I-1/16 


..0028 


7/8 


3A 


23/32 


11/16 


-15- 


15/16 


1-1/8 


.0028 


29/32 


25/32 


3 A 


23/32 


-l6- 


1 


1-3/16 


.0030 


15/16 


13/16 


25/32 


3A 


-l8- 


1-1/8 


1-5/16 


.0030 


1 


7/8 


27/32 


13/16 


-20- 


1-1/4 


1-7/16 


• 0035 


1 


29/32 


7/8 


7/8 


-22- 


1-3/8 


1-9/16 


•0035 


1 


15/16 


15/16 


15/16 


-24- 


1-1/2 


1-11/16 


•0035 




1 


1 


1 


-26- 


1-5/8 


1-13/16 


• 0035 


I-I/16 


1-1/16 


I-I/16 


1-1/16 


-28- 


1-3A 


1-15/16 


•0035 


1-1/8 


1-1/8 


1-1/8 


1-1/8 


-30- 


1-7/8 


2-1/16 


.0035 


1-3/16 


1-3/16 


1-3/16 


1-3/16 


-32- 


2 


2-3/16 


• 0035 


1-1/4 


1-1/4 


1-1/4 


1-1/4 



NOTES: 

1. These .standard bushing housings are designed for press fit stresses only follow- 
ing the method of E3-50 (modified to account for the stiffening effect of the 
bushing shoulder) and are based upon the maximum interferences of the Grumman 
Standard Part G B10C. Each housing must also be checked for applied load 
(B3-13) and fatigue life. 

2. If short transverse grain direction in housing is not parallel to bushing, double 
the housing wall thickness. 

3. Below the dotted line of the table, the housing wall radius is based on a 5/32" 
minimum housing wall thickness. 
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STANDARD HOUSING RADII 
STANDARD HOUSING RADII FOR HEAVY DUTY, SINGLE ROW BALL BEARINGS 

( TYPE KS IS SELF-ALIGNING ) 



(1) 



(2) 



Bearing 
Number 



AN Bolt 
Size 



Radial, 
lb. 



Limit Load Rating 



Required Housing Radius, in. 



Thrust, 
lb. 



Moment, 
in. lb. 



ISS-T 



75S-T 



150 ksi 
Steel 



AN200K3L 
KP3 

KP5 
KP6 

kp8 

KPIO 



AN3 

3 
k 

5 
6 
8 

10 



1560 
1880 
2680 
5620 
7910 
11800 
1^100 



700 
900 
1200 
2500 
3500 
5200 
6200 



58 
88. 
136 
370 

1170 
1520 



1/2 

17/32 

5/8 

15/16 

1-1/16 

1-5/16 

1-17/32 



15/32 
17/32 
19/32 
29/32 
1 

1-1A 
1-7/16 



7/16 

1/2 

9/16 

3A 
7/8 

1-1/32 
1-3/16 



AN200KS3L 
KS3 

KS^A 
KS5 
KS6 
KS6A 
KS8 
KS10 



AN3 
3 
k 
k 

5 
6 
6 
8 

10 



550 
900 
l^lO 

900 
2190 
2980 

1120 
3670 
5320 



100 
200 
300 
200 
300 

Uoo 

200 
500 
600 



7/16 

1/2 

19/32 

1/2 

25/32 

7/8 

9/16 
1 

1-5/32 



7/16 
1/2 
9/16 
1/2 

3A 

27/32 
9/16 

1 

1-1/8 



7/16 
1/2 
9/16 
1/2 

3A 

27/32 

9/16 

31/32 

1-3/32 



(1) From manufacturer's catalog, "Fafnir Aircraft Type Ball Bearings, " 
revised Nov. *53- 

(2) Housing radius required to carry a radial load equal to 1.2 x 1.5 x Radial 
Limit Load Rating, based upon an F^ u of 55 ksi for 201^-T, and 66 ksi for 
7075-T (press fit stresses are less critical) ref. tables ^.1 and 6.1, 
E12-A. 



NOTES: 



For combined radial, thrust & moment loading, the bearing M.S. 
1 



R/R a + T/T a + M/Ma 



-1. 



2. If short transverse grain direction in dural housing is not parallel 
to bolt, double housing wall thickness. 

3. A fitting factor of 1.2 is incorporated in the above Required Housing 
Radii. 

h. The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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STANDARD HOUSING RADII 

STANDARD HOUSING RADII FOR INTERMEDIATE DUTY (AN201-), FOR 
EXTRA LIGHT DUTY (AN202-), AND FOR EXTERNAL SELF- ALIGNING, 
SINGLE ROW BALL BEARINGS 



ill 



ill 



Bearing 
Number 



AH201KF3A 
4 

5 
6 
8 

10 
12 
16 
20 



AN202KP21B 
'23 
25 
29 

33 
37 

47 
49 



AN Bolt 
Size 



AN3 

4 

5 
6 
8 

10 
12 
16 

20 



Limit Load Rating 



Radial, 
lb. 



1560 
1880 
2190 
2500 
3910 
6700 
8790 
11900 
13800 



9840 
10500 
11300 
12700 
i44oo 

15800 
24700 
27500 



Thrust , 
lb. 



700 
900 
1000 
1100 
1700 
3000 
3900 
5200 
6100 



44oo 

4700 
5000 
5600 
6400 
7000 
10900 
12100 



Required Housing Radiu s^ in 



Moment, 
in. lb. 



14S-T 



K9.6 

85 

ll4 

143 

277 

598 

9^5 
1600 
2170 



15/32 
9/16 
5/8 
21/32 
27/32 
1-3/32 
1-9/32 
1-9/16 
1-3A 



l48o 
1700 
1930 
21+20 
3150 
3780 
6880 
8520 



1-9/16 
1-21/32 

1-3A 

1- 15/16 

2- 5/32 
2-11/32 

2- 31/32 

3- 1/8 



75S-T 



15/32 
9/16 
19/32 
5/8 
25/32 
-1/32 
-7/32 
-15/32 
■21/32 



1-15/32 

1-9/16 

1-21/32 

1- 27/32 

2- 1/32 
2-7/32 
2-25/32 
2-15/16 



150 ksi 
Steel 



7/16 
1/2 
17/32 
9/16 
11/16 
27/32 
1 

1-7/32 
1-3/8 



1-1/4 

1-5/16 
1-13/32 
1-17/32 
1-11/16 

1- 27/32 

2- 5/16 
2-13/32 



KF21BS 

23 

25 

29 

33 

37 

47 
49 



984o 
10500 
11300 
12700 
i44oo 
15800 
24700 
27500 



2000 
2200 
2300 
2600 
2900 
3200 
5000 
5500 



-21/32 

-3/4 

-27/32 

-1/32 

■1/4 

-7/16 

■1/16 

■1/4 



1-9/16 

1-21/32 

1-3/4 

1- 15/16 

2- 1/8 
2-5/16 

2- 29/32 

3- l/l6 



11/32 
-13/32 
-15/32 
-5/8 
-25/32 
-15/16 
-7/16 

17/32 



(1) From manufacturer' s catalog, 
Nov. '53. 

(2) Housing radius required to carry a radial load equal to 1.2 x 1.5 
Limit Load Rating, based upon an F-t u of 55 ksi for 2014-T, and 66 
7075-T (press fit stresses are less critical) ref. tables 4.2 and 



Fafnir Aircraft Type Ball Bearings, " revised 



x Radial 
ksi for 
6.2, E12-A. 



NOTES: 



1. For combined radial, thrust and moment loading, the bearing M.S. 

_ 1 -I 

~ R/R a + T/T a + M/% 

2. If short transverse grain direction in dural housing is not parallel to 
bolt, double housing wall thickness. 

3- A fitting factor of 1.2 is incorporated in the above Required Housing 
Radii. 

4. The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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STANDARD HOUSING RADII 



STANDARD HOUSING RADII FOR HEAVY DUTY, DOUBLE ROW BALL BEARINGS 

(TYPE PS IS SELF- ALIGNING) 





fl) 


(21 


Bearing 


AN Bolt 


Limit Load Rating 


Required 


Housing 


Radius, in. 


Till 1 Wl r\ "v» 


Size 


Radial, 


Thrust, 
lb. 


Moment, 
in. lb. 


14S-T 


75S-T 


150 ksi 
Steel 


AN206DSP3 
DSP4 
DSP5 
DSPo 
DSPS 
DSPIO 


AN3 
4 
5 
6 
8 
10 


1420 
1780 
3740 
5100 
7120 
9000 


200 
300 
600 
800 
1000 
1300 




1/2 
9/16 
25/32 
7/8 
I-1/32 
1-3/16 


1/2 
9/16 
3/4 
7/8 
1 

1-5/32 


1/2 
9/16 
3/4 
27/32 
31/32 
1-3/32 


AN207DPP3 

4 

5 
6 
8 

10 


AN3 
4 

5 
6 
8 

10 


2950 
5370 
11000 

15760 

23600 

28400 


1700 
1800 
4000 
5300 
7800 
9400 


38.3 
90.9 
56.3 

278 
590 
1600 


17/32 
ll/l6 
31/32 
1-1/8 
1-13/32 
1-19/32 


1/2 
21/32 
29/32 
1-1/16 
1-5/16 
1-1/2 


1/2 
9/16 
25/32 
7/8 
1-1/16 
1-7/32 



(l) From manufacturer's catalog, "Fafnir Aircraft Type Ball Bearings," revised 
Nov. '53. 



(2) Housing radius required to carry a radial load equal to 1.2 x 1.5 x Radial 
Limit Load Rating, based upon an F tu of 55 ksi for 2014-T, and 66 ksi for 
7075-T (press fit stresses are less critical) ref. tables 4.3 and 6.3, E-12A. 

NOTES: 

1. For combined radial, thrust and moment loading, the bearing M.S. 

R/R a + T/T a + M/Mg, " 3 " 

2. If short transverse grain direction in dural housing is not parallel to 
bolt, double housing wall thickness. 

3- A fitting factor of 1.2 is incorporated in the above Required Housing: 
Radii. G 

4. The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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STANDARD HOUSING RADII 



STANDARD HOUSING RADII FOR BELLCRANK BALL BEARINGS (DW SERIES) AMD 
AIRFRAME CONTROL BEARINGS (DSRP SERIES ) 



(1) 


(2) 


Bearing 


AN Bolt 


Limit Load Rating 


Required 


Housing Radius, in. 


Number 


Size 


Radial, 


Thrust, 


Moment, 


14S-T 


75S-T 


150 ksi 






lb. 


lb. 


in . lb . 






Steel 


DWlHffi 


ANU 


1^00 


500 


129 


7/16 


7/16 


7/16 


DW^K 


k 


2TT0 


900 


392 


1/2 


1/2 


1/2 


DW5 


5 


51^0 


1600 


882 


19/32 


9/16 


9/16 


DW6 


6 


814-14-0 


2600 


2010 


23/32 


11/16 


21/32 


DW8 


8 


13520 


4700 


1*860 


15/16 


29/32 


27/32 


DSRPi)- 


k 


3025 


908 




5/8 


19/32 


19/32 


DSRP5 


5 


7350 


2200 




7/8 


27/32 


3A 


DSRPo 


6 


9600 


2880 




1 


15/16 


27/32 


DSRP8 


8 


12500 


3750 




1-5/32 


1-1/8 


1 


DSRPIO 


10 


17700 


5310 




l-n/32 


1-9/32 


1-1/8 


DSRP12 


12 


26900 


8070 




1-21/32 


I-I9/32 


1-3/8 



(1) From manufacturer's catalog, "Fafnir Aircraft Type Ball Bearings, 11 revised 
Nov. '53. 

(2) Housing radius required to carry a radial load equal to 1.2 x 1.5 x Radial 
Limit Loads Rating, based upon an F tu of 55 ksi for 201U-T, and 66 ksi for 
7075-T (press fit stresses are less critical) ref. tables h.k and 6.h, 
E-12A. 



NOTES: 



1. For combined radial, thrust and moment loading, the bearing M.S. 

1 1 
" R/R a + T/T a + M/Mg. 

2. If short transverse grain direction in dural housing is not parallel to 
bolt, double housing wall thickness. 

3. A fitting factor of 1.2 is incorporated in the above Required Housing 
Radii. 

h. The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 



Ref: E12-A 
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STANDARD HOUSING RADII 

STANDARD HOUSING RADII FOR HEAVY DUTY, TRACK-ROLLER, 
SINGLE ROW (NAS5Q2 SERIES) AND DOUBLE ROW (NAS5Q3 SERIES) 



NEEDLE BEARINGS 



(1) 


(2) 


Bearing 


AN Bolt 


Manufacturer 1 s 


Required Housing Radius, in. 


Number 


Size 


Yield Rating, 
Radial, lb. 


14S-T 


75S-T 


150 ksi 
Steel 


NAS502-3 

4 
6 
8 

10 
12 
l4 


AN3 
4 
6 
8 

10 
12 

14 


2700 
4300 
8100 

13000 

19200 
32000 
41200 


5/8 

23/32 

15/16 

1-1/8 

1-5/16 

1-17/32 

1-3/4 


19/32 
11/16 
7/8 

1-1/16 
1-7/32 
1-13/32 
1-19/32 


1/2 

9/16 

ll/l6 

27/32 

31/32 

1-1/8 

1-9/32 


NAS503-6 
8 

10 
12 
l4 


6 
8 

10 
12 
14 


16100 
28100 
44900 
64100 
86600 


29/32 

1-5/32 

1-13/32 

1-21/32 

1-7/8 


27/32 

1-1/16 

1-5/16 

1-17/32 

1-3/4 


23/32 
7/8 

1-1/32 
1-3/16 
1-3/8 



(1) From manufacturer ' s catalog, "Torrington Needle Bearings," Ed. 32-B, 
1952. 

(2) Housing radius required to carry a radial load equal to 1.2 x 1. 305 x 
Manufacturer' s Yield Rating, based upon an Ftu of 55 ksi for 2014-T and 
66 ksi for 7075-T (press fit stresses are less critical) ref. tables 4.5 
and 6.5, E12-A. 

NOTES : 

1. If short transverse grain direction in dural housing is not parallel 
to bolt, double housing wall thickness. 

2. A fitting factor of 1.2 is incorporated in the above Required Housing 
radii. 

3- The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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STANDARD HOUSING RADII 

STANDARD HOUSING RADII FOR HEAVY DUTY, SELF- ALIGNING, HON- SEPARABLE 
(MAS50^ SERIES); HEAVY DUTY, HON- SEPARABLE, SINGLE ROW 
(NAS5Q5 SERIES); AND THIN SHELL, MOM- SEPARABLE . 
SINGLE ROW (NAS5Q6 SERIES) NEEDLE BEARINGS 



(1) 



Bearing 
Number 



NAS50^-3 
k 

5 
6 

7 
8 

9 



NAS505-3 
h 

5 
6 

7 
8 

9 



NAS506-3 
k 

5 
6 

7 
8 

10 
12 
Ik 
16 



AN Bolt 
Size 



AN3 
k 

5 
6 

7 
8 

9 



AN3 
k 

5 
6 

7 
8 
9 



AN3 

5 
6 

7 

8 

10 

12 

lU 

16 



Manufacturer ' s 
Yield Rating, 
Radial , lb . 



2700 
4300 
6100 
6800 
8800 
13000 
17700 



2700 
4300 
6100 
9500 
12000 
17^00 
22500 



2050 
2600 
2920 
5720 
6290 
6880 
7870 
13200 
1^700 
16200 



(2) 



Required Housing Radius, in. 



3SS-T 



II/I6 

3A 

7/8 

7/8 

31/32 

1-3/32 

1-lA 



19/32 
11/16 
3A 

27/32 
29/32 
1-1/16 
1-1/8 



1/2* 

1/2* 

1/2* 

17/32 

19/32 

11/16 

25/32 

7/8 

31/32 

1-1/32 



75S-T 



21/32 

23/32 

13/16 

13/l6 

29/32 

1-1/16 

1-3/16 



11/16 

3A 
27/32 
31/32 
1-1/32 



15/32* 
15/32* 
15/32 
17/32 
9/16 
21/32 
3A 
27/32 
29/32 
1 



150 ksi 
Steel 



9/16 

19/32 

21/32 

23/32 

25/32 

29/32 



15/32 

1/2 

9/16 

19/32 

21/32 

3A 
13/16 



7/16 
7/16 
15/32 

1/2 
17/32 

5/8 
11/16 

3A 
13/16 

7/8 



(1) From manufacturer's catalog, "Torrington Needle Bearings," Ed. 32-B, 1952, 

(2) Housing radius required to carry a radial load equal to 1.2 x 1.305 x 
Manufacturer's Yield Rating, based upon an F i;u of 55 ksi for 20l£-T and 
66 ksi for 7075-T (except for those housings marked with an asterisk; 
for them press fit stresses are critical) ref. tables k.6 and 6.6, E12-A. 



NOTES: 
1. 



2. 



3- 



Ref: E12-A 



If short transverse grain direction in dural housing is not parallel 
to bolt, double housing wall thickness. 

A fitting factor of 1.2 is incorporated in the above Required Housing 
Radii. 

The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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STANDARD HOUSING RADII 



STANDARD HOUSING RADII FOR S CHAFER ROLLER BEARINGS 





(1) 


(2) 


Bearing 


AN Bolt 


Mfgr. * s Yield Rating 


Required Housing Radius, in. 


Number 
(Schafer) 


Size 


Radial, 
lb. 


Thrust, 
lb. 


14S-T 


75S-T 


150 ksi 
Steel 


A-4, AB-4A 

A-5, AB-5 
A-6, AB-6 

ft f~7 ft T\ f*7 

A-7, ab-y 

A-8, AB-8 
A-9, AB-9 
A-10, AB-10 
A-12, AB-12 


AN4 

5 
6 

7 
8 

9 

10 
12 


6100 
10600 
10600 
16400 
16400 
2^600 
24600 
34500 


4400 
7000 
7000 
10800 
10800 
14750 
14750 
20700 


25/32 

1-1/32 

1-1/32 

1-9/32 

1-9/32 

1-9/16 

1-9/16 

1-25/32 


25/32 
31/32 
31/32 
1-1/4 
1-1/4 
1-1/2 
1-1/2 
1-23/32 


3/4 

29/32 

29/32 

1-1/8 

1-1/8 

1-11/32 

1-11/32 

1-1/2 


C-4, AD-4 
C-6, AD-6 
C-7, AD-7 
C-8, AD-8 
C-10, AD-10 
C-12, AD-12 
C-l4 


an4 
6 
7 
8 

10 
12 
l4 


6100 
10600 
10600 
16400 
16400 
24600 

34500 


4400 
7000 
7000 
10800 
10800 
14750 
20700 


25/32 

1-1/32 

1-1/32 

1-9/32 

1-9/32 

I-9/16 

1-25/32 


25/32 
31/32 
31/32 
1-1/4 
1-1/4 
1-1/2 
1-23/32 


3/4 

29/32 

29/32 

1-1/8 

1-1/8 

1-11/32 

1-1/2 



(1) From manufacturer's catalog, "Schafer Aircraft Bearings, " catalog No. 50, 



(2) Housing radius required to carry a radial load equal to 1.2 x 1.305 x 

Manufacturer's Yield Rating, based upon an F tu of 55 ksi for 2014-T, and 
66 ksi for 7075-T (press fit stresses are less critical) ref. tables 4.7 
and 6.7, E12-A. 

NOTES : 

1. For combined radial and thrust loading, the bearing M.S. 

R/R a + T/T a - X - 

2. If short transverse grain direction in dural housing is not parallel 
to bolt, double housing wall thickness. 

3^ A fitting factor of 1.2 is incorporated in the above Required Housing 
Radii. 

4. The above housing radii are based upon static strength criteria alone. 
Each housing should be checked separately for fatigue life. 
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LUGS 



This section presents static strength analysis procedures for uniformly 
loaded lugs and bushings, for double-shear joints, and for single-shear joints, 
subjected to either axial, transverse or oblique loading. The procedures on 
pages B3.13-3 through B3- 13-33 apply to lugs made from materials having 
ultimate elongations in the plane of the lug of at least 5$ in any direction. 
Modifications for lugs with less than jfo elongation are presented on pages 
B3.13-3^ through B3- 13-35- 

In addition, a procedure is presented for the optimum design of an 
axially loaded, symmetrical, double-shear joint. Some parts of this pro- 
cedure may be useful in obtaining efficient designs for other joints. 

Examples are given to illustrate the analysis and design procedures. 

Since lugs are especially critical in fatigue, the fatigue strength must 
always be checked. For lugs in which motion is possible see Reference J. 
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SYMBOLS 

A area, in. 2 

a distance from edge of hole to edge of lug, inches 

B ductility factor for lugs with less than % elongation 

b effective bearing width, inches 

C F uLB@ F uLB© 

P uLB© *L0 + P uLB© t L© 

D hole diameter or pin diameter, inches 

E modulus of elasticity, psi 

e edge distance, inches 

F allowable stress, psi 

^tux cross grain tensile ultimate stress of lug material 

F tyx cross grain tensile yield stress of lug material 

f stress, psi 

g gap between lugs, inches 

hp ..h^ edge distances in transversely loaded lug, inches 

h av effective edge distance in transversely loaded lug, inches = 

_6_ 



K 



3/h 1 + l/hg + l/h 3 + 1/h^ 
allowable stress (or load) coefficient 
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lug or lug tang plastic "bending coefficient (k^ is approximately 

l.h for rectangular cross-section lugs made from reasonably ductile- 
materials ) 

pin plastic bending coefficient (k^, is approximately I.56 for solid 
pins made from reasonably ductile materials) 



M bending moment, in. lbs. 

P load, lbs. 

R dimensionless ratio indicating whether pin is critical in shear or 
bending (eq. 32) 

t_ bushing wall thickness, inches 
B 

t lug thickness, inches 

w lug width, inches 

a angle of load to axial direction, degrees 

e strain, inches/ inch 

p density, lbs/in. 



SUBSCRIPTS 



all 


allowable 


opt 


optimum . 


ax 


axial 


P 


Pin 


B 


bushing 


s 


shear 
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bending 


T 


tang 


br 


bearing 
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tensile 


c 


compression 


tr 


transverse 


L 


lug 


u 


ultimate 


max. 


maximum 


X 


cross grain 


n 


net tensile 


y 


yield 


0 


oblique 


O , © 


female and male lugs 



AXIALLY LOADED LUG ANALYSIS 



LUG AMD BUSHING STRENGTH (UNIFORM BEARING) 

Axially loaded lugs in tension must be checked for bearing strength and 
for net-section strength. The bearing strength of a lug loaded in tension, as 
shown in the figure below, depends largely on the interaction between bearing, 
shear-out^ and hoop-tension stresses in the part of the lug ahead of the pin. 
The net section of the lug through the pin must be checked against net- 
tension failure. In addition, the lug and bushing must be checked to ensure 
that the deformations at design yield load are not excessive. 
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T T 




CD © 

1 - Lug Bearing Strength 

(a) The "bearing stresses and loads for lug failure involving bearing, 
shear- tear out or hoop tension in the region forward of the net-section 
© -CD are determined from the equations "below, with an allowable load 
coefficient (K) determined from the graph on page B3. 13-27. For values 
of e/D less than 1.5 lug failures are likely to involve shear-out or 
hoop- tens ion, while for values of e/D greater than 1.5 hearing is likely 
to he critical. Actual lug failures may involve more than one failure 
mode, but such interaction effects are accounted for in the 'values of K. 

The lug ultimate hearing stress (R t ) is 
brL 

F brL = K § F tux> < e / D < (la) 

F brL =KF tux' (VD > 1.5), (lb) 

The graph on page B3. 13-27 applies only to cases where D/t is 5 or less. 
This covers the majority of cases. If D/t is greater than 5, there is a 
reduction in strength which can be approximated by the curves in 
Figure 13 of Reference 3. 

(b) The lug yield bearing stress (R r ) is: 

, bryL ' 

F bryL = K § V' (e/D < ^ ) > < 2a > 
F bryL = K F tyx> (e / D > ^ (2b) 

( c ) The allowable lug ultimate bearing load (?brL) for lug failure in 
bearing, shear-out or hoop tension is: 

P brL = F brL Dt ' < if F tux * ^ F tyx> (3a) 

P brL " 1 -3°^ * bry L Dt, (if F tux > 1.304 F tyx ) ( 3 b) 

P brl/ Dt should not exceed either F bru or 1.30^ F bry , where F bru and 

are the allowable bearing stresses for the lug material for e/D =2.0, 
as given in MIL-HDBK-5 or other applicable specification. 
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Equations (3a, b) apply, however, only if the load is uniformly 
distributed across the lug thickness. If the pin is too flexible and 
bends excessively, the load on the lug will tend to peak up near the 
shear faces and possibly cause premature failure of the lug. 

A procedure to check the pin bending strength in order to prevent 
premature lug failure is given below in the section, "Double Shear Joint 
Strength." 

2. Lug Net-Section Strength 

(a) The allowable lug net-section tensile ultimate stress (F T ) on 
section © - © is affected by the ability of the lug material to 
yield and thereby relieve the stress concentration at the edge of the 
hole. 

F _ = K F . (It) 

K^, the net-tension stress coefficient, is obtained from the graphs on 
page B3. 13-28 as a function of the ultimate and yield stress and 
strains of the lug material in the direction of the applied load. The 
ultimate strain (e u ) can be obtained from MIL-HDBK- 5 or the Grumman 
Structural Design Data pocket manual. 

(b) The lug net-section tensile yield stress (F T ) is 

— — — — - ^ nyL' 

F _ = K F, (5) 

(c) The allowa ble lug net-section ultimate load (P T ) is 

— ^ nL' 

P nL = F nL ^" D ^ < if F tu i ^ V (6&) 

P nL = 1 ' 3C * F nyL (w_D)t ' < if F tu ^ F ty> ^ 

3. Lug Design Strength 



The allowable design ultimate load for the lug (P ) is the lower 
of the values obtained from eqs. 3 and 6. 

P L- P brL (e<ls * 3a ' b) ' or P nL (eqs " 6a > ^ ^ 
Bushing Bearing Strength 

(a) The allowable bearing yield stress for bushings (Ft, ryB ) is re- 
stricted to the compressive yield stress (F cv b) of the bushing material, 
unless higher values are substantiated by tests. 

(b) The allowable bearing ultimate stress for bushings £ ) is 
F brB = ^ F cyB (8) 
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Bushing Bearing Strength (Con t'd) 

(c) The allowable bushing ultimate load (P ) is 



P~ = 1.304 P D t 

B cyB p 



.(9) 



This assumes that the bushing extends through the full thickness 
of the lug. 

5' Combined Lug-Bushing Design Strength 

^!„^° V j bl ! lug - huRtl1 -"fi_ultlniate load (p^) is the lower of the 



.(10) 



loads obtained from equations (7) and (9) 

P LB - P L (eq -* 7 >> or P B 9) 
DOUBLE-SHEAR JQIMT STRENGTH 

The strength of a joint such as the one shown below depends on the lug- 
bushing ultimate .strength (p^) and on the pin shear and pin bending strengths, 




1 ~ Lug - Bushing Design Stren gth 

The allowable l ug-bushing ultimate load (P^) for the joint is com- 
puted, using eq. 10. For the symmetrical joint shown in the figure, 
eq.. 10 is used to calculate the ultimate load for the two outer lugs 
and bushings (2^ q ) and the ultimate load for the inner lug and 
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1 - Lug - Bushing Design Strength (Cont'd) 

bushing (Plb © )• The allowable value of for the joint is the 
lower of these two values. 

P LBi 2P LB © (e< l- 10) > ° rP LB © 10 > < n > 

2 - Pin Shear Strength 

The pin ultimate shear load (P s p) for the symmetrical joint shown above 
is the double shear strength of the pin. 

P sp = 1.571 D p 2 F sup (12) 

Where F gup is the ultimate shear stress of the pin material. 

3 - Pin Bending Strength 

Although actual pin bending failures are infrequent , excessive pin de- 
flections can cause the load in the lugs to peak up near the shear 
planes instead of being uniformly distributed across the lug thickness, 
thereby leading to premature lug or bushing failures at loads less than 
predicted by eq. 11. At the same time, however, the concentration of 
load near the lug shear planes reduces the bending arm and, therefore, 
the 'bending moment in the pin, making the pin less critical in bending. 
The following procedure is used in determining the pin ultimate bending 
load. 

(a) Assume that the load in each lug is uniformly distributed across 
the lug thickness (b q = t 0', and 2b @ = t © ). For the symmetrical 
joint shown in the figure, the resulting maximum pin bending moment is 

M maxP = 2 (_ 2~ + "T~ + s) (!3) 
The ultimate failing moment for the pin is 

Mup « 0.0982 k^ D p 3 F tup (1 10 . 

where k^p is the plastic bending coefficient for the pin. The value of 
k^p varies from 1.0 for a perfectly elastic pin to 1.7 for a perfectly 
plastic pin, with a value of I.56 for pins made from reasonably ductile 
materials (more than 5$ elongation). 

The pin ultimate bending load (P ) is, therefore, 



bP ; 

p 0.1963 ^ D p 3F tup 

( ~2~ + T - + s) 



X \ iS e<lual to or Sweater than either P^ (eq. 11 ) or P s p 
(eq. 12), then the pin is a relatively strong pin that is not critical 
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3 - Pin Bending Strength (Cont'd) 

in bending, and no further pin bending calculations are required. The 
allowable load for the joint (P ) can be determined by going directly 
to (eq. 19a) . aJ " L 



(b) If P^p (eq. 15) is less than both Plb (eq. 11) and P sP (eq. 12), 
the pin is considered a relatively weak pin, critical in bending. How- 
ever, such a pin may deflect sufficiently under load to shift the e.g. 
of the bearing loads towards the shear faces of the lugs, resulting in 
a decreased pin bending moment and an increased value of P^p. These 
shifted loads are assumed to be uniformly distributed over widths 
b q and 2b © , which are less than t © and t © , respectively, as 
shown in the figure. The portions of the lugs and bushings not in- 
cluded in b q and 2b © are considered ineffective. The new increased 
value of pin ultimate bending load is 

O.1963 k. „ D 3 P. _ 
p _ DP p tuP . . 

r bP - b0 b© U5a) 

(— + — + S) 

The maximum allowable value of P is reached when b © and b © are 
sufficiently reduced so that P^p (eq. 15a) is equal to P]^ (eq. ll), 
provided that bQ and 2b ©are substituted for tQ and t©, respectively. 
At this point we have a balanced design where the joint is equally 
critical in pin-bending failure or lug-bushing failure. 

The following equations give the "balanced design" pin ultimate bending 

load (P-hp^J and effective bearing widths (b ^ . and 2b ^ 71 
P-rmax © m m © min' 




P bPmax = 2C V T C "2" + T~ + S) + 8 ~ 2C S ( l6 ) 



where C - * LB ® fe @ p 

IB © © + LB © t Q 

The value of P^p on the right hand side of eq. 16 and the values of 
?LB © j and P LB ©• in the expression for C are based on the full thick- 
ness of the lugs being assumed effective, and have already been calcu: 
lated. (eq's.10 and 15) 

If the inner lug strength is equal to the total strength of the 
two outer lugs (P^ @ = 2 P LB ), and if g = 0, then 



P bPmax a / P hP P T,-R f?\ (l^) 



bPmax Ay bP LB © 

The "balanced design" effective bearing widths are 
P t /*> 

b - bP max V , . 



'uunsiianz 



RP <?IIRF TO C.WCK FAT1 HI IP 



1 December l$6h 



STRUCTURES MANUAL 



B3-13-9 



3 - Pin Bending Strength (Cont'd) 

P bPmax t ® (l8b) 

© mln LB © 

vhere PbPmax ls obtained fraca. eq. 16 and Pj^ © and Pjjj © are the 
previously calculated values based on the full thicknesses of the lugs. 
Since any lug thicknesses greater than b © m i n or b © m j_ n are not con- 
sidered effective, an efficient static strength design would have 

t — = b ^ . and t = 2b . . 
© ©min © ©mln 

h - Double-Shear Joint Strength 

The allowable joint ultimate load (P all ) for the double-shear joint le 
obtained as follows: 

(a) If P bp (eq.. 15) is greater than either Plb (eq.. ll) or P s p (eq. 12), 
then ? all is the lower of the values of P^-g or P s p. 

P all < ? LB (eq. 11) or P sp (eq. 12) (19a) 

(b) If P^p (eq. 15) is less than both Plb and P s p, then P q11 is the 

lower of the values of P n and P. . 

sP bPmax 

P all * P sP < e *' 12 >> 0r P bPmax < e *- l6 > ' < 19b) 

5 - Lug Tang Strength 

(a) If equation (l9a) was used to determine the joint allowable load, 
then we have a condition where the load in the lugs and tangs is assumed 
uniformly distributed. The allowable stress in the tangs is F^. The 
lug tang strength (P^) is the lower of the following values. 

^^tu©^©*© < 20a > 

P T = F tu© v T© * © *( 20b > 

(b) If equation (19b) was used to determine the joint allowable load, 
the tangs of the outer lugs should be checked for the combined axial and 
bending stresses resulting from the eccentric application of the bearing 
loads. Assuming that the lug thickness remains constant beyond the piri v , 
a load (P/2), applied over the width b 0 in each outer lug will produce 
'the following bending moment in the tangs. 

P t @ - b Q 
M © = 2 ( 2 5 
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5 - Lug Tang Strength (Cont'd) 



The strength of the tang under combined tension and bending can be 
checked with the method given on pages B3.21.21k0-1 and B3. 21.21*. 1-1. 
A simple, but generally conservative approximation to the maximum com- 
bined stress in the outer lug tangs is 



l tT'0 : 



+ 



6M, 0 



^bL V T© t '© 2 



(21) 



where k^, the plastic bending coefficient for a lug tang of rectangular 
cross-section, varies from 1.0 for a perfectly elastic tang to 1.5 for a 
perfectly plastic tang, with a value of l.h representative of rectangu- 
lar cross-sections with materials of reasonable ductility (more than 5$ 
elongation). The allowable value of ftTi© is FtulQ • The lug tang 
strength is the lower of the following values: 



2 F tu © V T © t © 



1 + 



1© min 



© 



5 



.(22a) 



P T F tu-© V T © t © 



.(22b) 



where b q mln is given by eq. 18a. 



SINGLE-SHEAR JOINT STRENGTH 



In single- shear joints, lug and pin bending are more critical than in 
double shear joints. The amount of bending can be significantly affected by 
bolt clamping. In the cases considered below, no bolt clamping is assumed, and 
the bending moment in the pin is resisted by socket action in the lugs. 



M 



br max. 




/ 



br max 



°© 



■4 




■ Uu/i/juj/h 



BF SURF TO CUFC.K FATIKIIF 



1 December 196^ 



STRUCTURES MANUAL 



B3 . 13-11 



In the figure above a representative single-shear joint is shown, with 
centrally applied loads (P) in each lug, and bending moments (M and M q ) 
that keep the system in equilibrium. (Assuming that there is no gap betveen 
the lugs, M + Mq= P(t + t(j))/2). The individual values of M and M'Q 
depend on the relative stiffness of the two lugs and are assumed to be 
known. 



The strength analysis procedure outlined below applies to either lug. 
The joint strength is determined by the lowest of the margins of safety cal- 
culated for the different failure modes defined by eqs. (23) through (27), 
below 



1 - Lug Bearing Strength 



The bearing stress distribution between lug and bushing is assumed 
to be similar to the stress distribution that would be obtained in a 
rectangular cross-section of width (D) and depth (t), subjected to a 
load (P) and moment (m). At ultimate load the maximum lug bearing 
stress (f br L ) is approximated by 

br max L Dt , — 2 

where k brL is a plastic bearing coefficient for the lug material, and is 
assumed to be the same as the plastic bending coefficient (k^) for a 
rectangular section. 

The allowable ultimate value of ffo. max l is either FhrL (eqs. la, 
lt>) or 1. 3C& PbryL (eqs. 2a, 2b), whichever is -lower. 

Lug Net-Section Strength 



At ultimate load the nominal value of the outer fiber tensile 
stress in the lug net-section is approximated by 

r - p . 6M , . . 

^L ^" D)t 

where Ic^ is the plastic bending coefficient for the lug net-section. 

The allowable ultimate value of f t mY is F n i (eq. k) or 1.3C& 
F nyL ( e q.* 5)j whichever is lower. 

Bushing Strength 

The bearing stress distribution between bushing and pin is assumed 
to be similar to that between the lug and bushing. At ultimate bushing 
load the maximum bushing bearing stress is approximated by 



f - JL. 6m . . 

br max B ~ D„t + 2 ^ ' 

P Vl V 
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where kfrxj,, the plastic bearing coefficient, is assumed the same as the 
plastic bending coefficient (k^) for a rectangular section. 

The allowable ultimate value of f hT , mtvx B j s 1.30^ -where 
F cy B is the bushing material compressive yield strength. 

k - Fin Shear Strength 

The maximum value of pin shear can occur either within the lug or 
at the common shear face of the two lugs, depending upon the value of 
M/Pt. At the lug ultimate load the maximum pin shear stress (f ) is 
approximated by ■ s max 

f smaxr TlP 1 ' ( if lt< 2 /3) <26a) 

V P 



2 

) 

"s maxf D 2 ~ 2 \ ' ^ J " L Pt ^ 3 



P 



-- . (if |r > I ...(aft) 



Equation (26a) defines the case where the maximum pin shear is obtained 
at the common shear face of the lugs, and eq. (26b) defines the case 
where the. maximum pin shear occurs away from the shear face. 

^ allowable ultimate value of f h ^is F g1lP , the ultimate shear 
stress of the pin material. " 

5 - Pin Bending Strength 

The maximum pin bending moment can occur within the lug or at the 
common shear faces of the two lugs, depending on the value of M/Pt. At 
the lug ultimate load the maximum pin bending stress (f.,_ )is approx- 
imated by L™ 

f b max = 3 ( 2M (if Pt * 3 / 8) ^ 




- 10.19M \\Apt") + l - ly M 

f b max = ^3 2M ' (if Pt > 3 / 8 ) (*n>) 

Sp P pt 

where is the plastic bending coefficient for the pin. 

Equation (27a) defines the case where the maximum pin bending moment 
is obtained at the common shear face of the lugs, and eq. (27b) defines 
the case where the maximum pin bending moment occurs away from the shear 
face, where the pin shear is zero. 

The allowable ultimate value of f, is K „, the ultimate 
d max tup 

tensile stress of the pin material. 
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TRANSVERSELY LOADED LUG ANALYSIS 



LUG AMD BUSHING STRENGTH (UNIFORM BEARING) 

Transversely loaded lugs and bushings are checked in the same general 
manner as axially loaded lugs. The transversely loaded lug, however, Is a 
more redundant structure than an axially loaded lug, and it has a more com- 
plicated failure mode. The figures below illustrate the different lug 
dimensions that are critical in determining the lug strength. 





Lug Strength 



(a) The lug ultimate' bearing stress (F, t ) is 

brL 



F brL ^"tru F tux 



.(28) 



where K tru , the transverse ultimate load coefficient, is obtained from 

the graph on page B3. 13-29, as a function of the "effective" edge 

distance (h ). 

x av 

h - 6 
av 3/h x + l/h 2 + l/h 3 + l/b k 

The different edge distances (t^, h £ , h^, h^) indicate different critical 
regions in the lug, hj_ being the most critical. If the lug is a concen- 
tric lug with parallel sides h /D can be obtained directly from the 
graph on page B3- 13-30, for anf V value of e/D. 



(b) The lug yield bearing stress (^ bryL ) is 



r bryL ^try ""tyx 



•(29) 



where , the transverse yield load coefficient, is obtained from the 
graph on ^page B3« 13-29- 
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1 - Lug Strength (Cont'd) 

(c) The allowable lug transverse ultimate load (P ) Is 

~— trL 

P trL - F brL Dt < if F tux< ^ V 5 (3 ° a > 

P trL = ^ F bryL Dt (if F tux > I.30U F tyx ) (30b) 

where F brL and F bryL are obtained from eqs. (28) and (29). 

(d) If the lug is not of constant thickness then A av /A br is substituted 
f0r h av/ D on the horizt »tal scale of the graph on page B3. 13-29, where 

A b is the lug bearing area, and A = -r-r, — - — > , — 

r av 3/A 1 + 1/A 2 + 1/A 3 + 1/A^ * 

A 2_j A 2 ' A 3 and A U are ttle areas of the sections defined by h.., h_, h 
and h^ respectively. 3 

The values of K tru and K try corresponding to A av /A br are then 
obtained from the graph on page B3- 13-29, and the allowable bearing 
stresses are obtained as before from eqs. (28) and (29). 

2 - Bushing Strength 

The allowable bearing stress on the bushing is the same as for the 
bushing in an axially loaded lug and is given by equation 8. The allow- 
able bushing ultimate load (P trB ) is equal to P £ (eq. 9). 

DOUBLE- SHEAR AND SINGLE-SHEAR JOINT STRENGTHS 

The strength calculations are basically the same as for an axially loaded 
joint (eqs, 11 through 19 for a double shear joint, and eqs. 23 through 27 for 
a single shear joint) except that the maximum lug bearing stresses -at ultimate 
and yield loads must not exceed those given by eqs. 28 and 29. 
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OBLIQUELY LOADED LUG ANALYSIS 



The analysis procedures used to 
check the strength of axially loaded 
lugs and of transversely loaded lugs 
are combined to analyze obliquely 
loaded lugs such as the one shown on 
the right. These procedures apply only 
if a does not exceed 90° • 




P 



a 



LUG AND BUSHING STRENGTH (UNIFORM BEARING) 

1 - Lug Strength 

The obliquely applied load (P ) is resolved into an axial compo- 
nent (P = P a cos a ) and a transverse component (P^ r = P Q sin a ). The 
allowable ultimate value of P« is P„ T and its axial and transverse com- 



QT. 

ponents satisfy the following equation 



) 



(-) 



1.6 



trL 



1.6 



= 1 



(3D 



where P L is the strength of an axially loaded lug (eq. 7) and P-^ is 
the strength of a transversely loaded lug (eqs.' 30a, b). The allowable 
load curve defined by equation 31 is plotted on the graph on page 
B3. 13-31. 

For any given value of a the allowable load (P qL ) for a lug can 
be determined from the graph on page B3- 13-31 by drawing a line from 
the origin with a slope equal to (Pl tan a /Ptrh) • The intersection of 
this line with the allowable load curve (point © on the graph) indi- 
cates the allowable values of P/P L and Pt r / p trL> from which the axial 
and transverse components, P and P tr , of the allowable load can be 
readily obtained.. 

2 - Bushing Strength 

The bushing strength calculations are identical to those for axial 
loading (eqs. 8 and 9). 

DOUBLE- SHEAR AND SINGLE-SHEAR JOINT STRENGTHS 

The strength calculations are basically the same as for an axially loaded 
joint (eqs. 11 through 19 for a double shear joint, and eqs. 23 through 27 for 
a single shear joint) except that the maximum lug bearing stress at ultimate 
load must not exceed P T /Dt, where P is defined by eq. 31. 
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AXIALLY LOADED LUG DESIGN 

This section presents procedures for the optimized design of lugs, 
"bushings and pin in a symmetrical, double-shear joint, such as shown on page 
B3.I3-6 subjected to a static axial load (p) . One design procedure applies to 
the case where the pin is critical in shear, the other to the case where the 
pin is critical in bending. A method is given to help determine which mode of 
pin failure is more likely, so that the appropriate design procedure will be 
used. 



Portions of the design procedures may be useful in obtaining efficient 
designs for joints other than symmetrical, double- shear joints. 



MANNER OF PIN FAILURE 



An indication of whether the pin in an optimized joint design is more 
likely to fail in shear or in bending can be obtained from the value of R 
(eg.. 32) below. If R is less than 1.0 the pin is likely to fail in shear and 
the design procedure for joints with pins critical in shear should be used to 
get an optimized design. If R is greater than 1.0 the pin is likely to be 
critical in bending and the design procedure for joints with pins critical in 
bending should be used. 



rr F _ /F „ F 
n suP / suP suP 1 ■ , , 

E = kT3 : If + f (32) 

TjKtup \ br all© *br all© 

where F su p and FtuP are the ultimate shear and ultimate tension stresses for 
the pin material, k^p is the plastic bending coefficient for the pin, and 
F br all©' and Fbr all© are allowable bearing stresses in the female and 
male lugs. The value of Fbr all© can be approximated by the lowest of the 
following three values : 

where Ftux© and Fty x © are the cross grain tensile ultimate and tensile 
yield stress for female lugs, F cy B© is the compressive yield stress of the 
bushings in the female lugs, and K is obtained from the graph on the next 
page. Assume D = D p if a better estimate cannot be made. 

F br all© is a PP roxima " te[ l in a similar manner. 
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P _ Pin Material Density 

P ~ Lug Material Density 
L 

DESIGN PROCEDURE WHEN THE PIN FAILS IN SHEAR (R < 1.0) 
1 - Pin and Bushing Diameters 

The minimum allowable diameter for a pin in double shear is 



D p = O.T98 y 



F 



,(33) 



suP 



D„ + 2t„/ where t^ is the 



B 



The outside diameter of the bushing is D 
hushing vail thickness. 

2 - Edge Distance Ratio (e/D) 

The value of e/D that will minimize the combined lug and pin weight 
is obtained from the upper graph on page B3. 13-32 for the case where lug 
bearing failure and pin shear failure occur simultaneously. The lug i6 
assumed not critical in net tension, and the bushing Is assumed not 
critical in bearing. 

The curves on page B3. 13-32 apply specifically to concentric lugs 
(a = e - D'/2, and w = 2 e) but they can be used for reasonably similar 
lugs. 

3- - Allowable Loads 

The allowable loads for the different failure modes (lug bearing 
failure, lug net-tension failure, and bushing failure) are determined 
from eqs. 3, 6, and 9 in terms of the (unknown) lug thickness. The lowest 
of these loads Is critical. 

k - Lug Thicknesses 

The required male and female lug thicknesses are determined by 
equating the applied load in each lug to the critical failure load for the 
lug. 
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b) Pin Shear Strength (eq. 12) 

P^p = 1-571 x (O.75) 2 x 82000 = 72400 lbs. 

c) Pin Bending Streng th (eq. 15) 

The pin ultimate bending load/ assuming uniform bearing across the 
lugs, is 

P Q-1963 x I.56 x (0.75) 3 x 125000 
bP 0.25 + 0.1875 +0.10 = 30100 lbs. 

Since P bP is less than both P^.and P sP , the pin is a relatively weak pin 
which deflects sufficiently under load to shift the bearing loads towards 
the shear faces of the lugs. . The new value of pin bending strength is, 
then 



P v - = 2C 
bPmax 



x (a/^C^ x (0 ' 25 + °*l8T5 + 0.10) + (0.10) 2 - 0.10^ , 



(from eq. 16) where C = ot ^ 28600 x ^ QQ0 2 9000 lbs/in 

2d600 x 0.75 + 44000 x 0.50 ~ ^ uuu lbs/ in. 

*"• P bProax = 2 x 29000 x ^°-75 1 * - 0.10) = 37900 lbs. 

The "balanced design" effective bearing widths are 

37900 X 0.50 n ^ ' 

©min ~ 2 x 28600 = °- 331 in - ( froia e 1- l8a ) 
5>h 37900 x 0.75 

2b ©min = 44000 = °- 6k6 in - (from eq. 18b) 

Therefore, the same value of P bPraax would be obtained if the thickness of 
each female lug was reduced to O.331 inches and the thickness of the male 
lug reduced to 0.646 inches. 

d) Joint Strength (eq. 19b) 

The final allowable load for the joint, exclusive of the lug tangs is 

Lug Tang Analysis 

P - 2 x 64000 x 2.50 x 0. 50 „„„„„ , 
T - — 3 7 ' 0.331 ^" " = 92700 lbs ' ^ from e 1- 22a) 

1 + x ( 1 ~ o.'soo) 

°r, P T = 77000 x 3-00 x 0.75 = 173300 lbs. (from eq. 22b) 

Therefore, the lug tangs are not critical and the allowable joint load re- 
mains at 37900 pounds. 
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AXIALLY LOADED LUG DESIGN (Example) 

Using the same materials for the lug, bushing and pin as in the above 
example, and assuming the same allowable static load of 37900 pounds, a sym- 
metrical double-shear joint will be designed to carry this load, using the 
procedure described in the section "AXIALLY LOADED LUG DESIGN ". A 0.10 inch 
gap is again assumed between the lugs. The bushing wall thickness is assumed 
to be 1/8 inch. 

The lug will first be assumed to be concentric (a = e - D/2, and w = 2e) 
but the final minimum weight design will not necessarily be concentric. 

1. Pin Failure Mode (eq. 32) 

The pin is first checked to determine whether it will be critical in 
shear or bending, using eq. 32. Assuming D = D p as a first approximation, 
determine F br a ]_iQ and F^ r all© > using the graph on page B3. 13-17 "to 
determine K. 



KF 



tux© = 1,02 x 61+000 = 65300 psi; 1,30lt ^tyx© = 1,3011 X 1,02 

x 1+0000 = 53100 psi; 
I.30I+ F cyB Q = 1.30^ x 60000 = 78200 psi; .'. F br all0 = 53100 psi 

KF tux @ = 1.02 x 77000.= 78500 psi; 1.301+ KF tyx @ = I.30U x 1.02 

x 66000 = 87900 psi 
1.301* F cyB< D = 1.30U x 60000 = 78200 psi; .*. F br all ^ , = 78200 psi 

p _ TT X 82000 ( 82000 82000 \ . , _ 0 v 

' • 14 ~ 1.56 x 125000 X ^ 53100 + 75200 J - =t=, {ecL * id) 

Therefore the design procedure for pins critical in bending applies. 

2. Pin and Bushing Diameters - First Approximation (eq. 35) 



= / 37900 \ 2 /125000 125000\ ' _ kl 

u p v i3& U25000/ x ^52160 77000 ) - ln * 

D = 0.71+1 + 2 x 0.125 = 0.991 in. 

3. Edge Distance Ratio (e/D) 

The optimum value of e/D for both male and female lugs is 1.2k 
(from the lower graph on page B3« 13-32). Therefore a/D is 0.7I+ and w/D 
is 2.1+8 for a concentric lug ( .\ w = 2.1+6 in.)* 



■ — — c^Y j>,,mm/ '" 
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4. Allowable Loads - Female Lugs and Bushings (First Approximation) 
a) Lug Bearing Strength (eqs. 2a, 3b) 

P brLO = 1 - 30k x lM x °'7 k x 1+0000 x 0.991 t (D = 55900 t 0 lbs. 
where K = 1.46 is obtained from page B3. 13-27 for e/D = 1.24 
t>) Lug Het-Section Tension Strength (eqs. 5, 6b) 

K n(T)= °«T4 (obtained by interpolation from the gra-phs on xiaee 
B3. 13-28 for: * Q 

P nLO = 1.304 x 0.74 x 40000 x (2.^6 - O.991) = 56600 t lbs. 
c) Bushing Bearing Strength (eq. 9) 

P B© = 1,30l+ x 60000 x t ©= 58000 t^lbs. 

5« Allowable Loads - Male Lug and Bushing (First Approximation) 

a) Lug Bearing Strength (eqs. la, 3a) 

P brL© = 1,1+6 x x 77000 x °-991 t @ = 82500 t @ lDs. 

b) Lug Net-Section Tension Strength (eqs. 4,6a) 

K n(ST 0,88 (° bt ained by interpolation from graphs on page B3. 13-28 
for: w 

2 @ . o . t03; fa . , 85T; ^ . 0 . 125) 

P nL© = 0,88 x 77000 x (2.^6 - 0.991)* @ = 99500 t @ lbs. 

c) Bushing Bearing Strength (eq. 9) 

P B@f 1 - 3 ° 1+ x 6ooo0 x O- 7 ^ 1 t @ = 58000 t @ lbs. 
6. Lug Thicknesses (First Approximation) 

*© = 2 3 I 9 55900 - 0^339 in.; t @ - fgggg ■ 0^4 in. 



■ttunma/i. 
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7. Pin Diameter - Second Approximation (eq.. $k) 

3 /2 55 x ^7900 1 
V \'M x 125000 (0 * 339 + °' 327 + °' 20 °) = °-755 in. 



D = 0.755 + 2 x 0.125 = 1.005 in. 

8. Final Pin and Bushing Diameter (eq,. 36) 

0 7^1 0 755 

D Popt = ~ L 2~ + 2! = °' TkQ in * ( Use °-750 inch pin) 
D = O.75O + 2 x 0.125 = 1.000 in. 

9. Pin Shear (eq. 33) 



D p = O.798 ^/^oo'd = 0 '^ 1 in - Therefore, the pin is not critical in 
shear. 

10. Final Lug Thicknesses 



*® = 0 *339 x - Q-336 in. 

t © = O.65U x Mj£ = 0.6^6 in. 

11. Reduced Edge Dis tance 

The lug tension strength (eq. 3) exceeds the bushing strength (eq. 9) for 
the male lug. Therefore, a reduced e/D can be obtained for the male lug from 
graph on page B3- 13-33- 

— Fbr B - °»750 v 1.30^ x 60000 n _ c _ 
D F tux ~ 1 * 000 77000 = 0 ' 7b2 

. e/D = O.97 (male lug) 

12. Reduced Lug Width 

The lug net-section tension strength (eq. 6) exceeds the bearing strength 
(eq. 3) for both the male and female lugs. Therefore the widths can be re- 
duced as follows : 



w 0 = 1.00 + (2.1*8 - 1.00) f ¥) = 2.k6 in. 



^55900 t Q - 

^56600 tQ-. 



/82500 tfg\ 

v @ = 1.00 + (2.k8 - 1.00) [^00^) « 2^ in. 



^^^^^^^^^^^^^ 
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13. Final Dimensions 

D_ = O.75O in.; D = 1.000 in. 

■t© = O.336 in.; e^= 1.2h in.; = 2.k6 in. 

t,~ = 0.6k6 in.; e = O.97 in.; w = 2.23 in. 

<£> © © 

Since is larger than 2 , the final male lug is not concentric. 
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ULT MATE & YIELD STRENGTH OF AXIALLY LOADED LUGS 





The lug ultimate load, for lug failures involving bearing, shear-out. 
or hoop tension is: 

P brL * K *tux at ' <"*/tf<1.5), 

■ P brL = K F tux Dt ' (ife/D>1.5), ■• 

where t is the lug thickness, and F tux is the cross-grain ultimate 
tensile stress of the lug material. (P brL /Dt should not exceed F bru 
or 1-30^ , where F feru and F bry are the allowable bearing stresses 
for the lug material for e/D = 2.0). 

The lug yield load is obtained by substituting F for ^ tux in the 
above equations. 
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ULTIMATE AND YIELD STRENGTH IN NET TENSION OF 

AXIALLY LOADED CONCENTRIC LUGS 0 
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ULTIMATE AND YIELD STRENGTH OF 
TRANSVERSELY LOADED LUGS 





■■' C^-J/iii/n/nn /i 

BF SURF TO CHFCK FATi Gl IF / ' 



B3. 13-30 



STRUCTURES MANUAL 



1 December I96U 



CURVE RELATING c/D & h av /D FOR CONCENTRIC, CONSTANT 
THICKNESS LUGS WITH PARALLEL SIDES 

h 6 

av 3/hj, + l/h 2 + l/h 3 + l/h 4 

In concentric lugs h^h^, and h =h_ 




0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

c/D 
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INTERACTION CURVE FOR OBLIQUELY LOADED LUGS 




■ P and P are the axial and transverse 
components of the applied load, P . 
P L and P^^^ are the respective allowables 
for axially loaded lugs and transversely 
loaded lugs. 
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2.0 



0.6 



OPTIMUM VALUES OF e/D FOR AXIALLY LOADED CONCENTRIC LUCS 
(Luge Not Critical in Net Tension and ' 
Bushings Not Critical in Yield) 




Increase in weight of cross-hatched 
'area over optimum design weight ($>) = 



_P = Pin Material Density 
Luc Material Density 



Increase in weight of cross-hatched 



area over optimum design weight (#) 
— i 1 1 i i i i 



2 3 
P P _ Pin Material Den: 
PL ~ 



iity 

Lug Material Density 




Pin Critical 
in Shear 




Double -Shear Joint, 
Pin Critical in 
Bending 

(male lug is assumed 
identical to female 
lugs but is twice as 
thick) 



ftimi/tia/i^ 
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OPTIMUM VALUES OF g/D FOR AXIALLY LOADED CONCENTRIC 
LUGS WHERE BUSHING YIELD IS CRITICAL 




F^ rB = Allowable bushing ultimate 
bearing stress 

F tux ~ '^ us ma/ter - i - a l cross -grain 
ultimate tensile stress 



i/D 




0.5 



T) J:' 



tux 
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LUGS WITH LESS THAN 5 ELONGATION 

The procedures given on pages B3.13-3 through B3- 13-33 for determining 
the static strength of lugs apply to lugs made from materials which have 
ultimate elongations, « u , of at least % in all directions in the plane of 
the lug. This section describes procedures for calculating reductions in 
strength for lugs made from materials which do not meet this elongation 
requirement. In addition to. using these procedures, special consideration 
must he given to possible further loss in strength resulting from material 
defects when the short transverse gain direction of the lug material is in 
the plane of the lug. 

The analysis procedures for lugs made from materials without defects 
but with less than % elongation are as follows: ' 

BEARING ST RENGTH OF AXEALLY LOADED LUGS -fan a. la through 3b on page B3-13-^). 

1) . Determine F ty /F tu and « y /« u , using values of Fty,' F t , < y and < u 

that correspond to the minimum value of « u in the plane of the lug. 

2) . Determine the value' of B, the ductility factor, from the graph 

below . ■ 

3) - Determine a second value of B (denoted by B.05)> for the same values 

of F ty ., F tu and e y as before, but with « u = 0.05. 

h). Multiply the bearing stress and bearing load allowables given by 
eqs. la through 3b by b/b „ to obtain the corrected allowables. 
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MET- SECTION STRENGTH OF AXIALLY LOADED LUGS (eqs. 4 through 6b on page 
B3. 13-51 

The procedure for determining net-section allowables is the same for all 
values of « u - The graphs on page B3» 13-28 are used to obtain a value of K n 
which is substituted in eqs. 4 and 5. If the grain direction of the material 
is known, the values of F^. F^. u and « used in entering the graphs should 
correspond to the grain diriction parallel to the load. Otherwise, use 
values corresponding to the minimum value of ( u in the plane of the lug. 

STRENGTH OF LUG TANGS IN AXIALLY-LOADED JOINTS (eqs. 21 and 22a on page 
B3- 13-10) 

The plastic bending coefficient for a rectangular cross- section can be 
approximated by k^x, = l'«5B, where B is obtained from the graph above, in 
which y and u are the yield and ultimate strains of the lug tang material 
in the direction of loading. The maximum allowable value of k^ for a 
rectangle is 1.4. 

LUG AND BUSHING STRENGTHS IN AXIALLY LOADED SINGLE-SHEAR JOINTS 
(eqs. 23, 24, 25 an page B3-13-H) 

The values of k br ^ and k^ for rectangular cross-sections are approximated 

by 1-5B, where B is determined from the graph as described above. The maximum 
allowable values of k^ r ^ and k^ are 1.4. 

BEARING STRENGTH OF TRANSVERSELY LOADED LUGS (eqs. 28 thru 30b on pages 
B3. 13-13, -14) r ~ 

The same procedure is used as for the bearing strength of axially loaded 
lugs. 

1) . Determine B and B^ as described for axially loaded lugs, where 

B corresponds to the minimum value of « u in the plane of the lug. 

2) . Multiply the bearing stress and bearing load allowables given by 

eqs. 28 through 30b by b/B j0 5 to obtain the corrected allowables. 
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BENDING MOMENTS AMD DEFLECTIONS IN BEAMS OF UNIFORM SECTION 



TYPE & LOADING 
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max 


M 
max 


Load at Mid span 
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WL 3 


WL 
k 


Simple Beam, Uniformly Distributed 
Load 


Jet A 


5cuL 4 
38^EI 


ouL 2 


Simple Beam, Single Concentrated 
Load at Distance a From Support 
a > b 




Wb(L 2 -b 2 ) 3 / 2 
15.6 EIL 


VVCLU 

L 


Simple Beam, Two Concentrated 
Loads W, at Equal Distances, a, 
from Supports 


W W 

-A. T T T -A. 
h — L — H 


Wa( 3L 2 -l^a 2 ) 
2^ EI 


Wa 


Simple Beam, Subjected to Uniform 
Bending 


M M 

H — — <H 


ML 2 

Sei 
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Cantilever Beam, Single Concentrated 
Load at Free End 
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Cantilever Beam, Uniformly Distributed 
Load 
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Cantilever Beam, Uniform Bending ■ 
Moment, M 
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Beam Fixed at One End, Simply Supported 
at Other, Uniformly Distributed Load 
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Beam Fixed at One End, Simply Supported 
at Other, Concentrated Load at Mid span 
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Beam, Fixed at Ends, Single .Concentrated 
Load at Center 
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trated Loads, W, at Equal Distances, 
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MAXIMUM BENDING STRESSES IN CURVED BEAMS 
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Ref: 



0.8 1.2 

Beam Depth 

R " Radius of Curvature 

R. E. Peterson, "Stress Concentration Design Factors," 
Fig. 109 & GAEC Data 
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EFFECTIVE WIDTH OF CURVED BEAM IN BENDING 
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LONGITUDINAL STRESS VARIATION ACROSS 
FLANGE OF CURVED BEAM IN BENDING 



max 




x 
b 



ef: Timoshenko, "Strength of Materials", Vol. 2, page 112 
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EFFECTIVE W3DTE. OF. CURVED BEWS IN BENDING 

L IPPED FLANGES /^/^y* M 



Note : This effective width effect is due ■ 
to curling of the flanges and has 
nothing to do with compressive 
buckling 

Note: For outside flanges use 
outside radius 
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. Journal of the Aero/Space Sciencea-Sept. 1958, page 570 
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EFFECTIVE WIDTH OF CUKVED BEAMS" IN BENDING- - ■ 
LIPPED FLANGES 



Note : This, effective width effect 
i3 due to curling of the 
flanges and has nothing to 
do with compressive "buckling 

Note: For qutside flange use 
outside radius 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD 



Frame spacing b 




Resultant shell, load 



Shell thickness t 



Shell radius R 



a - Distribution of resultant shell load 



The effective width of a cylindrical shell that will carry circumferential 
axial load can be determined from the figure on B3.23.lO- 11. The. fixed' edges case 
is used when the shell is continuous over the supporting frames.. The hinged edge 
case applies when the skin is discontinuous at the frames, such as- an- end. bay;.. 
The effective width equations ere taken from Reference 1, and- are for. the., case 
where the frame attachment flange is rigid in a direction normal to the- shell 
generators. The effective width is determined from equilibrium- of t he-shell, 
resultant load so that: 

r * ■> 

lot dx a Resultant shell load 

JO P 

./b) , Bnd the equations for its. calculatlon,axe 



a max b eff *p 



eff' 'sh 



The effective width ratio, (b 
shown on B3.23.10-U. 

* 

The more general case encountered in aerospace • structures ■ is^for-thewjUraa^ 
flanges to have significant flexibility due to flange- bending- in. the^ direction 
normal to the shell generators. In this case the sheli effective widtbrrrtio is 
modified to account for this added flexibility in the following.; manners ■ vt.o 



W b " < b eff/ b) sh X V<*: 



*sh> 




where is the frame stiffness and ll> . 
members such as channels, zees, angles, 



is the shell stiffness. For- 3 ingle frame 

m^M^-^o =- - , , __ 0 , etc., ij). is determined freer B6 7T1T?- ?2q 

where ia used wnen tne sbell moves towards the frame and_^ 2 iH-uaedlWttBJt the- 

shell moves away from the frame. —.ZZ'-Z^, 

— ^.a 

The frame stiffness for other configurations- may ber^ete«ninedi-frbBida« 
same proceedures used for the channel sections. This derlvBticttxis^shOTfflOJ* 
Reference 2. The stiffness for back to back channel sections is given- onr*- f o 
page 2h.1 of Reference 2. 

Computer aid for the calculation of frame stiffness for single or do able* 
sections is available on the Structures Section B-DISK. The EXEC name is EFFBC 
and is fully interactive with computer supplied clues to guide the user in 
supplying the required input data. , t. 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 
The shell stiffness, 0 h , is calculated from the following equations. 

For continuous shell skin at the frame: 
For discontinuous shell skip at frame: 

* 3h = 0.389 E (2b) 

The shell stiffness equations are from Reference 3, Equation (289) for the 
discontinuous case and Equation (29I) for the continuous case. These equations 
are derived for a cylinder' of arbitrary length and therefore may be used in any 
calculation of. stress distribution in a circumferentially loaded shell. 

The stress distribution in a shell supported by flexible frames is shown on 
page B3. 23. 10- 12. Application of the shell effective width and the frame flange 
efficiency is indicated. The qualitative example shown is for the structure loaded 
by a constant circumferential bending moment which is similar to problems typ- 
ically encountered in the analysis of inlet duct structure. The principles ill- 
ustrated by this example also apply when the structure is loaded by axial load or 
combination of axial load and bending moment. 

The shell effective width on page B3. 23. 10-11 and discussed in this section 
applies for both tension or compression stress. If the shell stress is compress- 
ion, the effective width due to compression bucking of the shell skin must also 
be determined and the minimum value used in the subsequent stress calculation. 
The compression effective width may be obtained by application of B6.ll.5-3. The 
most significant difference between the two effective widths is that the effect- 
ive width due to curvature is not load dependent (only geometry) and the effect- 
ive width due to buckling is load dependent. In the first case, the stress var- 
iation with load is linear, whereas in the second case the stress variation is 
non-linear, compounding the stress distribution calculation problem. 

As the external load is applied to the structure, the resulting stresses 
will cause it to move to a deflected position as Indicated on the sketch on page 
B3. 23. 10-12. It is evident from the sketch that there are transverse bending 
moments present in the elements of the frame (as well as the skin). Fatigue test- 
ing of full scale aircraft indicates the critical section to be in the frame att- 
achment flange either at the rivet line or at the intersection with the frame web. 
These bending moments result in stresses that caused fatigue failures in the cases 
mentioned above. 

It is possible to determine the moments and stresses and the static strength 
allowable from analyses currently available. The fatigue problem is another story 
since it presents a case of fatigue in a biaxial stress field for which GAC has 
no established analysis procedure at the present time". "" 

In order to determine the bending moments in the frame flange, use is made 
of the moment equation from B6.ll.6-4 for single channel, zee, or angle section 
frames. This equation gives the bending moment at the rivet attachment line. The 
moment at the flange/web intersection can then be determined from equilibrium of 
the attached flange. If the frame configuration is back to back channel or angle 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 

sections, the bending moments are available from Ref 2, pg 2k. For other frame 
section configurations, the bending moments will be a part of the frame stiffness 
calculation. 

The case of primary interest is when the shell skin tries to puil away 
from the frame (i.e. up-spring direction). The moment equation of B6*. 11. 6-lf 
is only true for this case. The load on the flange and resulting bending mom- 
ents are determined as follows. Calculate the maximum section stress, a , on 
the shell skin side. Using the nomenclature of B3. 23. 10- 12 w 



tf w = M z 3 A (3) 
load is then calculated from: 

P fl = l>sh R CT w]/ f> ^ S h^2 + 1 '°5] ' 00 



The flange load P f , is then used for P of Equation lit, B6.H.6-k and the 
bending moment at the rivet line calculatld from: 



m a = P fl 



c (1.5 c + h (t /t ) 3 ) 
N a' we' ' 

2c + d + h (t /t ) 3 

a a' we J 



(5) 



The bending moment at the frame flange/web intersection is next calculated 
from the following equation. 

m f/w - n a " P fl c (6) 



For static strength evaluation, the plastic bending' strength of the frame 
elements can be used provided the plastic bending strength used reflects the 
presence of the longitudinal stress acting orthogonally to the bending stress. 
This interaction is accounted for in Figure 5, page B6.12.^-6. This figure is 
used by substituting the longitudinal stress for fg T of the figure. Because 
the allowable bending stress is a function of the IongHudinal stress, it is 
necessary to perform the bending strength check at both the rivet line and the 
frame flange/web intersection. The critical section may not be at the section 
with the maximum bending moment. This strength evaluation is shown in the fol- 
lowing numerical example. 
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Stress in Shell and Supporting Frame 




Z l Z 2 



Stress in Shell 



Maximum stress = o* 



= [ M2 2/ 1 j(W b >/('W/>>> Eh (10) 




Stress in 
Frame web 




Stress in 
Frame Inner Flange 



Frame inner flange efficiency when not. attached to shell structure is from 
pages B3. 23. 10-5 thru -7. 

The attached flange efficiency is based on the stress distribution shown on 
above sketch and is equal to: 



eff y sh 



(11) 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 

Illustrative example of frame supported shell 

For the structure sketched on the previous page, assign the following 
dimensions to shell and frame. Let the shell skin be continuous over the frame 
and all material be 7075- T6 Aluminum alloy. 



Shell; 



Frame spacing 
Shell thickness 
Shell radius 



b 6.00 in 
t 0.10 in 
R 15 lit. 00 in 



Frame : 

Z 



T 

0.810 



•0.279 



2.25 



d o = 0.775 in 
c = O.I496 in 



[*.0.810 -»|*- 0.810 +] ~oT 



070 



Frame stiffness : 



With the bending moment, M, as indicated, the shell skin is in tension 
and will try to pull away from the frame. Therefore, the upspring or »/) 2 is 
required. From B6.ll.2-2: 



0o = 



E 



r 0.070 l 3 f 2.0 x 0.3496 + 0.810 + 2.18 ~| 

L0.496J [4,0 x 0.810 - 0.496 + 4.0 x 2.18 x 0.810/0. 496 J 



2 (1.0 -V 3 ) 

= 76OO lb/in 3 for an aluminum frame 

Shell stiffness from E q uation 2a: 

0 sh (for continuous skin) = 1.556 E (O.lo/lU.O)' 

= 9862 lb/in a 

Determine the shell effective width, (b ^ ^/b ) g ^ from Equation 8 : 



a/a 



0b = 1.285>/36.oV(0.10 x 14.0)* 
= 6.516 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 
Illustrative example (Cont) 

Shell effective width (Cont) 

C^ = 2 (Cosh 6.516 - Cos 6.5l6)/(Sinh 6.516 + Sin 6. 516), from Equation 9a 
= 1.993 

< b eff/ b) sh = 1.993/6.516 
= 0.306 

Determine shell effective width corrected for frame stiffness effect. Equation 1 



b eff /b = 0.306 x 7600/(7600 + 9862) 
= 0.133 



Frame attached flange efficiency from Equation 7 

Tlfl = - 0.1196/(3.0 x 0.775)] + 0.1t96/(3.0 x 0.775) 

= 0.555 

Frame inner flange efficiency 

For page B3.23.10-6: ■ ■ 

b w = 0.513, b f = 0.810 

b w /b f = 0.633, b 3 /tR = 0.8l 3 /(0.07 x (llt.O + 2.25)) = O.58 
Flange efficiency = 0.60 (from B3.23.10-6) 

Determine section properties of effective material 



Dimensions 


Tl 

W b 


Z 

Reference 


Tl A 


Tl A z 


7] A a? 


z 

Centroid 


0.070 x 0.71*0 


0.555 


.035 


0.0287 


0.00101 


o.ooooi* 


1.0312 


2.110 x 0.070 


1.000 


1.125 


0.lll77 


0.16616 


0.18693 


1.1U88 


0.070 x 0.71*0 


0.600 


2.215 


0.03H 


O.O6889 


0.15258 


0.7^0 x 0.070 


1.000 


1.810 


0.0518 


0.09376 


0.16970 


1.1U88 


0.070 x 0.7l*0 


0.600 


2.215 


0.0311 


O.O6889 


0.15258 


0.100 x 6.000 


0.133 


-0.050 


0.0798 


-0.00399 


0.00020 


1.1162 


2 






0.3702 


0.39^72 


0. 66203 





z = 0.391+72/0.3702 = 1.0662 in 

I = 1/12 x 2. 110 3 x O.070 + 0.66203 - 0.39 1 +72 3 /0.3702 = O.29596 in 4 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (COM?) 
Illustrative example (Cont) 
Determine stresses for M a 15000 in lb 
Tension stresses 

Max shell stress = (15000 x 1.1162/0.29596) x (0.133/0. 306) = 2U558 psi 
Frame attached, flange stress at rivet line 

= (15000 x 1.0312/0.25956) x (0.133/0.306) = 22715 psi 
Frame attached flange stress at frame web 

= 15000 x I.0312/O.25056 = 5226U psi 

Compression stresses 

Frame inner flange stress at frame web 

= 15000 x 1.1U88/0.29596 = 58221* p S i 

Frame inner flange stress (average) 

= 15000 x 1.1U88 x 0.60/0.29596 = 3^93^ psi 

Strength analysis, tension: 
F tu = 77000 psi 

MS = 77000/52264 - 1.0 = 0.1*7 
Strength analysis, compression: 
Flange strength 

Inner flange buckling- stress = 0.381* x E x (0.070/0.810) 3 = 30100 psi 
F 0>? = 70000 psi, F cre l/ F 0.7 = 30100/70000 = 0.1*3 

From Bl.60-2, F /F = 0.6l, F = 1*2700 psi 
' cc' 0.7 cc 

and from Bl.60-3, E/Fq ? = 0.881*, F g = 6I9OO psi 

MS = 61900/58221* - 1.0 = 0.063 
MS = 1*2700/31+934 - 1.0 0.220 

Web strength 

For B5. 11.13-2, a = (58221* + 5226l*)/5822l* = I.897, K = 20.1*0 

F crel = 20 *^° x E x (0. 070/2. 21) 3 = 215900 psi obviously not critical 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 
Illustrative example (Cont) 

Strength analysis, frame flange transverse bending 

Determine flange bending moments 

a w = 15000 x I.II62/O.29596 from Equation 3 
= 56751 psi 

P fl = C 9862 X X 56751 1 / T 10 * 5 x lc? x (9862/7600 + 1.0 j] Equation k 
= 32k lb/in 

„], O.U96 (1.5 x O.U96 + 2.18) T. miB+4m u, t=a n c h 
m a = 32U * 2.0 x 0.^96 + 0.775 ^2.16 E( * uatlon llf > B6.I1.6-U 

= 119 in lb/in 
m f ^ v = 119 - 32U x 0.1*96 from Equation 5 
=5 -1*2 in lb/in 
Determine allowable flange bending; moment 

At the rivet line, for Figure 5j B6.12.U-6 

f orB /P = 22715/70000 = 0.321*, H = 0.88 
ST max' cy ' * 

M . = 0.88 A x 0.070 3 x 70000 
all 

= 75.5 in lb/in 
MS = 75.5/U9 -1.0 = - O.366 

At flange/web intersection for Figure 5, B6.12.1*-6, 

f om /F = 52261|/70000 = 0.750, H = 0.56 
ST max' cy ' ' 

M all = °* 56 / lt x 0 -°'fV S x 7° 000 
= 1*8.0 in lb/in 

MS = 1+8/1*2 - 1.0 = 0.11*3 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFEREHTIAL AXIAL LOAD (CONT) 
Illustrative example (Cont ) 

Determine stresses for M = 10000 in lb and an axial load P =7000 lb 

Tension stresses 

Max shell stress = 

= (10000 x 1.1162/0.29596 + 7000/0.3702) x {O.I33/O.306) = 21*610 psi 
Frame attached flange -stress at rivet line 

= (10000 x 1.0312/0.25956 + 7000/0.3702) x (0.133/0.306) = 25U86 psi 
Frame attached flange stress at frame web 

= 10000 x 1.0312/0.25956 + 7000/0.3702 = 58637 psi 

Compression stresses 

Frame inner flange stress at frame web 

= 10000 x 1.1U88/0.25956 - 7000/0.3702 = 19907 psi 

Frame inner flange stress (average) 

= (10000 x 1.1488/0.25956 - 7000/0.3702) x 0.60 = II9M+ psi 

Strength analysis, frame flange transverse bending? 
Determine flange bending moments 

a = 10000 x I.II62/O.25956 + : 7000/0.3702 
= 56622 psi 

P fl a 9862 x 14. 0 x 56622 / 10.5 x 10 s x (9862/7600 + 1.0) 
= 324 lb/in 

This load is the same as case with M = 15000 in lb and P = 0.0. The 
flange strength calculations are therefore identical from this point onward and 
are not repeated. 
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Illustrative example (Cont) 



In order to demonstrate the stress sensitivity to the assumptions and some 
of the physical parameters of this problem, let us change the reinforcing angle 
section to a full channel, thereby increasing the frame stiffness. This change 
will not only add area and inertia directly, but will also increase the eff- 
iciency of the shell skin and the frame attached flange. .The effects of this 
change are illustrated by the following calculations. 

Determine the frame up- spring 0 a 

For page B6. 11.2-2.1: 

b Jt = 0.810/0.070 = 11.60, t /t = 0.10/0.070 - 1.1*29 
ref a ' p a 

From page B6. 11. 2-2.1: 

03 /E = 0.00308, i/j 3 = 323^0 psi 

Shell effective width corrected for frame stiffness , from Equation 1 

b gff /b = 0.306 x 323^0/(3221*0 + 9862) 

= 0.23 1 * 

Frame attached flange efficiency, from Equation 11 

Tl fl = [l.O - 0.1*96/(3.0 x 0.775)] + 0.1*96/(3.0 x 0.775) 

= 0.815 

Determine section properties of effective material 



Dimensions 


n 

b eff/ b 


2 

Reference 


n A 


7] A z 


T| A z 3 


z 

Centroid 


0.070 x 0.7^0 


0.815 


0.035 


0.0U22 


0.0011*8 


0.00005 


0.7652 


0.070 x 0.7^0 


0.815 


0.035 


0. 01*22 


0.001U8 


0.00005 




2.110 x 0.070 


1.000 


1.125 


0.11*77 


0.16616 


0.18693 




2.110. x 0.070 


1.000 


1.125 


0.11*77 


0.16616 


0.18693 


1.1*11*8 


0.070 x 0.71*0 


0.600 


2.215 


0.0311 


O.O6889 


0.15258 


0.070 x 0.7U0 


0.600 


2.215 


0.0311 


O.O6889 


0.15258 


0.8502 


0.100 x 6.000 


0.23U 


-0.050 


o.H*oi* 


-0.00702 


0.00035 


2 






0.5821+ 


o.l*66ol* 


0.679^7 





z = 0.1*660l+/0.582l* = 0.80021 in 

I = 2/12 x 2. 110 3 x 0.070 + 0.6791*7 - 0.1+660l* 3 /0.582l* = 0.1*161* in 4 
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Illustrative example (Cont) 




Determine stresses for M = 15000 in lb 




Tension stresses 






- ppIi^c; ti<h 

- <-J4Jp psi 


Frame attached flange stress at rivet line 




= (15000 x 0.7652/0.1*162*) x (0.23^/0.306) 


= 21092 psi 


Frame attached flange stress at frame web 




= 15000 x 0.7652/0.*l6l* 


= 27582 psi 


Compression stresses 




r rame nine r x xs nge sore s s a i» i rame we o 




= 15000 x'l.*l*8/0.*l6l* 


= 50998 psi 


Frame inner flange stress (average) 




= 15000 x l.*l*8 x 0.6o/0.*l6l* 


= 30600 psi 


Margins of safety for the reinforced configuration 




Tension, frame attached flange at frame web 




MS = 77000/27582 - 1.0 = 1.792 








MS = 61900/50998 - 1.0 = 0.21* 




Strength analysis, frame flange transverse bending 




Determine flange bending moments 




a w = I50OO x 0.852/0.*l6* from Equation 3 








p = [9862 x 1* x 3o69l[/[lo.5 x 10 3 x (9862/323*0 +1.0)] 


Equation * 


= 309 lb/in 




For B6. 11.2-2. 2, b f /t = 0.810/0.070 =11.6 




and from B6. 11. 2-2. 2 




m a /(t a P) = l.*6 and m f / v /(t a P) = -I.285 




in = l.*6 x 0.07 x 309 = 31.6 




m f ^ w = 1.285 x 0.07 x 309 = 27.8 
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THE EFFECTIVENESS OF CURVED SHEET FOR CIRCUMFERENTIAL AXIAL LOAD (CONT) 
Illustrative example (Cont) 

Strength analysis, frame flange transverse bending (Cont ) 
Determine allowable flange bending moment 

At the rivet line, for Figure 5, B6.J2.k-6 
f ST max /F cy = 210 9 2 A 0000 = °-301, H = 0.90 
M all = °'9°A x 0.070 3 x 70000 

= 77.1 in lb/in 
MS = = 77.1/31.6 - 1.0 = 1M 

At the flange/web intersection, for Figure 5, B6.12.h-6 
f ST max /F cy = 27582/70000 = 0.39^, H = 0.860 
M = 0.86/1* x 0.070 3 x 70000 

£t-J-JL 

= 73.7 in lb/in 
MS = 73.7/27.8 - 1.0 = 1.65 

Strength improvement due to reinforcement 

The addition of the full channel reinforcement to the frame represents a 
weight increase of 15$ on the entire section. The compression stress decrease 
is lk$> or about one to one. The tension stress decrease is 189% for the same 
weight increase. This large stress change on the tension side is due to the 
favorable placement of the reinforcement relative to the tension side of the 
structure. The reinforcement not only added area to the section but additionally 
improved the section efficiency. The most critical static strength point on the 
single channel configuration is the frame flange transverse bending strength with 
a negative margin of -O.366. By adding the reinforcing channel, a margin improve- 
ment' of 3Qh% is realized so that this item is no longer the critical strength 
item. 
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COMBINED BENDING AND AXIAL LOAD IN THE INELASTIC RANGE 



Discussion 

The bending strengths of beams loaded in the inelastic range by 
bending moments or by a combination of bending moments and axiaiL load 
are presented in this section. 

The method is applicable to beams with cross-sections that have one 
or more axes of symmetry. The axis of the bending moment is normal to 
an axis of symmetry. 

The method assumes that large plastic strains (up to 3$) can be 
developed linearly in the cross -section considered. This implies that 
the beam. is sufficiently long to develop such strains, and that there 
are no stress concentrations near the section considered. 

Fatigue, creep, buckling and crippling are not considered in this 
section. These items must be checked independently from this analysis. 

The data presented in this section does not supersede the bending 
strength data for steel and aluminum tubing given in MIL-HDBK-5A. 

Bending strength is given in terms of a stress commonly referred to 
as the bending modulus. This stress is used in the conventional bending 
stress equation as follows: 



F is presented as a function of the shape factor, k, and the tensile 
a 

yield stress, 1^ if a yield criterion is critical, or the ultimate tensile 
stress, IT, , if the ultimate strength criterion is critical. 



REFERENCE: Brown, Lawrence D. , "Analysis of Beams Subjected to' Combined 
Bending and Axial Loads in the Plastic Range," GAEC Report 
No. ADR 02-21-66,1, August 1966. 



M = F.,, • 1/c 
max B ' 



where' 



M is 'the maximum permissible bending moment 
is the bending modulus 



i/c is the minimum section modulus 
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Discussion (Cont'd) 

The bending modulus is also a function of the shape of the stress- 
strain curve of the material of the beam. This relationship is investi- 
gated in the Reference source of this section. 

The values of F g presented in this section are the minimum determined 
for a realistic range of aircraft structural materials. 

The shape factor, k, is given, in B3.32-5 for the several common 
■ structural shapes . For other doubly symmetric shapes, k is equal to 
2-Qc/l (see list of symbols for definitions). 

The presence of axial loading in addition to bending reduces the 
.maximum bending capability of any doubly symmetric section. For a section 
with one axis of symmetry, such as a Tee, the maximum bending capability 
is reduced due to axial load when that load acts so as to cause failure 
'of the outstanding leg. The strength reduction due to axial load is 
shown on the interaction curve of B3.32-7 . 



SYMBOLS 



o 

A Cross-section area in 

c Distance from neutral axis to extreme fiber in 

D/t Diameter-wall thickness ratio for tubular section 

F. • Allowable ultimate bending modulus lb/in 

2 

F Allowable yield bending modulus lb/in 

F^ Ultimate tensile stress . lb/in 

F, Tensile yield stress v lb/in^ 



ty 

I moment of inertia 



k shape factor, 2-Q-(c/l) 

M applied bending moment in - lb . 

ra exponent, pageB3.32-7 

n ' exponent, page B3.32-7 

P Applied axial tension load lb 

Q Static moment about the neutral axis in pure in^ 

bending of the area between the extreme fiber 
and the neutral axis ' 



. k 

in 1 
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ASSUMPTIONS AMD HESTRICTIONS 

1. It is assumed that the tensile and compressive stress-strain 
curves for bending are identical and correspond to the stress- 
strain curve in uniaxial tension. 

2. Cross-sections which are plane and normal to the neutral 
axis before bending remain .plane and normal to that axis 
after bending. 

3. The D/t of tubular sections should not exceed 12 unless 
crippling of the cross-section is also checked. 

k. The maximum value of k (shape factor) should not exceed- 2.0 
when determining the ultimate bending factor, and,;!. 5 when 
determining the yield bending factor. 

5. Material properties: 

ultimate elongation 2: 3$ 

tensile yield stress ^ 75$ ultimate tensile stress 
The strength properties of the materials analyzed in the 
preparation of this section were within the following 
limits: 

: Q 10 ksi <; F ty s; 250 ksi 

20 ksi *: F tu s: 300 ksi 
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Method 

Pure Bending 

1. Determine shape factor k 

a . Values for common cross-sections with two axes 
of symmetry are given on B3.32-5. 

b. For other cross-sections with two axes of symmetry 
use k = 2 Qc/I (See B3-32-3 Item K). 

c. For Tee sections use B3.32-5. 

2. Find F by and/or F bu from B3.32-6. 

3. The applied moment which would cause yielding of the 

F bv 1 

extreme fiber is M = — — - — . The ultimate moment which 

y c 

can be carried by the cross-section is M = F, l/c. 

u bu ' 

Combined Bending and Axial Load 

The allowable strength under combined loading can be determined 
from the interaction curves of B3.32-7. 

1. Determine shape factor, It, as in 1 (a), (b) or (c) above. 

2. Determine the bending modulus, F„, which is allowable without 
the presence of axial load from B3-32-6. 

3. Determine the bending moment which is allowable without the 

presence of axial load: M = b ^ when the yield criterion 

Fbu I y C 
is critical; = — — — when the ultimate strength 

criterion is critical. 

k. Determine the allowable axial load (without the presence of 

bending) P or P from P = A • F , or P = A • F. . 
' y u y ty u tu 

5. The value of n for use in B3.32-7 is obtained from B3.32-7 
through B3.32-9. 
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SHAHS FACTOR, 'k, FOR SO ME COMMON CROSS-SECTI ONS 
(For Moment About Axis x-x) 
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k = 



16 1 - r 3 



k = 3 m c- - p) * 

2 6 + (l-B) a 3 
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Use k = 1.5 for Yield 




TEE SECTION* 
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* For moment about 
axis parallel to 
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BENDING _MQDULUS 
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1 + It k „ 
F bu ~ "*"~~5 ' tu 



F = Ultimate Bending Modulus 
bu 



= Ultimate Stress 
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B3.32-8 



VALUES QT EXPONENT, n, FOR USE IN INTERACTION CURVES OF B. 3. 32-7 



Ultimate Uae n - 1.1 for Yield 




Ultimate Use n = 1.2 for Yield 




■uurwian. 



May 1969 



B3.32-9 



VALUES OF EXPONENT, n, FOR USE IH INTERACTION CURVES OF B. 3 •32-7 




Ultimate Uce n = 1 for Yield 
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COLUMN BUCKLING COEFFICIENTS FOR VARIOUS 
LOADING AND END CONDITIONS 



cr 



c n e t i 



E T = Tangent Modulus of Elasticity 
I = Column Mcment of Inertia 
L = Column Length 



COLUMN LOAD AND 
END CONDITION 



COLUMN LOAD AND 
END CONDITION 



P -V 



L (typ) 



a: 



1.00 



2P/L 2P/L 



■3- 



2.05 



A 2P/L 
/ 



2P/L 



3.19 



7.68 



/ 






i 




X 



IfP/L UP/L 



i+.OO 



P- 



L/2- 



16.66 



1/ 

L-P 



(Free) 



0.25 



1.89 



P/L 



(Free) 



0.79 



■L/2 



«— P 



7-5^ 



P/L 



^P/L 



"2T 



1.90 



A - 

h- L /2 



itP/L 



-3t 



2.27 



P/L 



^p 



5.32 



(— L /2 



r 



1+.80 



P/L 



3.05 



.L/2 



4- 



p 



3.13 



P_ii 



P/L 



2P 



7.57 



2P 



P. 



8.93 



,/4 ^ 



Note: All loads are applied concentrically. 

The buckling load is the maximum compression load in the column. 
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COLUMN BUCKLING COEFFICIENTS FOR VARIOUS 
LOADING AMD END CONDITIONS " 

2 _, ' 

IT *L I E = Tangent Modulus of Elasticity 



cr 



L2 



I* = Column Moment of Inertia 
L = Column Length 



COLUMN LOAD AM) 
END CONDITION 


C 


COLUMN LOAD AND 
END CONDITION 


c • 


<iP 2P 


1.U3 








' k-L/M U-L/lt-J 



































































Note; All loads are applied concentrically. 

The buckling load is the maximum compression load in the column. 
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COLUMN CUHVES FOR ALUMINUM ALLOYS 



The material previously contained on this page 
may now be found in Section Bl. 
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BUCKLING OF STEPPED, PIN-ENDED COLUMNS 
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cr m ^2 where E^ is the tangent 



modulus 
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Ref : Timoshenko, "Theory of Elastic Stability" 
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BUCKLING OF STEPPED, PIN-ENDED COLUMNS 
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Ref: Timoshenko, "Theory of Elastic Stability" 
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BUCKLING OF STEPPED, PIN-ENDED COLUMNS 
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cr m . L 2 where E^ is the tangent modulus 
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Ref : 



T OA 0.6 

' (E.I), 

Stiffness Ratio ,=r=\ 
(E t l) 2 

Timoshenko, Theory of Elastic Stability 
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BUCKLING OF TAPERED FIK-EHDED COLUMNS 
m> PCMIOHS BAP5RED IN UTDgH AND T 




Ref : Roaik, Table XV Case Zk 
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BUCKLING OF TAPERED PIN-ENDED COLUMNS 
END PROTIONS TAPERED M WIDTH ONLY 



L-a 

2 



12 










L 2 



(E^ = Tangent Modulus) 




0.2 0.1* 

Stiffness Ratio (E-fcl)i 

(E t l)2 



Ref: Roark, Table XV, Case 21 
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BUCKLING OF TAPERED FHED-EHD COLUMNS 
END PORTIONS TAPERED IN WIDTH AMD HEIGHT 
i L ^-1 
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'BUCKLING OF STEPPED. PIN- FIXED- ENDED COLUMNS 
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COLUMN ON AN ELASTIC FOUNDATION 



J- 



JL 
k 
EI 

P Eu 

P cr 
n 



A> "T 

Length of column (in) 2 
Modulus of elastic foundation (lbs/in ) 
Flexural rigidity (lbs- in 2 ) 
Euler buckling load, t 2 El/^ 2 (lbs) 

Buckling load (lbs) 

number of waves into which column buckles (n = 1,2,3- ••) 



For columns with discrete spring supports a minimum of 3n equally- 
spaced is required. A , 

10, 1 , i i i i I I i I I l 1 1 .LLLL-LJ I I I I I I I I iyi 




1000 



NOTE: For 



EI 



> 500 f US e the following approximations: 



Reference : 
Hetenyi, M. : 
"Beams on 
Elastic Fount 
ation", pages 
lit 1-150. 
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BUCKLING OF UNIFORM COLUMNS WITH COMPRESSIVE OR TENSILE 
END LOADS & APPLIED SHEAR LOAD - PIN-ENDED 



(qL + P) 
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positive if it 
- is a compressive 
load - lbs 



(qL + P) 



cr 



at EI EI is constant 
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Largest Comp. Load (qL + P) 
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ELASTIC BUCKLING LOAD FOR COLUMNS WITH VARYING AXIAL LOAD 



Introduction 

The problem of column buckling for the case of varying axial load 
is frequently encountered in such structures as beam or bulkhead 
capstrips, longerons, stiff eners, etc. This type of column loading has also 
been used for the determination of the allowable compressive stress at the 
edge of access holes in shear webs. Certain assumptions, of course, are required 
in order to idealize the shear web with access holes to a straight pin-ended 
column. 



Discussion 

The buckling load is given on pages B3M.32-2, 3, and -k for several 
combinations of axial load variations. The buckling load is presented as a 
fixity coefficient, C, to multiply the conventional pin-en^ column buckling 
load equation. 

The buckling loads were determined by the use of the numerical analysis 
procedure commonly refered to as the "Newmark Method". This procedure is 
described in References a and b. Because the analysis is based on an 
iterative scheme, the exact answer as given by a closed form solution 
cannot always be obtained. The factors presented are the result of a 
reasonable and practical number of iterations and are slightly conservative 
when compared to the results from available closed form solutions. 

The use of the coefficients is adequately described in the figures and _ 
requires no added description here except to point out that P cr is the maximum 
value of compression load at any point in the column at buckling. 



Reference : 

(a) Newmark, N. M. , "Numerical Procedure for Computing Deflections, Moments 
and Buckling Loads", Trans. ASCE, vol. 108, p ll6l, 19U3. 

(b) SACP-16, Page Gl.01-1 and-2 of this manual. 
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BUCKLING COEFFICIENTS FOR PIN-ENDED COLUMNS SUBJECT 
TO CONCENTRATED AXIAL & DISTRIBUTED SHEAR LOADS 



Basic Assumptions 

o Column pinned at both ends 
o EI is constant 

o Applied loads act only in direction shown 
in sketch 

Procedure for Using Curves 

o Determine ratio of end load to the distributed 
shear load, P^/P 

o Determine C from curves 

o Determine critical value of end load from 

p w = c n 2 ei 



P cr is then the critical value of Pj_ 




X=0.262 

X =0.357 

X=0,500 
X =0.61+3 
X=0.738 



X=0. 262/0.738 

X=0. 357/0. 6U3 
> =0.500 
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BUCKLING COEFFICIENTS FOR PIN -ENDED COLUMNS SUBJECTED 
TO CONCENTRATED AXIAL & DISTRIBUTED SHEAR LOADS 
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Basic Assumptions 

o Column pinned at both ends 
o EI is constant 

o Applied loads act only in direction shown 
in sketch 

Procedure for Using Curves 

o Determine ratio of end load to the 
distributed shear load, Pj/P 

o Determine C from curves. 

o Determine critical value of end load 
from P cr = C n 2 EI . 

L 2 

critical value 




= 0.262 

= 0.357 
= 0.500 

= 0.61*3 
= 0.738 
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B3. 51.10-1 



B3.5i.lO ECCENTRIC COLUMNS 



Use of Eccentric Column Curves 



The eccentric column curves of pages B3.51.Hj 33.51.12-1,-2,-3 are for 
use in designing or analyzing eccentrically loaded columns of all slenderness 
ratios where the load line is parallel to the elastic axis. The curves take into 
account both the direct stress and the primary plus secondary bending stresses. 

The method for obtaining an allowable average compressive stress will de- 
pend upon whether or not the cross section is subject to local buckling. If 
doubt exists upon this point, the calculation should be made both ways, and 
the lower of the two allowables obtained should be used. 

If the cross section is not subject to local buckling, the allowable 
average compressive stress may be read directly from the curves on pages 
B3- 5L12-1, -2, -3; 

If the cross section is subject to local buckling, the curves on page 
B3.51.H give the allowable average compressive stress in the following way: 

1. Compute the local compressive buckling stress, ^c CT ( Ref> B^.20). 

2. Assume a value for the allowable average compressive stress F ce . 

3. From the stress strain curve for the column material, read off the 
strains «ccr € ce corresponding to the stresses Fc cr and F ce , 
respectively. 

4. Calculate a "chordal" modulus E cn according to the formula 

E ch = ( F c C r * F ce)/( *c cr - « ce ) • 

5. Compute an effective column buckling stress F c for buckling in the 
direction of the eccentricity by the formula 

Fc =t 2 E ch /U/ P f, 
in which /is the column length and p is the radius of gyration. 

6. Evaluate the extreme fiber stress ratio J~® fiber > using for Ffj_-b er 
the local compressive buckling stress F c from step 1. 
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B3. 51. 10. ECCENTRIC COLUMNS (Cont.) 



Use of Eccentric Column Curves (Cont.) 

7. Evaluate the eccentricity ratio ec/p 2 , in which e is the initial 
eccentricity of the load, c is the distance ' from the center of gravity 
to the extreme fiber, and p is the radius of gyration. 

8. Using the ratios of steps 6 and 7 enter the curves of page B3.5i.ll 
to obtain the factor F ce /P c . This factor, when multiplied by F c from 
step 5, yields a value for the allowable average compressive stress 
F ce . If Fee so obtained is substantially different from the assumed 
F ce of step 2, the procedure must be repeated using the new value of 
Fee' 

9. In cases where F c /F fiber is greater than 6, the allowable average 
compressive stress is given directly by the formula 

_ _ F fiber 
ce ~ 1 + ec 
p2 
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STRENGTH OF ECCENTRIC COLUMNS 
2011+-T6 CLAD SHEET 

Load Line Parallel to Elastic Axis 
Column Not Subject to Local Instability, 
e = Initial Eccentricity of 

Load From Centroidal Axis, 
c = Arm From Centroidal Axis to Extreme Fiber 




Ref : "Buckling of Aluminum Columns in the Inelastic Range of the Material", 
A. Chajes, M-C-E. Thesis, Polytechnic Institute of Brooklyn, May 1955 
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STRENGTH OF ECCENTRIC COLUMNS 
707 5 -T6 BARE SHEET 




*i _ Column Length 

~~ Section Radius of Gyration 

Ref: See Page B3. 51.12-1 
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STRENGTH OF ECCENTRIC COLUMNS 
7075-T6 EXTRUSION 
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Section Radius of Gyration 



Ref: See Page B3. 51.12-1 
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EEAM - COLUMN CURVES 
CENTRALLY LOADED COLUMNS WITH END COUPLES 
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4 .Ll. 
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0,2 0.4 0.6 0.8 l.o 

P / P cr = A PPHed Axial Load/Column Buckling Load 

P = Applied Axial Load 

Per = F c x A = Column Buckling Load 

P c = Column Buckling Stress from B3. lj-2.10 

Mi, M2 = Applied End Moment 

M'max = Max. Total Bending Moment Including Secondaries 
Ref: "Buckling of Elastic Structure", H-M. Westergaard, Trans. ASCE 1922, p59^ 
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Approximate Beam - Column Equations 
Use for straight columns with constant EI. where stresses are in elastic 

P = Applied Axial Load 

p cr = F x A = Column Buckling Load 

P c = Column Buckling Stress from B3A2.IO 

Mo Me = Total Bending Moment at Center or End, Respectively. 

Hinged Ends 



O 



W 



\- J r( 1 + 0 - 8 p cr -p; 



Error Less Than l.k% 



w lbs/in. 




Error Less Than 0 



Fixed End Columns 



w 



A. 



Mom, at Center 



= ^r/l + 0.8 



"8" 



cr / 



si 



w lbs/ 



in. 



Mom. at Center 



M = ^4r~ fl + 1.2 — 
* cr 



Mom. at Ends 



M = 
e 



^fl + 0.8 P 



P -P; 

cr / 



Error Less Than l.k% 



Mom. at Ends 



u e -- ^-(1,0.6^-^) 



Error Less Than 6.5$ 
and on Conservative 

Side. Tor =r~ < 0.5 
Ref: "Buckling of Elastic Structures, H.M. Westergaard, cr " 

Trans ASCE 1922, P. 576 Error Less Than ^ 



May 1969 



BEAM-COLUMNS : GENERAL METHOD OF ANALYSIS 



This method of analysis is applicable to the general case of a beam- 
column under a system of applied loads consisting of concentrated lateral 
loads W l3 W £ , . .., W^, uniformly distributed lateral loads q^, q^, . q^, 

couples m 2 , . .., m^, and axial loads Ap.^ Ap 2 , . .., AP nn applied 

along the length of the beam, in addition to the end loads P^ and F and 

end moments and M fi (Figure 3.51-^0-1). The beam-column may have 

initial curvature and may be of uniform or varying cross -section. 

The method is an extension of that developed by W. Gittleman in Ref- 
erence 1. Use of the method involves dividing the beam-column into segments 
and calculating the rotations and bending moments at the ends of each 
section due to the applied loads. Two trial solutions are required, from 
which the final solution is obtained. 



SIGN CONVENTION 

loads © as shown in figure 
deflections (+) downward 
rotations ©clockwise 

















^2 






■ ■ 















M W T 

V ] A x 



W 




* 



Ap, 



W 



a initial 
~f~ curvature 




B 



L '"2 
Figure 3 .51. hO- 1; Beam-Column With General Loading 



References : 

1. Gittleman, W. , "Laterally Loaded Non-Uniform Struts,"' "Aircraft 
Engineering," Feb. 1953, p. 56. 

2. Torczyner, R.D., "Beam-Columns: General Method of Analysis," 
Structural Mechanics Note No. 18, 1969. 
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SYMBOLS 



Symbol 



Units 



Description 



L 
m 

M 

x 

P 

Ap 



W 

y 



inches 



radians 
inches 
in. -lb. 
in. -lb. 
lbs. 
lbs. 

lbs. /in. 
lbs. 

lbs. 

inches 



initial midspan deflection of the beam with 
the initial deflected shape assumed to be 

y. 

y = a sin 

SI 

slope at x 

total length of beam column 
applied couple 
bending moment at x 
axial end load 

incremental axial loads applied along the 
span 

distributed lateral load 

reaction at A due to all the loads — 
W,m,q.,M A ,M B 

concentrated lateral load 

deflection 



For a segment KL having ordinates x v and x 
following properties apply 



K L> 



the 



E 
I 

SL 
P 



psi 

I 

inches 
inches 
lbs. 
lbs. 



Young's modulus 

moment of inertia of cross-section 
length of segment = x^ - x^ 
P A + £ Ap 

sum of all incremental axial loads, Ap, to 

the left of K including any axial load at 
K .... 



Oj 

L 
I 

r 



o 



E w 



lbs. 

lbs . 

. -2 
in. 



total lateral force due to all of the dis- 
tributed lateral loads to the left of K 

sum of all concentrated applied lateral loads 
to the left of K, including any load at K 

P /EI 



Subscripts 

Single letters refer to points on beam-column; = moment at point K 
Pairs of letters refer to segments;]™ = moment of inertia of segment A~C 
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METHOD 

For a segment KL of the beam column (see Figure 3.51.^0-1) equations 
(1) and (2) relate the slope and bending moment at L to the slope and 
bending moment at K. 

i L = - \ v. + i k cos vLje + a (l) 

P 

M L = ^ cos ^ + i k P* ^Uii + p (2) 



where 



a = ( 1 - cos ]iA ) . (£ w _ B } . ( £ilLM . A) . q/p * 



an ^ 
— cos C os 



a tt L 

+ "r cos — 



1 . 



+1 aCn^T 



TT X. 



k 



sin — j- sin jii 



-1 



.C l ) 



+ 1 



p = - £iH-M . (2 w + Di - r a ) - (1 - cos ^) . a/S 



P*a tt ^k . . , 

• cos -|— sin \U 



C l ) 



2 + 1 
- 1 



P*a tt 2 /L £ 
" ' 2 1 

1 



_C l ) 



TTX TTX 

sin -rp— cos - sin — -- 



Note: of and (3 depend solely upon the loading and beam geometry. 



Procedure 

1. Divide the beam-column into a convenient number of segments 
following these guidelines: 

a. Segments must be of constant cross-section. 

b. Distributed lateral load cannot vary along the 
length of a segment. 

c. No point loads — W, m, Ap may be applied within 

the length of a segment. 
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3. Since addition of and multiplication by known numerical quantities are 
the only a] 
i A and M A , 



the only arithmetic operations performed in order to obtain from 



Then, 



C 2 a \ 



d. Moments and rotations are determined at the ends of 
segments onlyj segments must be chosen which have ends 
at points where values of the moment and rotation are 
required. 

2. First trial solution 

a. Assume the slope at A equal to zero. Equations (l) and (2) can 
be solved for the slope and moment at C. Here, K corresponds 
to A, and L to C. 

i^ = 0; Mjj. = M A = applied moment at A 

b. Consider next the segment CD. The slope and moment at C were 
found from segment AC to be i_ and H. . To apply equations 

(l) and. (2) to segment CD let i„ = i- and HL. = M T + 

*CD rkC *CD ^UJ 

the applied moment at C (if there is one). 



— " hc""^ £ CD - > 

M A KAC LJEg KCP L Cl) KDE 

i A Jth c D E ^ ^ 

A B " 

Figure 3.51.^0-2 - Illustration of Beam Segment Designations 

r 

c. Continue the process for each segment until values for all seg- j 
ments have been determined. The values of slope and moment ' 
at the right end of the beam are ig and M fi (the subscript "1" 
refers to trial solution 1) . 1 1 \ 



M B = C l L A + °2 (3 > 

where C., and 0 o are constants. fi 

12. li 



\ = °1 <°) + C 2. ■ ) 
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k. Second Trial Solution 

Repeat the calculations of slope and moment for each segment, starting 
with an assumed slope at A of 0.1. The resulting slope and moment 
at B are i_ and M_ . 

5. From Equation (3) 

but, Cg = M £ (from step 3) 



V " "a, 



6. Solve Equation (3) for the actual slope at A. 



. M B- °2 
1 A" Cl 



where is the applied moment at B. 

7. Actual moments and slopes are obtained by repeating the calculations, 
this time with the actual slope i^. 



NUMERICAL EXAMPLE 



An initially curved beam-column under a complex system of loads is 
analyzed. Figure 3.51.^0-3 shews the dimensions of the beam (not to 
scale), (b) shews the initial curvature, (c) shows the loading and (d) shows 
the division of the beam-column into segments. E = 30 x 10° psi. 

1. Calculate the value of the reaction at A, R^. 

Summing moments about B, ■ 



R A xU0-300~1000x3O+7OO+^0Oxl6-15xlUx33-25x26xl3+ . (A 00 . 0 ]^ 00 ) = 0 
R A = 979.5 lbs 

2. To demonstrate the step-by-step calculations, the significant 
computations are illustrated in the following tables. It is 
suggested that this method be used with the aid of a small 
computer such as that' available with the G.E. Time Sharing 
System. For an example see Reference 2. 



1 
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1 

1.5" diam. 



3" diam. 



10"- 



1U" 



i 

2" diam. 

T 



16" ■ 



(a) Dimensions of Beam-Column (not to scale) 



.1 



in 
2 



20" 



20" 



(b) Initial Curvature (not to scale) 



100C# 



9000 lb /Ml 1 1 15 ^/lnpj± 
1000 xn-lbV^ 300 V-lb ' 7^0 



l+0p# 



in-lb OTf 



251b/iu 



10" ^U" 10" - 

(c) Loading on Beam-Column 



16" 



I— U4— 12000 lb 
^7L600 in-lb 
f 



c £r 



B 



(d) Division of Beam-Column into Segments 



FIGUHE 3-51.^0-3 
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For each segment, calculate the values in Table 3.51-40-1 and then 
a (Table 3.51.40-2) and 0 (Table 3.51.40-3). These values will 
remain constant throughout the remaining calculations of the 
problem. 

3. The first trial solution is' shown in Table 3.51.40-5. It is found 
that Mg for this trial solution (Mg ) = -18005.2 

From Equation (3) 

\ = C l <°> * C 2 

then 

c 2 = -18005.2 

4. The second trial solution is shown in Table 3.51.40-6. It is found 
that = +18827.7 



From Equation (4) 



+18827.7 - (-18005.2) 
1 = .1 



C. 



a = 368,329 

5. The actual value of is calculated with Equation (5). 

• - 1600 - (-18005.2) 
X A 368,329 

i A = +.053227 

6. Final Solution 

The final solution gives the actual moments and rotations at the ends 

of each segment. These values are tabulated in Table 3.51.40-7. 

Note that the calculated moment at B = I6OO.9 « 1600 = M_ , . ,. 

y B applied 

This is a check of the correctness of the solution. 
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Table 3.51.UO-1 



Segment 


1 


2 


3 


l* | 




K 


0 


10 


14 


24 




L 


10 


ll* 


21* 


Uo 




t - x L -x K 


10 


k 


10 


16 




Moment of Inertia I 


.281*5 


3.9761 


3.9761 


.785!+ 




P* = P„ + 2AP 

A F 


9000 


9000 


9000 


12000 




a =Jp*/EI 


.0321*73 


.0086862 


.0086862 


.C22568 


© 


sin in radians) 


.31905 


.031*738 


.086753 


.35329 


© 


cos {\i,JL in radians) 


• 9 l *77 1 » 


.999U0 


.99623 


•93551 






0 


1000 


1000 


600 






- 979.5 


+ 20.5 


+ 20.5 


- 379.5 




q 


15 


15 


25 


25 






0 


150 


210 


1*60 


© 


0 tt/L 


.039270 


.039270 


.039270 


.039270 


© 




U. 81*97 


80.756 


80.756 


11.111 




2 — — 1 1 in radians] 


0 


.70711 


.891008 


.95106 


© 


ttx k 7^ 

\- • in radians ) 


1 


.70711 


.1*5399 


-.309015 




Tnhln 


For C 


r.lcilntlri.- n 




_ (1 - cos nX) 


- .0056875 


+ .0000113667 


+ .000096551* 


+ .0001*326 






- .00029152 


- .000001301*8 


- .000031*857 


- .00071986 




a' = ©-© 


- .0053961 


+ .000012672 


+ .0001311*1 


+ .0011525 




note: for initially straiRht beam-columns a 


= ff' 






© 




+ 1.1U316 


+ .715M* 


+ .1+5788 


- .31510 


® 


(©X©/®) tt/M 
(l/© + ljcos -ji 


0 


+ .0027503 


+ .008651*7 


+ .10521* 




+ .85291 


+ .1*5961 


- .31281* 


- 1.0900 


® 


a = ©+ [©x {-© + ©+®)J 


- .01679 1 * 


- .0099258 


- .029795 


- .02511*5 


Table ^;51.1*0-S For Calculating B 


© 




- 9623.67 


+ 681.867 


+ 2302.162 


- 1260.18 






+ 71*3.39 


+ 119.281* 


+ 121*9.17 


+ 3165.53 . 




P' = -©-© 


+ 8880.28 


- 801.151 


- 3551.27 


-,1*1+25.71 




note: for initially straight 


beam-columns fj 


= r 








©x©x©x 


+ 1*188.50 


+ 1011.81* 


+ 1622.37 


- 21+8U. 77 


© 


©x©- sin T L 
_ * 


- .70711 


- .181*322 


- .0631*11 


+ .889726 


© 


© P TT ^ 
>K X X © 

^ Li L 


- 3838.13 


- 839.72 


- 288.88 ' ' 


+ 5819.00 


© 


p =©-©-© 


+ 8529.91 


- 973.27 


- 1+88U.76 


- 7759.91* 
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1 


2 


3 


1* 


n/P* Bin ui 

COS |ii 

m 


1.1512 x 10" 6 

881*25.8 
0 


.0335268 x 10" 6 
.999!*0 
35993.0 
-300 


.0837282 x 10" 6 
•99623 
89887.1 
+700 


.661*1*21 x 10" 6 
.93551 ' 
187851* 
0 



Table S.Sl.'tO-S - First Trial Solution 



+ 1000 
0 



- .01791*5 



9177.65 



8232,98 



- .026168 



805.17 
.0585W 



-Hjj n/P a In ni 



1.1512 x 10 
0 

.01679 1 * 
.01791*5 



.307697 x 10" 3 
.01793'*2 
.0099258 
.028168 



.691007 x 10" 3 
.0280618 
.029795 
,05851*8 



- . 53^972 x 10" 3 

- .051*7722 
• .02511*5 

- .0801*52 



Mjj cos ill 



sin nX 



+ 91*7.71* 

0 

+ 6529.91 
+ 9^77.65 



*■ 9172. lit 

• 61*5.89 

• 973.27 

• 7552.98 



h 8221.87 
■ 2531.9^ 
. 1.861*. 76 
805,17 



+ 753.21* 

- 10996.1*8 

- 7759. 9>* 



- 18005. al 



NOTE: 



When transferring frcra segment Ac to at segment CD, It Is necessary to add the 
couple at C, -300 in-lb. 

Similarly, when transferring 1^ from segment CD to at segment IE it is necessary to 
add the couple atD, +700 In-lb, 



Table 3.51.1*0-6 - Second Trial Solution 



he 


+ 1000 
.1 . 


t- 18020.2 
*■ .076629 


+ 20501, U 

+ .066253 


+ 2iiiyU.6 
+ .031*1*91 


-Mjj (i/P sin nl 

i cos \il 

a 


- 1,1512 x 10" 3 
+ .09U77U 

- .01679!* 
+ .076829 


- .601+160 x 10" 3 
*• .076783 
- ,0099258 
t|.;066253 


- 1.71655 x 10" 3 
+ .066003 

- .029795 
+ .03W91 


- Ii*.28l5 x 10" 3 
+ .0322667' 

- .02511*5 

- .007160 


Cos \ii 

L Jf/^j Bln v- 1 
"l 


+ 91*7. 7h 
+ 831*2.56 
+ 8529.91 
+ 13320.2 


* I6009.lt 
► 2765.31 

• 973.27 

^ 19801.1* 


+ 201*21*. 1 
+ 5955.29 

-i+eeit.76 

+ 21i*9U. 6 


+ 20108.1* 
+ 61*79.27 
- 7759. 9"t 
+ 18B27.7 


Table 3.51.>»0-7 Final Solution 




+ 1000 
+ .053227 


* 13881*. 3 
*■ .032500 


+ 11*772.5 
+ .022089^ 


+ 11818.6 
- .OO9026 


-M^u/P*^ sin 11X 

i K cos u.Z 
a 

h 


- 1.1512 x 10' 3 
+ .O50W*5 

- .0l679>* 
* .032500 


- .1*651*96 x 10" 3 
*■ .0321*805 
. .0099258 
► .022089 


- 1.23687 x 10" 3 

+ .022006 

- .029795 

- .009026 


- 7.85253 x 10" 3 

- .0081*ltlt 

- .02511*5 

- .OltlU+2 


M K COB |li 

i K (p*/(l) oln t" 1 


+ 9V7.7U 
+ 1*706.61* 
+ 8529.91 
+ 1U18U.3 


^ 13676.0 
*■ 1169.77 
- 973.27 
t- 11*072. 5 


+ 11*716. B 
+ 1935.52 
- i*88U,76 
+ 11818.6 


+ 11056.1* 

- 1695.57 

- 7759.9 1 * 
+ 1600.9 
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TAEEKED BEAM- COLUMNS 

When analyzing tapered beam-columns , the segments into which the 
beam is divided are assumed to be of uniform cross-section. It is 
suggested that the moment of inertia of each segment be based on the dimen- 
sions 'of the midspan of that segment. 

The tapered beam-column in Figure 3.51.kO-k can be segmented as shown 
in that Figure and Table 3.51.UO-8, 




Figure 3.51.^0-4 - Tapered Beam Column 



TABLE 3.51.40-8 



SEGMENT 


AC 


CD 


EE 


EF 


FG 


GH 


HB 


Length, & 
diameter 


5" 

1.25" 


5" 

1.75" 


5" 

2.25" 


15" 
2.5" 


5" 

2.25" 


5" 

1.75" 


5" 

1.25" 



Note that the accuracy of the solution depends upon the number 
of segments used in the tapered portions . 

STABILITY 

The results obtained using this method do not indicate whether or not 
the beam-column is stable under the applied loads. The computer program 
in Reference 2, however, does check stability by incrementally increasing 
all axial loads until the lateral deflection of. the beam approaches infinity. 
The factor by which the axial loads of a given problem are above or 
below this "critical load" is printed as output by the computer- program. 

AXIAL POINT LOADS 

The line of action of the axial point loads is assumed to be the 
straight line from A to B. 
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PRESS FIT STRESSES 



Design of Housing For Press Fit 
The press fit stress curves of pages 
B3. 81-1,-2, -3 are for use in designing or 
analyzing housings into which bushings or 
hearings are pressed. The curves take into 
account only those stresses produced by press 
fit. 




bushing 



housing 



The figure above represents a typical busing and housing 
design. The curves of pages B3. 81-1,-2, -3 are used to obtain the minimum 
housing wall thickness (t 0 ) required to resist press fit stresses. The method 
is as follows: 



1. For a given bushing, find d, t^ and 5.5, the maximum interference, 
is the maximum difference between the outer diameter of the busing and 
the inner diameter of the housing. 

2. Compute ti/d. 

f o d 

3> Evaluate — — — , where 

f Q = the maximum press fit stress in the housing (a tangential 
stress at the inner surface of the housing). 



E Q = Young's modulus for the housing material. 
K = a stress concentration factor. 



In order to prevent stress corrosion, the maximum press fit stress in the 
housing must not exceed 0-50 Fty> where F^ is the transverse tensile yield 
stress of the housing material (Ref. SD24-F, 2 April 19^7). Therefore, the 
maximum allowable value of f 0 is 0.50 F-^y 

A value of 1.5 is chosen for the stress concentration factor K to account 
for the stiffening action of the thicker portion of the housing wall. Therefore, 
the minimum allowable wall thickness is obtained when 

fo d^ .l /F t yv d 
KE 0 5... 1.5 k 2 / E o5 
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PRESS FIT STRESSES 



Design of Housing For Press Fit (Cont.) 



f d 
o 



In Cases where j^-^ is greater than unity, the press fit is not a crit- 
o 

ical condition in the design of the housing. In such cases, the housing can 

f d 

only be critical for applied static load or for fatigue. If — — is less 

KE 5 
o 

than unity, proceed as follows: 

h. Using the values computed in steps 2 and 3, enter the curves of pages 
B3.8l-l,-2,-3 to obtain the factor t /t ± . 

5- The factor t Q /t. , where multiplied by ti from step 1, yields the 
minimum housing wall thickness, t Q . 

6. Add l/32" to t Q for possible variation in position of reamed hole in 
housing due to production techniques. 

If short transverse grain direction in dural housing is not parallel 
to busing, double the housing wall thickness. 

Each housing must also be checked for applied static load (B3.13), 
and for fatigue. 

Example - Determine the minimum housing wall thickness due to the press 
fit of the bushing pictured below. The housing material is '7075-T6 plate and the 
bushing material is heat treated 4-130 steel. The short transverse grain dir- 
ection is parallel to the bushing. 







r t 

.3137 
.3132 

1 f 







/ 



Diameter 



■Diameter 



.251 
.2k9 

Step 1. d = .3125 = nominal diameter of reamed hole 

t^ = .03125 = nominal thickness of bushing 

Reamed hole = .3125 ± .0005 

Bushing O.D. = .3137 + .0000 

- .0005 

Max. Interference, = (-3137 + .0000) - (.3125 - .0005) 

= .0017 
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PEESS FIT STRESSES 



Design of Housing For Press Fit (Cont.) 
Step 2. ti/d - = .100 

Step 3. F. = 66000 psi (Ref. MIL-HDBK-5, "A" value) 
ty 

f O d (66000/2) (.3125) = 



o 



(10.3)(10) 6 (.0017) 



Step k. T 0 /ti = 12 



Step 5- (toAOti = 12 (.03125) 
t 0 = 3/8" 

Step 6. Minimum Housing Wall Thickness = t + l/32" 

= 13/32" 

Strength checks for applied static load and for fatigue are 
made separately. 
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STRESS IN HOUSING PRODUCED BY PRESS FIT 
Inner Cylinder of Steel - Housing of Dural 



f Q = Tangential stress at inner surface of housing, in psi. In no case 
should f Q exceed 1/2 F ty , where F t is the transverse tensile yield 
stress of the housing material. 
K = Stress concentration factor: 

K = 1 for the ease of one cylinder pressed into another, as shown 

by the dotted line in the figure. 
K =1.5 for the case of a cylinder pressed 
into a housing such as shown in the 
figure . 

E = ^oung 1 s modulus for the housing material 
(10.3 x IOO psi). 

i = Interference (difference between outside • 
diameter of inner cylinder and inside 
diameter of housing, in inches.) 



13 O 



o 

• H 

CtJ 

M 



u 
-p 




Housing 



1.0 



.Oil, 



"IT 



■ l.i I i ; 



—.0:2: 



1 1-f 



-L- i iJIiH 
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STRESS IN HOUSING PRODUCED BY PRESS FIT 
Inner Cylinder of Steel - Housing of Steel 



Tangential stress at inner surface of housing, in psi. In no case 
should f D exceed l/2 Fty, where Fty is the transverse tensile yield 
stress of the housing material. 



B3.81-2 



K = Stress concentration factor: 

K = 1 for the case of one cylinder pressed into another, as shown 

hy the dotted line in the figure. 
K = 1.5 for the case of a cylinder pressed 

into a housing such as shown in the 

figure. 

E 0 = Young's njodulus for the housing material 
(30 x 10 6 poi). 

i = Interference (difference between outside 
diameter of inner cylinder and inside 
diameter of housing, in Inches.) 



Housing 




0.5 



Ref: E12-A 



„tj/mm/r/7 
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STRESS ON HOUSING PRODUCED BY PRESS FIT 
Inner cylinder of Bronze - Housing of Dural 

f 0 = Tangential stress at inner surface of housing, in psi. In no case 
should f 0 exceed l/2 where F tjr is the transverse tensile yeild 

stress of the housing material. 

K = Stress concentration factor: 

K = 1 for the case of one cylinder pressed into another, as shown 

by the dotted line in the figure. 
K = 1.5 for the case of a cylinder pressed 

into a housing such as shown in the figure. 



E Q = young's modulus for the housing material 
(10.3 x 10 6 psi). 

i = Interference {difference between outside 
diameter of inner cylinder and inside 
diameter of housing,, in inches) 




Housing 
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NEUTKAL AXIS LOCATIONS FOR 
EXTRUDED CHANNELS AND ANGLES 



0.48 







•H 
















In 




■P 


4-> 




T3 






a 




0 


4) 


+j 


hfl 


u 


s 




H 


an 




+> 




■ H 




1=1 




II 






"0!.a 




0.2^ 



0.20 



0.16 



^•0 (channel) 
2-0 (angle) 



bw _ Web Depth 
bp Flange Width 
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RADII OF GYMHON OF EXTRUDED 
CHANNELS AND ZEES 
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NEUTRAL AXIS LOCATIONS FOR 
FORMED CHAUMELS AND ANGLES 




h.O (channel) 
2.0 (angle) 



W Web Depth 



U F Fiance Width 
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RADII OF GYRATION OF FORMED CHANNELS AND AMGLES 



— "p. 



P = Radius of gyration 
= K x b„ 



R assumed to be 3-5t 



R 



0-3^ 



> h 



0.32 



0.30 



0.28 



0.26 



0.24 



0.22 




0 
0 



0.8 
0.4 



1.6 
0.8 



2.4 
1.2 

Web Depth 
Flange Width 



3-2 
1.6 



4.0 (Channel) 
2.0 (Angle) 
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RADII OF GYRATIOK OF FORMED CHANNELS AND ZEES 



■p 

<L> 



o 

•H 

13 

o 
w 

•H ■ 
Tj 

nJ 
PS 



II 



o.Uo 



0.38 



0.36 



0. 34 



0.32 



X !....! J I ,. 



...J I 



0.30 



t-; ^ x>: 



-1 s \ 

I- 




!..X /Radius'., of .Gyration ^,.K.;:<:b. 

r-t-rt- 



!~T" 



0.4 



0.8 



1.2 



1.6 



2.0 



2.4 



W b W = Flange Width/ Web Depth 
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B^.OO STRENGTH OF SHORT, THIN-WALLED SECTIONS 



k.00 Introduction 



This part deals with the local strength of the cross-section of a thin- 
walled compression member, such as a channel, zee, or I-section. By defini- 
tion, the local strength of a column depends only upon the properties of 
the cross-section and is independent of column length effects. The local 
strength of the section is important in the design of thin-walled columns 
"because it serves as a cut-off or upper limit to the column-curves in the 
short column range (see Bll-.i+O). 

The local strength of a cross-section is best described in terms of its 
local buckling stress F Ccr and its crippling stress F cc . The local buckling 
stress defines the point at which the cross-section of a short column will 
first begin to distort (see B^.10 and B^.20). The crippling stress is defined 
as the ultimate compressive stress a very short, tMn-walled column can support 
(see B4.30). In both cases the column is assumed to be so short or so restrained 
that there is no possibility of any interaction between local failure and a 
primary column failure. This assumption is maintained in the following pages 
dealing with local buckling and crippling. 

It is intended that the strength of the section obtained in the following 
pages be only the first part of the calculation of the strength of a column. 
The second part of the calculation is found in Bk.hO f entitled, "interaction 
of Column Failure with Local Failure". 
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Bk.lO ELASTIC LOCAL BUCKLING OF THIN-WALLED SECTIONS 



h.10 Explanation 



The various elements in a short, thin-walled column act like compressed 
plates supported at the corners of the cross-section. When the compressive 
stress reaches the local "buckling stress , 
the cross-section begins to distort as 
buckles appear throughout the section, 
the length of the buckles being approxi- 
mately equal to the width of the web 
(see Figure a). The local buckling stress 
of the section depends upon the buckling 
strengths of the individual plate elements 
which make up the section, and on the inter- 
action between the elements. In general, 
when local buckling occurs, the corners of 
the cross-section are assumed to be restrained 
against any lateral movement. An exception to 

this arises in the case where a lip is inadequate Figure (a) 

to support its corner. This case is treated in 
Bk.13.02, under Sections With Unstable Lips. 




Methods for determining Fcr e ^ > ^ e elastic value of the local buckling 

stress, are given below for various types of sections loaded in compression 
and for a few sections in bending. Procedures for correcting the elastic 
buckling stress to take into account plastic effects are given in B^.20 under 
Plastic Local Buckling of Thin-Walled Sections . 

It should be realized, however, that, in general, a very short thin- 
walled column can be loaded beyond its local buckling stress. Procedures 
for determining the ultimate stress a thin-walled section can support are 
given in Bk.30 under Crippling of Thin-Walled Sections. 
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B4.11 ELASTIC LOCAL BUCKLING OF STANDARD SECTIONS 
4.11 Standard Sections 

4.1I.Q1 Standard Sections in Compression 

The local elastic buckling stresses of plain zee, channel, and I-sections 
have been determined by the NACA, and are given in coefficient form on pages 
m. 11. 10-1, -2. These graphs apply to both formed sections and extrusions. 



Example : Find the local elastic 
buckling stress in compression 
for the channel shown at the right. 
The material is 7075-T6 bare alumi- 
num alloy sheet. Since this is a 
formed section, centerline dimen- 
sions are used. 



t F = .064 bp = .625-. 032 = .593 
t w = .064 b w = 1.00-.064 = .936 
t w /t p = 1 Tfy/bp = .936/.593 = 1.58 



.064 



t P /b F = .064/- 593 = .108 



Refer to page B4. 11. 10-1. 



% = .73 (from graph) 

F cr e /= %E (*F/bp) 2 - (-73) (10.5) (10) 6 (.108) 2 = 89300 psi(*) 

This theoretical buckling stress is higher than the proportional 
limit for the material, and obviously has to be corrected for 
plastic effects according to the method of B4.20. 



4.11.02 Standard Sections in Bending 

The local elastic buckling stress F CTqJ of plain zee or channel sections 

ioc!fTnSSS-? endin f. Can bS calculate < i wi -th the use of the curves for the 
local instability coefficient on page B4. 11.20-1. The top and bottom flanges 

onlv to Z tZ °J ? a T 1S need n0t be iden tical, ™> the curves apply d\rec?ly 

When* %lTtl° Ular . Ca + \ e where tt e neutral axis is at the ceiteJ of the 
web. When the stress m the compression flange reaches F 0T&/ f the section 

be'reswSf 16 and + begin 1 s to dlstor t. The corners, however, are assumed to 
be restrained against any lateral movement, and remain straight. 

(*) or See B4.ll.09-1 

^^^^^ " 1 ^^wtww__ 
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b4.11 ELASTIC -LOCAL BUCKLIHG OF STANMKD SECTIONS (Cont.) 

4.11.02 Standard Sections in Bending (Cont.) 

The most pronounced buckles will occur in the compression flange and in the 
part of the web near the compression flange, but will die out towards the 
tension flange. 



Example: The channel at the righ,t is in 
symmetrical bending about axis x-x. Find 
the elastic stress in the compression flange 
at which the section will buckle locally. 
The material is 7075-T6 aluminum alloy 
extrusion. Since this is an extruded sec- 
tion, use inside dimensions. 

tp = .160 bp = 1.25- •080 = 1.17 



t w = .080 \ = 5-0-(2)(.l60) = 4.68 
tw/tp = .50 bw/bp = 4.68/1.17 = 4.0 



t F /b F = .160/1.17 = .137 
Refer to page B4. 11. 20-1 



Kp = .405 from graph. 



x 



t f = .160 



— t = .080 

w 



T 



F cre/ = Kp E (tp/bp) 2 = (.40 5 )(10.5)(10) 6 (.137) 2 = 79800 psi (*) 

This stress is higher than the proportional limit for the material, 
so a plastic correction must be made (see B4.20). 



(*) or See B4. 11. 09-1 
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ELASTIC LOCAL BUCKLING STRESSES FOR 
THIN ALUMINUM ALLOY. FLANGES 

(1) The dashed horizontal lines on the graph separate the elastic 
region (below the dashed lines) from the plastic region (above 
the lines) for the various alloys 

(2) In the elastic region the buckling stress is obtained directly 
from the graph 

(3) In the plastic region the buckling stress = F and is 

C cr 

determined as follows: (a) obtain F from this graph- 

[b) enter the appropriate curve on page B^. 21. 10-1 with F 
and determine F cr e^ 



200 



cr 




6 T 8 9 10 
b 



b F 



15 20 
Flange Width 



25 30 



ho 



Flange Thickness 



B^. 11. 10-1 



STRUCTURES MANUAL 



17 March lq^ 



LOCAL INSTABILITY" COEFFICIENT FOR ZEE 
AND CHANNEL SECTION COLUMNS 



Theoretical elastic buckling stress - T?^ = K^E (t^/bp) 

e/ 

Refer to B^- 21. 10-1 for plastic buckling stress 
Refer- to B4. 31.10-1, -2 for crippling stress 
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Ref: ARR No. 3KO^ 



IT March 1953 



STRUCTURES MANUAL 



Bt. 11. 10-2 



LOCAL INSTABILITY COEFFICIENT FOR I- SECTION COLUMNS 



Theoretical elastic buckling stress = P = K_E ft /b 

cr g ^ T v F F 

Refer to E4. 21. 10-1 for plastic buckling stress 
Refer to B^. 31. 10-1, -2 for crippling stress 




^f: ARR No. 3K04 
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LOCAL INSTABILITY COEFFICIENT FOR ZEE 
AND CHANNEL SECTION IN PURE BENDING 
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Ref : Grumman Report No. S-2 
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B^.12 ELASTIC BUCKLING OF ARBITRARY SECTIONS 



^.12 Arbitrary Sections With All Corners Stable 

This part deals with the local buckling of an arbitrary cross-section 
with all corners stable. A -stable corner in a column cross-section is one 
that does not move when local buckling takes place over the cross-section. 
A simple method to determine whether or not a corner is stable is given in 
B^.13-01, under Sections With Stable Lips. 

For the case where all corners are stable, the local buckling stress of 
the section is determined in the following manner: 

(a) Calculate the elastic compressive buckling stress of each 

individual flat plate element of the section for two types of 
assumed support conditions at the corners. First, make the 
calculation assuming the plate elements are hinged at the 
corners. Then repeat the calculation, assuming the elements 
are completely fixed at the corners. In both cases the free 
edges remain free. The elastic buckling stress of any element 
• can be expressed as 

Fcj. = KE (t/b) 2 

where t is the thickness and b is the width of the element 
(use centerline dimensions for formed sections and inside 
dimensions for extrusions). The buckling coefficient is 

K = 3*62, for elements hinged on both edges v 

K = .38^, for elements hinged on one edge and free on 
. the other edge 

K = 6.31, for elements fixed on both edges 

K = l.ljk-, for elements fixed on one edge and free on 
the other edge. 

The flat plate buckling stresses for hinged elements can be 
obtained directly from the curves on page B5.ll.ll-3, where 
curve A applies to an element hinged on one edge and free on 
the other, and curve B applies to an element hinged on both 
edges. 

The flat plate buckling stresses for elements fixed at the 
supported edges can be obtained by interpolation from the 
curves on page B5.H.H-3. Let the lowest of these fixed 
edge stresses be called Fn -tn * , This stress will serve as 
■an upper limit for the buckling of any individual element. 
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ELASTIC BTJCKLHIG OP ARBITRARY SECTIONS (Cont.) 



k.22. Arbitrary Sections With All Corners Stable (Cont.) 

(b) To find the buckling load of each individual element, multiply the 
area by either its hinged buckling stress or Fiimj whichever is the 
lower. The local elastic buckling stress for the 'entire section is 
then obtained by adding up all the individual element buckling loads 
and dividing by the entire section area. 

The accuracy of this method is greatest when the buckling stresses of 
the' individual elements, as determined in part (a) above, are approximately 
equal. 

Example: Find the local elastic 
Tu mi/ii ng stress in compression of ' 



the extruded hat-section at the 
right. The material is 7075-16 
aitiTrHmTm a f i ny . Since this is an 
extruded section with sharp corners, 
centerline dimensions are used to 
obtain the element areas, and inside 
dimensions are used to obtain the 
element buckling stresses. 

First, the 5/8" flanges will be 
checked as lips to see whether they 

stabilize the adjacent corners against any movement in the horizontal 
plane. Refer to B^.13-01. 
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5/8 - .040 » .585; bp = l.oo - .051 - .051 = .898; 



. /, _ .585 



.651; 



22.5 



Refer to page B^. 13 • 10-1 

4 

R Q « M (from Fig 1) 

bj/bp is greater than R Q , (the lips are stable). 

. • —————— 

Therefore, we can determine the local buckling stress of this cross- 
section according to the method described above for sections with stable 
corners . 

It should be noted here that in most practical applications the flanges 
of a hat-section would be attached to some other structure (such as wing 
or fuselage skin) , which would probably stabilize the corners of the 
flange elements regardless of whether or not the flanges are stable as 
unsupported lips. 
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Bk.22. ELASTIC BUCKLING OF ARBITRARY SECTIONS (Cont.) 
4.12 Arbitrary Sections With All Corners Stable' (Cont.) 



Example (Cont. ) 
(a) 





Hinged 


Corners 


Fixed Corners 


Element 




t 


bi/t 


K 


Fcr e ; 


K 














B5.ll.ll-3 




B5. 11. 11-3 


(1) & (5) 


• 585 


.051 


11.5 


.384 


30500 


1.154 


92000 


(2) & (4) 


.898 


.o4o 


22.5 


3.62 


75000 


6.31 


131000* 


(3) 


.670 


.051 


13.1 


3.62 


221000* 


6.31 


386000-* 



■■• F lim = 92000 psi 



Maximum value of Fcr c j for any element is 92000 psi. 

* F cr e ^ for this element is off the graph on page B5-11.11-3, 

but it can be determined as follows. (The procedure will be 
illustrated for element (3), assuming hinged corners.): 

(1) Determine the buckling stress F cr ^ for an element 
whose (b/t) is ten times that of element (3). 

b'/t = (10) (13.1) = 131 

F ' cr e/ = 2210 psi ( from P a & e B5- 11-11-3) 

(2) Multiply F« cre/ by 100 to get the actual elastic 
buckling stress F cre ^, for element (3). 

F cr e / = (100) (2210) = 221000 psi 

Similarly for elements (2), (3), (4), when the fixed corner 
buckling stresses are to be obtained. 
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Bk.12 ELASTIC BUCKLING OF ARBITRARY SECTIONS (Cont.) 



^.12 Arbitrary Sections With All Corners Stable (Cont.) 

Example (Cont. ) 
(b) 



Element 


h 


t 


A = b~t 

- ' £ 


F 

cr , 


P cr e / 
= F cr e / x A 


(1) 


.605 


.051 


.0309 


30500 


9^0 


(2) 


.949 


.c4o 


.0380 


75000 


2850 


(3) 


• 710 


.051 


.0362 


92000 


3330 


CO 


.9^9 


.cko 


.0380 


75000 


2850 


(5) 


.605 


.051 


.0309 


30500 


9^0 



Section Area = .17^0 sq.in. 10910 lbs. = 

Total Buckling Load 

62800 psi = Local elastic buckling stress for 
the section. 



This elastic buckling stress has to be corrected for plastic effects 
according to the method of lh.20 to obtain the true local buckling 
stress. 



f = ^2219. = 

cr , TrfSo 



The above calculations can be simplified for arbitrary sections of 
constant thickness. 



Example : Find the local elastic 
buckling stress in compression for 
the formed hat-section at the right. 
The material is 7075-T6 bare alumi- 
num alloy sheet. Centerline dimen- 
sions are used in determining the 
element buckling stresses. 
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b4.I2 ELASTIC BUCKLING OF ARBITRARY SECTIONS (Cont.) 



4.12 Arbitrary Sections With All Corners St able (Cont.) 
Example (Cont.) 

Refer to B4.13.01 to determine if the corners are stable. 
b L = 5 / 8 " * 020 = Tap = 1-00 - .04o = .960 

*lAf = i|g = -630; b F /t = : -§gg « 24.0 

E 0 = -39 (from Fig 1, page b4.13.10-1 
^lAf > E (^e lips are stable), 
(a) 





Hinged Corners 


Fixed Corners 


Element 




K 


K/(b £ ) 2 


K 




CD sc (5) 


.605 


.384 


1.05 


1.154 


3.15 


(2) & (4) 


.960 


3.62 


3.93 


6.31 


6.85 


(3) 


.710 


3.62 


7.18 


6.31 


12.52 



K/(bJ 



lim 



= 3.15 



00 



Maximum value of K/(bg) for any element is 3. 15. 



Element 




K/(b g ) 2 


K/(bg) 2 x b g 


(1) 


.605 


1.05 


.64 


(2) 


.960 


3.15 . 


3-02 


(3) 


.710 


3.15 


2.24 


CO 


.960 


3.15 


3.02 


(5) 


.605 


1.05 


.64 



F, 



cr e^ 



r 3.84o 
SKE (t/b) 2 (bt) 



2 9.56 

= E + 2 2(K/b 2 )(b) 

S(bt) 2 b 

= (io.5)(lo) 6 (.c4o) 2 |2i^j. = 41900 

This stress is in the elastic range so no plastic corrections 
are necessary. 
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B^.13 ELASTIC LOCAL BUCKLING OF LIPPED SECTIONS 



4.13 Lipped Sections 

Many thin-walled sections of arbitrary shape can be classified as lipped 
sections. A lip is generally a plate element whose main purpose is giving 
support to the otherwise free edge of the adjacent flange element (see Fig. 
(a)). Depending upon the relative size of the lip and flange, this edge may 
or may not move when local buckling occurs. 

4.13.01 Sections with Stable Lips 

A stable lip will keep the adjacent 
corner straight when the section buckles locally 
The adjacent flange element then behaves like a 
plate supported along both edges instead of like 
a typical flange element with one edge supported 
and the other edge free. This is illustrated by 
the dotted outline in Fig. (a) which shows the 
buckled shape of a channel section with a stable 
lip on the lower flange. In this mode of local 
buckling the web and the lower (stabilized) 
flange tend to buckle like compressed plates 
supported at both edges, while the upper flange 
and the lip itself tend to buckle like typical 
flange elements, supported along one edge and 
free on the other edge. The method for deter- 
mining if a lip is stable and the procedure 
for calculating the local elastic buckling of 
an arbitrary section with stable lips are as 
follows : 

(1) For the given section, determine the value"* of 
bj/bj,, where b L is the width of the stabilizing 
lip, and b F is the width of the adjacent flange. 
From Fig. 1 on page B4.13.10-1, determine the value 
of R Q . If b L /bF is equal to or greater than R 0 ~, 
then the lip is stable. If bi/b F happens to be 
equal to R 0 > the lip is the optimum size and the 
local buckling stress for the entire section is a 
maximum. The curve in Fig. 1 was drawn for the 
case where the lip thickness is equal to the flange 
thickness, and can therefore be expected to give 
conservative results when the lip is thicker than 
the flange. 

(2) If the lip has been found to be stable, the adjacent 
corner remains straight when local buckling occurs. 
For the case where all lips are stable (all corners 
remain straight), the local buckling stress of the 
section is determined by the method described in 
BM-.12, under Arbitrary Sections With All Corners Stable. 



b_ = Lip 



> F 

= Flange 

Figure (a) 



r u l 

i 
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Bk.13 ELASTIC LOCAL BUCKLING OF LIPPED SECTIONS (Cont.) 

^.13.02 Sections With Unstable Lips 

As mentioned in section b4.13.01, there is an optimum size lip for 
which the local buckling stress of a section is a maximum; the optimum size 
'lip for a given flange may be determined from the curve of Fig. 1 on page 
B^. 13. 10-1. 

For lips smaller than the optimum size, the lip-flange intersection 
moves during local buckling of the section (see Fig. (b). This is called an 
unstable lip. For b^/by less than 0.15 the section behaves as if there were 
no lip. A procedure for calculating the local buckling stress of a section 
having an unstable lip follows: 

(1) Calculate (F C r)max, tlie 
local buckling stress of 
the section, assuming that 
it has optimum size lips. 
Use the procedure given in 
B^.12 for sections with 
stable corners. 

(2) Calculate (F cr )j,£ n . the local 
buckling stress of the section, 
assuming that it has no lips. 
Use the procedure given in 
B^.11.01 or B^.12, whichever 
is appropriate. 

(3) Using the actual lip width to 
flange width ratio hj/bp, enter 
the curves of Fig. 2 on page 
B4. 13. 10-1 to determine the 
constant K (for bL/b F <.15, 
K = 0). 

(4) Calculate the elastic local 
buckling stress of the section 
by the formula. 




= b T 



Figure (b) 



F cre/ ~ ( F cr)min + K [ ( F cr)max " (^crWn] 
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B4.13 ELASTIC LOCAL BUCKLING OF LIPPED SECTIONS (Cont. ) 
4.13.02 Sections With Unstable Lips (Cont.) 



Example: Find the elastic local buck- 
ling stress in compression for the 
formed channel section shown at the 
right. The material is 2014-T6 clad 
aluminum alloy sheet. Centerline 
dimensions are used in determining 
the element buckling stresses and 
the element areas. 

b L = 1/4-.032 = .218; b F = 5/8-. 064 = .561 
R = ^iAf = ^1 » -389; b F /t = 8.77 

Refer to page b4.13.10-1: 



.06^ 



E o = ( b L) op t/ b F = ' 77 > (\)°^- = -77 x .561 = A 32 

The optimum size lip is larger than the actual size lip (A 32 > .218), 
indicating that the actual size lip cannot completely stabilize the 
flange. Thus the method presented in this section must be used to 
determine the local buckling stress. 

(1) Calculate the local buckling stress of the section 
assuming it has optimum size lips (see B4 . 12 ) : 





Hinged Corners 


Element 


b 

£ 


. t 




K 


F ^ey 






B5.ll.ll- 3 


(1) & (5) 

(2) & (4) 
(3) 


.432 

.561 
.936 


.064 
.064 
.064 


6.75 
8.76 

14.63 


• 384 
3.62 
3.62 


88500 
496000 
178000 



Fixed Corners 



x 




B5- 


11.11-3 


1.154 




266000 


6.31 




865000 


6.31 




310000 


•'• F lim = 


266000 



Maximum value of F cr for any element is 266000' psi. 
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B4.13 ELASTIC LOCAL BUCKLING OF LIPPED SECTIONS (Cont.) 
4.13.02 Sections With Unstable Lips (Cont.) 



00 



Element 


X 


t 


A=b 0 t 


Fcr e/ 


p = 
cr e/ 

F C r e ^ * A 






(1) 


.432 


.064 


.0277 


88500 


2450 


(2) 


.561 


.064 


• 0359 


266000 


9550 


(3) 


.936 


.064 


.0600 


178000 


10700 


(M 


.561 


.064 


■ 0359 


266000 


9550 


(5) 


.432 


.064 


.0277 


88500 


2450 



Section Area = .1872 sq. in. 34700 lb. = Total 

Buckling Load 



34700 

( F crVax = — TSvp = 185000 psi = Local elastic buckling stress for 

a section with optimum size lips. 

(2) Calculate the local buckling stress of the section assuming 
it has no lips: 

The channel with no lips is a standard section, and its 
elastic local buckling stress is the same as that of the 
channel section shown on page -b4-^H*-01-1. Thus 

M. (I -I 

(P ) . = 89300 psi. 

(3) Determine the constant K from the curves of Fig. 2 on page B4.13-10-1: 

R = b L /b F = .389; R Q = -77; K = .58 

(4) Calculate the elastic local buckling stress of the actual section: 

F = 89300 + .58 [185000 - 89300] = 145000 psi 
Cr e/ 
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LOCAL BUCKLING STRESSES FOR NARROW LIPPED SECTIONS 




0 5 10 15 20 25 30 35 
b /t = Flange Width/Thickness 
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Bk.20 PLASTIC LOCAL BUCKLING OF THEN- WALLED SECTIONS 
k,20 Explanation 

When F , , the local buckling stress of a thin-walled section, exceeds the 
proportional 0 limit of the material in compression, the reduced bending 
stiffness of the material causes the section to buckle at a stress below the 
theoretical elastic value. This plastic local buckling stress Fc cr can be 
determined for the various types of thin-walled sections according to the 
general procedure given below. 

General Procedure 

(1) Determine F , , the local elastic buckling stress of the section. 
Use the method in . l8 r wElch applies to" the particular section being consid- 
ered. 

(2) Determine Fc , the local plastic buckling stress, from the approp- 
riate curve on page Bl.^S.l-l or Bl. 50.1-2. 

Example ; Determine the local plastic compressive buckling stress Fc 

of the 7075-T6 formed channel section that was discussed in the example in 

Bit. 11.01. 

1 „ = tshlo psi (from tableS 0f B1 ' 20) 

U • ( 

F cret a 893°° P si (from example of B^.ll.Ol) 

F cre</ F 0.7 = 8 9300/69800 
= 1.28 

Fc cr /F Q = 0.905 (from Bl. 50.1-2) 

Fc cr = 0,905 X 69800 
= 61*200 psi 

Example : Determine the local plastic compressive buckling stress P cr 
of the 7075-T6 extruded hat section that was discussed in the example 
in BU.12. 

n =27.5 

F n „ - 72000 psi 

F cre-t = 62800 pSi 

F cre-t/ F 0.7 -.62800/72000 
= 0.872 

F ccr /F Q =0.87 (from Bl.50.1-2) 

0.87 x 720 
62600 psi 



F = 0.87 x 72000 
ccr 



»0*C *<H0 



BU.20-1 — JUKE I98O 



GRUMMAN AJlSWa*»VWSa sSS3W»OB«nOM 



STRUCTURES MANUAL 



PLAivnn r.ocAL bucklinij stresses for thin-walled 

ALUMINUM ALLOY SECTIONS IN COMPRESSION 
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BU.30 crippling of thin-walled sections 



k . 30 Explanation 

When the corners of a thin-walled section in compression are restrained 
against any lateral movement, the corner material can continue to be loaded 
even after local buckling has occured in the section. The remaining material 
is largely ineffective in supporting additional load above the buckling load. 
The average stress on the section at the maximum attainable compression load 
ia defined as the crippling stress, F . Figure (a) below shows the member 
distortion occuring over one buckle length in a typical thin-walled section. 
Figure (b) shows the stress distribution over the cross- section when the section 
is loaded to the crippling stress. The maximum stress on the cross-section, 
F g , for any material is a function of the stress-strain characteristics of the 
material. F may be obtained from page Bl.60-3. P has been determined from 
the Von KdrmSn effective width formulation with plaiticity based on the sec- 
ant modulus and evaluated so as to produce the maximum value of F consistent 
with the section geometry. cc 




Figure fa) 
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BMP CRIPPLING OF THIN-WALLED SECTIONS (Cont.) 

J4.3O Explanation (Cont.) 

Whereas there is both theoretical and experimental information on the local 
buckling stresses of various types of thin-walled sections, the information on 
the crippling stresses is limited mainly to experimental data obtained from tests 
on a few standard sections. Therefore, until additional information is avail- 
able, a single procedure is given below for determining the crippling stresses of 
all types of thin- walled sections made up of flat-plate elements. 

General Procedure 

(1) Deteimine ^ cre ^j "the local elastic buckling stress of the section. 
Use the method in Bit. 10 that applies to the particular section being considered. 

(2) Determine F , the local crippling stress from the non-dimensional 
curve of Section EL.60. 

Example : Determine the crippling stress F of the 7075-T6 formed channel 
section that was discussed in the example In BU. 11.01. 

r'Jt'lseoo psi (from tablea of HL - 20 > 

F crel = 8 9 300 P si ( f Tom exam P le in B4.ll.0l) 
€eV F 0.7 = 8 9300/69800 
» 1.28 

Since this value is off-scale of figure on page Bl.60-2, use page 
EL. 50. 1-2. 

F cc/ F 0.7 = F cr/ F 0.7 = 

F = 0.990 x 698OO 
cc 

a: 69100 pSl 
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Bit. 30 CRIPPLING OF THIN- WALLED SECTIONS (Cont.) 
U.30 Explanation (Cont.) 

Example : Determine the crippling stress F of the 7075-16 extruded hat 
section that was discussed in the example cc on pages Bit. 12-2, -3, & 

F n _ ~ 72600 P si (from tables of 

F cre£ = ^ 28o ° psi ( from example on page EU.12-if) 

F cre^ F 0.7 = ^/^OOO 
= 0.872 

(V^^^onned^- 87 *.60-2) 

£ A corner = x °* 0140 x °' 0 ^ + ^ " n > x °*°93 2 
= 0.0156 in 2 

A = 2 (0.585 x 0.051) + 2 (O.898 x O.OitO) + 0.670 x 0.051 

+ 0.0156 
= 0.181 

F e /F 0>? = 0.91* (from Bl.60-3) 

(F cc/ F o.7^Extr = (°- 8 7 x (0.181 - 0.0156) + (0.91it x 0.0156} )/0. 181 

= 0.87^ 
F cc = 0.874 x 72000 

= 62913 psi 
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CRIPPLING STRESSES FOR THIN-WALLED FORMED 
ALUMINUM ALLOY SECTIONS IN COMPRESSION 1 




0 20 ' kO 60 80 



F = Theoretical Elastic Local Buckling Stress - 1000 psi 
e/ 

Ref: ARR No. L5F01; GAEC Report Nos. E33, S^, S5 
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CRIPPLING STRESSES FOR THIN-WALLED EXTRUDED 
ALUMINUM ALLOY SECTIONS IN COMPRESSION 




Ref: ARR Nos. L5F08a, L5F08b, l£C19;GAEC Report 
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B^.UO INTERACTION OF COLUMN FAILURE WITH LOCAL FAILURE 



B^.^O Explanation 




The 

When the corners 



Local Failure 

If the cross-section of a column contains thin elements, it may be subject 
to local buckling, which can considerably reduce the column strength. In this 
type of failure, local distortion of the cross-section accompanies the bowing 
and twisting typical af column failure. _ The local strength of a section can 
be gauged by its local buckling stress F Ccr and 
its crippling stress F cc . Local Buckling 
will occur below Fc cr and Local Crippling 
will occur below F cc if the column is not 
restrained against lateral bowing. Local 
buckling is the stress at which the section 
begins to distort locally. At this stress 
the plate elements of the section buckle 
while the corners rqmain straight, as is 
shown in Fig. (a) above. However, the section 
is capable of sustaining a load greater than 
the local buckling load because the corners 
do not fail until their stress reaches yield 
or slightly above yield, while the stress at 

points farthest away from the corners remains near the buckling stress, 
stress distribution at maximum load is shown in Fig. (b). 
fail, the section is said to have crippled, and the 
maximum load divided by the section area is the 
crippling stress Fee* 

Local Buckling stresses may be found by 
referring to BU.10 and %k,2Q, and crippling 
stresses are given in 

Column Failure 

A column depends primarily on its 
bending and twisting stiffness for 
stability. That is, the restoring 
moment it produces to resist curvature 
is sufficient to balance the bending Fig. b 

moment caused by the e.g. 'being defected 

away from the load line when the column is bent. But if the elements of a 
column are already buckled locally in compression, their stiffnesses in com- 
pression are considerably reduced, resulting in a much lower effective moment 
of inertia for the column. In fact, above the local buckling stress the only 
significant bending rigidity left is that contributed by the corners; and at 
crippling even the corners fail. Evidently, in the local buckling range it is 
the number and the disposition of the corners which determine the strength of 
the column. 
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&.ko nn EHA.CTION' OF COLUMN FAILURE WITH LOCAL FAILURE (Cent. ) 
B^.kO Explanation (Cont.) 

Hat sections, square sections, and zee & channel sections having stable 
lips (see footnote) all have four or more corners. In short columns, the 
corners of these sections remain straight along the length of the column even 
after local buckling has taken place. 
These corners are able to supply the 
bending stiffness necessary to resist 
column failure about either principal 

axis, and, therefore, short columns - jp—q rp-o 

with these cross-sections remain straight Till T T [ 
until the corners fail- locally. Hence, II li ( j b _ j j ] 

the upper limit of the column curve for o— cj 
these sections is taken as the crippling y±s. c 

stress Fee*. 

Plain zee and channel sections have only two corners, and when these 
sections have buckled locally, their corners 
are able to give them bending stiffness only 
about axis x-x but not about axis y-y (see 
Fig. (d)). Therefore, failure naturally 

tends to occur about axis y-y. The highest y y 

stress reached by short lengths of these 
sections which fail about axis y-y is not 
much above the local buckling stress. Hence, 
the upper Hi*",* of the column curve for plain 
zees and channels is normally taken as the 
local buckling stress F Ccr .. 

Occasionally a plain zee or channel may 
be so restrained or supported that it can only 

fail about axis x-x. Since the corners can a 
surraly bending stiffness aboux axis x-x, even after local buckling has occurred, 
■very short columns with this type of restraint remain straight until the corners 
cripple. Hence, the upper limit of the colran curve for failure in this mode is 
the local, crippling stress F cc - 

In general, if the column allowable (neglecting the effect of- local buckl- 
ing) is lower about axis x-x than about y-y, the column should be checked for 
failure about both axes, with the local crippling stress F cc as the upper limit 
of the column curve when checking against failure about x-x, and the local 
buckling stress F Ccr as the upper limit when checking against .column failure 
about axis y-y. 

NOTE* The lipped zee and channel sections shown in Fig. (c) 
are" not able to develop their full crippling .stress, even for 
short column lengths, unless the lip is wide enough to stabilize 
the comer. If the lip is very short, the corner behaves as if 
there were no lip. A procedure for determining the effectiveness 
of the lip in stabilizing the corner is given in Bk.13.01* 




17 March 1953 



STRUCTURES MANUAL 



BkAo-3 



_ ___' 

Fig. e 



jh.kp INTERACTION OF COLUMN FAILURE WITH LOCAL FAILURE (Cont.') 
B^.^O Explanation (Cont.) 

It should he noted that attaching the stringer along one flange to a 
sheet will not constrain the column to fail as an Euler column about axis x-x. 
Instead, the column will fail as shown in 
Fig. (e) after local buckling has occurred. 
The sheet prevents an Euler column failure 
about axis y-y because it restrains the 
corner of the attached flange against dis- 
placement parallel to the plane of the sheet; 
but the other corner is still free to fail in v 
the weak direction, as shown by the arrow in 
Fig. (e). Therefore, in the case of a plain 
zee or channel attached to sheet along one 
flange, local buckling of the flanges makes 
the column subject to a torsional instability 
failure, as shown in Fig. (e), and the upper 
limit of the column curves must be the local 

buckling stress. However, if the lower flange ______ . 

of the stringer is also stiffened against' \i SJ 

failure in the weak direction, perhaps by 
attaching it to a sheet or by adding a stable 

lip to the flange, as shown in Fig. (f), the [H-_ 

column retains bending stiffness about both axes | 
x-x and y-y until the corners fail. The final ' Fig. f 

column failure may be an Euler column failure ' 

about axis x-x in the case of the stinger attached to sheet along both flanges, 
or a combination of an Euler failure and a torsional instability failure in the 
case of the stringer with the stabilizing lip. Because the column retains 
bending stiffness until the corners fail, the upper limit of the column curves 
should be taken as the crippling stress F cc in both the cases shown in Fig. (f). 



x 



• x 



A set of column curves has been provided on page B^O.lO-l , each curve 
having a different local failing stress as an upper limit. The local failing 
stress to be used in selecting the proper column curve for any particular 
problem is either the crippling stress F cc or the local buckling stress of the 
section F Ccr as explained above. These column curves apply specifically to 
the case where the column failure results from the interaction between local 
failure and an Euler column type of primary failure. 
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AO' INTERACTION OF COLUMN FAILURE WITH LOCAL FAILURE (Cont.) 

The method of analysis of columns subject to local failure can "be sum- 
marized as follows: 


Type of 


a. Sections having four 
corners. 

n t r 1 r 

U Li Lj u 


e. Sections having only 
two corners (with no 
restraint in any dir- 
ection) . 

Ir E Tr I- 

1 1 1 — 1 — 

(Arrow represents direction 
of column failure . ) 


b. Sections having three 
corners , attached to a 
sheet along one unlipped 
flange . 


w ■ 


f . Sections having only two 
corners, attached to a 
sheet. 


c. Sections having two 
corners, attached to 
sheets along both flanges. 


Section 


1 1 — * 

(Arrow represents direction 
of column failure . ) 




L E 


d. Sections having only two 
corners , but restrained 
against column failure 
about axis thru corners. 

lid "Q J 

(Arrow represents direction 
of column failure.) 




Local 


Use crippling stress F„ c - 


Use local buckling stress 


Failing Stress 
(Upper Limit of 
Column Curve) 


Ref. B^.30 


Ccr 
Ref. B^.20 


Column Curve 


For columns which fail by Euler buckling, select the proper 
column curve on page B^. ^0.10-1 and determine the allowable 
ultimate stress F c - 
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INTERACTION ' OF COLUMN FAILURE WITH LOCAL FAILURE 



The curves on page BU.^O.lO-l have been used to determine the 
allowable stress F c of aluminum alloy columns with cross-sections 
whose local "buckling stress is lower than the Euler column buckling 
stress. However, these curves have been unduly conservative in cases 
where the value of the local buckling stress F Ccr approaches the value 
of the crippling stress F cc of the section. The curves are therefore 
being replaced with an analysis procedure which reduces the amount of 
conservatism for these cases. The principal difference between the 
two procedures is that in the new procedure the stress at which inter- 
action between local buckling and' column buckling begins is slightly 
below the local buckling stress 3 whereas in the old procedure inter- 
action began at a stress equal to half of the local failing stress. 

The two broad classes of column sections considered remain the 
same as illustrated in the table on page BU.40-U: 

(1) Columns which have F cc as an upper limit to the column curves 
(section types a through d on page B^.^O-IQ 

The allowable column. stress is F = F where a is obtained 

c cc , 

from the figure on page Bh.kQ-6 as a function of n F /F and 77 F /F ; 

cr cr 

F is the Euler ( elastic ) buckling stress of the column and 17 is a 

reduction factor for which a value of 0.9 is recommended. The^ local 
buckling stress F c and the crippling stress F cc are calculated 
according to the procedures outlined in Sections BU.00 through BU.30. 
If t? F Ccr /F cc is less than 0.5, assume tj F c /F E = 0.5 F CC /F E when 

determining a . 

(2) Columns which have F 0 as an upper limit to the column curves 
1 I. cr — ■ — 1 
(section types e and f on page B^.UO-U) 



The allowable column stress is F = or F where the procedure 

cr 

given previously for determining a is simplified by assuming t> F /F =0.9 

c cr 

for all cases. 



Note : In both of the cases a separate check should be made to ensure 
that the allowable column stress F c does not exceed the tangent 
modulus column stress for the material given on page B3.^2.10-l. 
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ULTIMATE STRENGTH OF COLUMNS SUBJECT TO LOCAL FAILURE 

- modulus of elasticity 

- plastic local "buckling stress (see Bk.20) 

- crippling stress (see BU.30) 

- Euler column stress, n^E (p/t'f 

- reduction factor (0.9 is recommended) 

- equivalent "pin-ended column" length 

- radius of gyration of cross-section 

- allowable strength factor 



1.0 



or 




0.5 or less 



O.k 



71 F c / F E 
cr 
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ULTIMATE STRENGTH OF ALUMINUM COLUMNS SUBJECT TO LOCAL FAILURE 



; •! Local Failing- ■ ; 
Stress of Section 



ft 

o 
o 
o 
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U 
■P 
CQ 

<l) 
P 

a 

•H 

•P 



■3 

o 



<; 
11 



(1) • Select j column curve ; corresponding : : 
. to ; local [failing stress- -of -'section • > 

( either local "bucklinglor ' crippling'.; 
: • _ as indicated: on page 'bM.UO-IOH 1 ! j | 

( 2) . Follow' column \ curve .to.J] / P . 

1 ■■ /• = : ' H "■ i"! ■ ; : 

;. .; '/< = total column length .. 
■ c = f ixi-y factor 1 



(3) Read F on vertical scale 

C ' • t , ■ - 1 ■ ■ ■ I---: 



MODIFIED :i i-See'-pagef IbUI+O-^ 




(4> 



Equivalent Pin-End Column Length 
Radius of Gyration of Cross-Section 



110 120 
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SECTION B5 - THIN SHEET 



Table of Contents 



Page 



ELASTIC BUCKLING OF FIAT SHEET 

Rectangular Sheet in Compression 
Rectangular Sheet in Shear 
Trapezoidal Sheet 

PLASTIC BUCKLING OF FLAT SHEET 

Rectangular Sheet in Compression 
Rectangular Sheet in Shear 

LATERAL DEFLECTION OF A FLAT PLATE IN EDGEWISE 
COMPRESSION 

LATERAL LOADING OF A FLAT PLATE 

ELASTIC BUCKLING OF CURVED SHEET 



B5. 11. 11-1, thru -3 
B5- 11. 12-1, -2 
B5.11.UO-1 



B5. 12. 11-1, thru -3 
B5.1S.12-1 

B5.1U-1 

B5.15-1, -2 
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BUCKLING STRESS COEFFICIENTS FOR FLAT RECTANGULAR 
PLATES LOADED IN COMPRESSION ON THE SHORT SIDE 




0 0.2 o.U 0.6 0.8 1.0 

J3_ _ Short Side 
a ~ Long Side 



Ref: Timoshenko "Theory of Elastic Stability" 

RAS Data Sheets "Stressed Skin Structures" 
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BUCKLING STRESS COEFFICIENTS FOR FLAT RECTANGULAR 
PLATES LOADED IN COMPRESSION ON THE LONG SIDE 



Elastic buckling stress = F = KE (t/b) 

el 

where t = plate thickness 




Ref: See page B5. 11. 11-1 
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B5. 11. 11-3 



ELASTIC BUCKLIHG OF FLAT RECTANGULAR ALUMINUM ALLOY PLATES IN COMPRESSION 

NOTE- (1) The heavy horizontal lines on the graph separate the elastic region 
(belov the heavy lines) from the plastic region (above the lines) • 
for the various alloys. 

(2) In the elastic region the buckling stress is obtained directly from 

(3) In^th^plastic region the buckling stress = F c and is determined as 

cr 

follows- (a) obtain F • from this graph; (b) enter the appropriate 
cr el 

curve on page B5. 12. 11-1, -2, or -3 (depending upon the alloy) vith 
F and determine F 
cr el C =r 



J 
J 

1 

Q 




b = Short Side 
"t = Plate Thickness 
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BUCKLING STRESS COEFFICIENTS FOR FLAT PLATES IN SHEAR 
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ELASTIC BUCKLIMG OF FLAT RECTANGULAR ALUMINUM ALLOY PLATES IN SHEAR 
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(l ) LTh e . 'da shedi itior i z ont a. 1 
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, ; . i ; region' i f j tli&; W&rious j alleys. , ( , 

: t-l;-;stress;'=;!F^:i;i ! - and as determined: as i 



j^^ifi-omTthis 




:,f qIIowb : . j . \ (a ) ;' obtain F 

• graph;~r(b )" enter - the • appropriate curf/c 
on.pagc B5-: 12. 12-1 vith::F !;.:'j! :: and- 
determine :F : ■ ' ' '. ■! ■]•';'■■<<'''■'', CV el : • ; i ' ' ' i : ' 

■1 .: 1 Cr ... i . 1 ' ' 
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ELASTIC BUCKLING OF LONG PLATES FOR LINEARLY VARXINC COKPRSSSIO» 



B - I B 

O--2.0 CC--1.0 3-0 0f-*1.0 a-«a.u 

<K* K^C1_ iGCSs-, 1^""^, I 



a»*1.0 or-*2.0 



i*0.0- 
JO. "0 

20.0 




Z.Q -1.5 -1.2 -u.J 



-1.0 +1.= *2.0 



If mixiBun edge stresi at A, 
l f Al>l f B l 



ilgn coareotloii:. 

conipro«iloo ~ poaltlv* 
tension — Mffttln- 



H.ASTIC BacKLip STMS3 

F » K3 (t/b) 2 
cr 

where b ■ pitta width 

t » plate thlckneaa 
f . rmiMtrrm allowable value of 
e cr edge rtr«i» f A or 



[l 



If c&xliuum «ds* atreai at B F 



where 



,r 5 A' 
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ELASTIC BUCKLING OF SHORT ELATES FOR LINEARLY VARYING COMPRESSION 



-F —J (max compression) 



7 " 



■5 O 



*1 ( Tenaion negative) 

F - F Q (1 - ay/b), * - (P Q - \)/? c 

(F Q ) cr - KE(t/b) a 

t = Plate Thickness (inches) 
Timoshenko: "Theory of Elastic Stability" 



21.61 




+. Ti7..k2 : . 



» : 3 :6z 



0.2 



O.k 



,/b = 



0.6 0.8 l.o 

SIDE PARALLEL TO LOAD 
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ELASTIC BUCKLTMT, OF SHORT ELATES FOR LINEA RLY VARYING COMPRESSION 

j^i a ■ j — F Q —j(max compression) 

















* 














b 

\ 



-*| F 1 [-(Tension Negative) 
F.= F Q (1 - *y/t>), a - (F Q - F 1 )/F < . 
(F 3 ) cr = KE(t/b) 2 
i = Plate Thickness (inches) 
Ti=oshenkc: "Theory of Elastic Stability" 




a ■ c = 
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PARALLEL TO LOAD 
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PLASTIC BUCKLING OP PLATES OF 7075-16 
ALUMINUM ALLOY SHEET IN COMPRESSION 
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F cr = Theoretical Elastic Buckling Stress - 1000 psi 
el 
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PLASTIC BUCKLING OF 7075 -T6 & 203.lt- T6 ALUMINUM 
ALLOY EXTRUSIONS IN COMPRESSION 



j 7675 -To ilictruGi'on 
1 20114-- T6 'Extrusion' 




. . . : n ;p ., 

y r : ::;:.:= ^ 

. 2y e -^ ... . ...j..., j , . . b j = -plate width 

iVaiues' o:r-: the- buckling ; stres s ■ coefficient' 



i "Krforrthe _ :cas^es"d'escHBe^: a^QV.eTafe 'given 



(T) . Long flange. • one unloaded 

(2) ■ Long Ifiange,; one unleaded 

_J . '. 1 .i ,i . i i i i , ., , 

(3) ■;■ Long : plate r both .unloaded 



(4) .".'.'long ;platei;; b 5th unloaded 
(D ' 'Siort plate .'loaded; as : a^coiuitin|J^ \ << 



[6) j Square plate; 

: I ! ' ' 1 

(?) . .long .column' 



Loaded 

L ' " 



as a 



! : ; j I :■■ ■ 

edge, j simply j supported. 



edge; 1 clamped : ! \ 

}'.[,] :;::~:t. :..!.; , ; : 

edges| . simply supported 



edges) : clamped 

i ■ .. . m 



; 1 ■]_ 

column! -T- •= 1 
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F = Theoretical Elastic Buckling Stress - 1000 psi 
cr 

el 
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PLASTIC BUCKLING OF ALUMINUM ALLOY SHEET IN SHEAR 

F cr = ^ > whe *"e t = plate thickness 

el b = plate width 



Values of the buckling stress coefficient 
K for various edge conditions are given 
on page B5. 11. 12-1 



Curves apply both to simply supported 
and clamped edge plates 
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LATERAL DEFLECTION OF FIAT SQUARE PLATE LOADED IN 
COMPRESSION AND SIMPLY SUPPORTED ON FOUR SIDES 
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TENSION STRESS AND LATERAL DEFLECTION AT CENTER OF FLAT 
SQUARE PLATE UNDER UNIFORM LOAD WITH SIMPLE SUPPORTS 



p - Normal Pressure 

f 1 - Tension Stress in Median Plane of Plate 
(Membrane Stress Only) 

f - Maximum Tension Stress in Plate at Center 
(Bending Plus Membrane Stress) 

4 - Lateral Deflection at Middle of Plate 



NOTE: Edges are not permitted to move 
in the plane of the plate . 
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TENSION STRESS AND LATERAL DEFLECTION AT CENTER OP LONG 
FLAT PLATE UNDER UNIFORM LOAD WITH SIMPLE SUPPORTS 



p - Normal Pressure 

f 1 - Tension Stress in Median Plane of Plate 
(Membrane Stress Only) 

f - Maximum Tension Stress in Plate at Center 
(Bending Plus Membrane Stress) 

6 - Lateral Deflection at Middle of Plate 
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B *>.1.4 Particular Solution of Benta and Semicircular Arches (Cont'd) 



Table U 5.1.4-2 Reactions and Constraining Moments in 
Triangular Bents (Cont'd) 
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B6.ll - COMPRESSIVE STREKGT5 OF FLAT STIFFENED SHEET 

The analysis of stiffened flat panels subjected to in-plane compress ion 
loading acting parallel to the stiffening meters is presented in the following 
section. 

These analyses axe based on the following assumptions: 

a) The panel is infinite in width and has identical 
stiff eners (reinforcing bars) at equal spacing. 

b) It is possible to treat a stiffener plus a width of 
sheet as an individual element whose strength can 
accurately be predicted. There is no interaction 
between adjacent stiff eners that will affect the 
strength calculation. interaction between the 
sheet and stiffener is included in the analysis. 

Because the strength of a stiffened panel is almost entirely due to the 
structural characteristics of the stiffening member, most of the analysis effort 
is directed at the stiffener. The structural function of the sheet is to provide 
load carrying area that acts with the stiffening member at a stress level usually 
dictated by the properties of the stiffening member. The sheet area is included 
with the stiffener in the determination of its structural properties. The amount 
of sheet included is determined from an effective width formulation. 

The analyses and examples are presented for panel structure where sheet and 
stiffener are of the same material and all elements are at essentially the same 
temperature (i.e. no thermal gradients). 

The effect of a temperate gradient through the depth of the panel (normal 
to sheet plane) is twofold: 

a) To cause induced loads in structure that usually are 
combined with the applied loads before applied stresses 
are calculated. These stresses, when treated in this 
manner, do not affect the allowable stress, are there- 
fore not considered in the following analysis. 

b) To change the material mechanical properties applicable 
to the compression strength prediction. The analysis 
problem then is the same as one of mixed materials. 
The following discussion cn mixed material structure 
therefore is applicable to this phase of temperature 
related effects. 

The principles employed in -he following allowable stress analysis apply to 
the case of mixed structural materials. Both the case of different alloys of the 
same basic material (for instance, an aluminum alloy panel with 2024-T3 sheet and 
7075-T6 stiff eners) or the more extreme case of completely different materials 
(for instance, a 6Al-6V-2Sn titanium alloy sheet and 7075-T6 aluminum alloy 
stiffener) must be considered. ?or structure of uniform material (and discounting 
inter-rivet buckling as an uncommon failure mode), the strength of a st~.*enea 
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panel depends on the stiffeners, leading to the philosophy of •• sturdy stiffeners 
in design. Therefore, in a mixed material structure, if the usable, or working 
strain, of the stiffeners exceeds that of the sheet material, the principles of 
the following analyses can be safely employed in predicting the strength of that 
structure. If the stiffeners are "weaker" (lower working strain) than the sheet, 
not only will the structural efficiency be low, but the design will not employ 
"sturdy stiffeners". It is realized that this case could arise from a design en- 
vironment that resulted in .the stif fener temperature exceeding that of the sheet 
by a significant amount. The stiffeners, even of identical alloy, would be weaker 
than the sheet due to reduced compression properties, particularly F C y 
In this case, the principles of the following analyses can be employed for the 
strength prediction. 

Strength prediction of structures with differing materials requires the basic 
assumption that when the allowable stress is established, all elements are at equal 
strain. This is in contrast to the equal stress assumption for uniform material 
structure. This presents no significant problem in the elastic range since stress 
and strain are related by a constant. However, in the plastic range (a very 
significant part of the strength prediction process) the stress-strain relationship 
is non-linear and the problem solutions can only be obtained by very lengthy 
iterations. Where the following analyses for uniform material structure can be 
performed with the aid of a desk calculator, the non-uniform material problem can 
only be solved with the aid of a computer. Solutions of this problem have been 
programmed and- are available in the Structural Analysis Section. 

Historically, compression strength in the wrinkling mode has been the stability 
strength of the sheet as a column on the elastic foundation provided by the stif fen- 
er attached flange. It has been recognized that, as the sheet buckles in the cylin- 
drical shape characteristic of this mode, that the sheet will impose displacements 
on the stif fener flanges that in conjunction with the axial stresses present will 
cause failure of the stif fener flange. In addition, it is realized that if the 
forces causing bending in the stif fener are present, then these same forces in turn 
will act on the sheet causing bending stress in the sheet that will contribute to 
possible sheet failure. Therefore, the determination of the compression strength 
of a stiffened panel in the wrinkling mode has evolved into the calculation of the 
strength of both sheet and stif fener. Failure strength of the sheet is termed 
wrinkling and is the minimum of the sheet compression stability strength (page 
B6.ll.5-2) or the sheet transverse bending strength (page B6.ll.5-7). The stiffener 
strength in the wrinkling mode is termed forced crippling and is on page B6.ll.6-4 
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SYMBOLS 













A 


Cross sectional area 


incheSg 




B 


Area 


inches 




b 


Stiffener Bpacing 


inch 




c 


Rivet offset distance 


inch 




a 


Rivet diameter p 


inch 




D 


Sheet bending stiffness, Et^/l2(l - » ) 


lb inch 




E 


Young's Modulus 


psi 





E s 


Secant Modulus 


psi 




Li 


Tangent Modulus 


psi 




F 


Allowable stress 


psi 




f 


Applied stress 


psi 




G 
H 


Shear modulus 

Bending modulus reduction factor 


psi 




h 


Stiffener depth 


inchj^ 


' 


I 


Moment of inertia 


Incite 




J 


St.Venant torsion constant of stiffener 


inch 




k 


Torsional restraint afforded by sheet to stiffener 


inch lb/inch 




K 


Buckling stress coefficient 




d 


Integer 






L 


Panel length between pin ends 


inch 




m 


Applied bending moment 


inch lbs. 




M 
n 


Allowable bending moment 
Stress-strain parameter 


inch lbs. 




P 


Flange normal loading 


ppi 


• ..) 


P 


Rivet spacing 


inch 




R 


Strength reduction factor applied to riveted panels 






r 


Bend radius of formed part (mean) 


inch 




t 


Thickness of sheet (unless subscripted) 


inch 


' — ■ 


dft. da 

y 


Flange width 

Ratio of stiffener bending stiffness to sheet bending 


inch 






stiffness 






r 


Torsion bending constant 


inch 6 




e 


Strain 


inch/inch 




X 


Wave Length 


inch 




71 


Plasticity correction factor 








Effective stiffness of attached flange of stiffener 


psi 






Coupling parameter in flexure/ torsion 




— 


V 


Poisson's ratio 
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SYMBOLS (continued) 



Subscripts : 



av Average 

a Attached flange 

b Stiffener local buckling 

cr Critical, plastic 

crel Critical, elastic 

e Edge (or peak) 

eff Effective 

fc Forced crippling 

fr Free flange 

f Flexure, plastic 

fel Flexure, elastic 

ft Flexure torsion, plastic 

ftel Flexure torsion, elastic 

cy Compression yield 

Inter rivet, plastic 

irel Inter rivet, elastic' 

N Natural 

P Polar 

P Panel 

pb Tangent (Area) 

pc Secant (Area) 

riv Rivet 

s Stiffener 

su,sd Stiffener twisting springs 

t Torsion, plastic 

tel Torsion, elastic 

w Wrinkling, plastic (interrupted attachment) 

w ( c ) Wrinkling, continuous attachment, plaBtic 

we Web 

wel Wrinkling, elastic 

x Axis designation 

0-7 Property at secant modulus - 0.7E 
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B6.11.1 Introduction 

For thin sheet supported by sturdy stiff eners, the initial buckling 
stress can usually be calculated assuming that the skin buckles between 
stiff eners with some rotational restraint by the stiff eners, while the falling 
stress can be calculated by considering the stiffener together with an effective 
width" of sheet to fail in flexure as an Euler strut. The effective width con- 
cept accounts, in a simple way> £°r the interaction between the sheet and the 
stiffener. 

Where the sheet is thick the initial buckling stress of the sheet may 
be comparable to the failure stress of the stiffener, and both may approach the 
yield stress of the material. It may no longer be possible to regard the 
stiffener as "sturdy" and it becomes necessary to take into account the flexural, 
torsional, and local deformations of the stiffener. These deformations govern 
the restraint given by the stiffener to the sheet at initial buckling. They 
also govern the final mode of failure, where the stiffener fails as a strut with 
one of the above modes predominating. 

Modes of Deformation 

The three "pure" modes of sheet and stiffener deformation may be 
described as follows: 

The Flexural Made is characterized by bending of the sheet, such that 
a line on the sheet through the stiffener attachments does not remain straight 
but distorts out of the original plane. 

In long buckle lengths, of the 
order of the frame or rib spacing, this 
mode is identified as the "Euler" mode 
and involves bending of the stiffeners 
without distortion of their cross- 
sections. 

In short buckle lengths, of the 
order of the stiffener spacing, the 
mode is called "wrinkling" and "forced 
crippling" and involves local distor- 
tion of the stiffener cross-section 
without appreciable bending (See 
B6.11.2). 

In very short buckle lengths, 
of the order of the rivet spacing, the 
mode is called "inter-rivet" and in- 
volves separation of the sheet from 
the stiffener between rivets. The 
stiffener remains essentially straight 
and undistorted (See B6.11.3). 
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The Torsional Made is characterized 
by twisting of the stiffener and rotation 
of the sheet about the stiffener attachment 
lines. The stiffener attachment lines 
remain straight. The buckle length of 
this mode is an integer fraction (including 
1) of the rib or frame spacing. The 
critical length is a function of" stiffener 
and plate properties (See B6.11.6) . 

The Local Mode is characterized by 
distortion of the stiffener cross-section 
and rotation of the sheet about the stiffener 
attachment lines. The distortion is such 
that the junctions of the flat elements 
comprising the panel-cross-sectlon remain 
straight. The buckle length is between two- 
thirds and one times the stiffener Bpacing. 

The buckling stress in each of the 'pure" modes depends upon the 
sheet and stiffener geometry and upon the buckle length. There can be 
significant coupling between modes having the same buckle length, resulting 
in a lower buckling stress than in the "pure" modes. For example, the 
flexural, torsional and local modes can couple in buckle lengths of the 
order of the stiffener spacing (See B6.11.2). 



Post-Buckling Behavior 

The behavior of the panel after buckling depends upon the instability 
mode. If the initial instability is predominantly flexural with a buckle 
length equal to the frame or rib spacing then failure will be coincident with 
buckling, while if the initial Instability is predominantly torsional the 
growth of the stiffener twist after buckling is usually so rapid that failure 
occurs soon after buckling. Only if the initial instability is predominantly 
in the local mode can the panel have any appreciable post-buckled, strength. 
There are several failure modes that must be analyzed at this time in order 
to adequately determine the post-buckled strength of the panel. These modes 
for the sheet are the minimum of the wrinkling strength (B6.11.5), inter-rivet 
buckling strength (B6.11.3 and B6.11. 5), or when the peak, stress in the buckled 
sheet approaches the yield stress of the material. The failure modes for the 
stiffener are in long buckle lengths involving bending and twisting (B6.H.6) 
or in short lengths involving forced crippling (B6.11. 6). For stiffened panel 
design and analysis local buckling of the stiffener as an individual element 
is also considered as a failure mode. This criteria is to preclude a severe 
interaction of stiffener buckling with the plate wrinkling mode. 




*GAC 4*10 
1-1* 



— B6.ll.l-6 — 



JUNE 1980 



STRUCTURES MANUAL 



B6.H.2 Short Wave Buckling 

Short wave buckling involves the local, torsional and wrinkling modes 
in buckle lengths approximately equal to the stiff ener spacing. The local 
and torsional modes are characterized by the stiff ener attachment lines 
remaining straight at buckling, while in the wrinkling mode they distort 
out of the original plane of the sheet. 

The method given here consists of obtaining a buckling stress co- 
efficient which accounts for the coupling between the local and torsional modes. 
The miniinum short-wave buckling stress coefficient is then obtained from 
Figure k t which allows for the coupling with the wrinkling mode. The elastic 
buckling stress is given by: 



^crel 



-cr 



= Kcr 3 



(t/b)< 



(1) 



The buckling stress ? c „ can be obtained from Bl. 50.1-1, where the 
value of Tl is for a long flat plate with simply-supported edges. 

Local Buckling 

Curves are given for the local/tor sional buckling stress coefficients 
of flat panels with Z-secticn (Figure l) or integral unflanged Figure 2) 
stiffened. Bach stiffener deforms by twisting about an axis in the plane ot 
thfsheet and buccal distortion of its cross-section. Where the curves are 
convex 5«Ss ?he stiffener deformation is mainly local,- but where the curves 
a^rSncrvTupwards (below the dotted line) the deformation is predominantly 
twisting of the stiffener and failure will be practically coincident with the 
initial instability. 

For closed-section stiffener (such as hats or Ys) the torsional mode 
can be neglected, and the local buckling stress coefficient can be 
fJon R.A.S. Structures Zata Sheets 02.01.28 to 37. An approximate value can 
be obtained by applying the method of 34.12 to the panel cross-section. 

Wrinkling Instability 

Curves are given in Figure k for the minimum value of the short wave 
buckling stress coefficient. Zhe cur-res require the value of the local/ 
torsional buckling stress coefficient, and the value of the stiffness of the 
attached flange of the stiffener against distortion out of the skin plane. 

For low values of the attached flange stiffness, the mode is predomi- 
nantly bending of the stiffener attachment lines out of the original skin plane. 
This mode is caTLed "wrinkling" and is most likely to occur when thick sheet 
is supported by relatively thin stiffeners. At high values of the attached 
flange stiffness the mode is tredcainantly local with the stiffener attachment 
lines remaining straight. 
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The wrinkling mode is characterized by a buckle pattern with troughs 
and crests extending across the attached stiff ener flange. Consequently, the 
effective stiffness of the supporting flange must take into account two dist- 
inct stiffnesses: 

The first is associated with the skin pushing in towards the stiff ener 
web (down spring) and is given by: 



0. 



E /t fl \7 2r+c'+h(t a /t we )* \ 
V77 \kc<- r + (i+htf/r)(t a yt we ) j y 



(2) 



The second is associated with the skin pulling away from the stiffener 
web (up spring) and is given by: 



2c 1 



Ld a - c'+(Uhd a /OU a /t TC r. 



.) 



(3) 



These equations are for Z or channel section stiffeners. Equations 
for other sections may be derived as shown in GAC Report SAE-71-1. This ref- 
erence includes on pages 2b. 1 and 2U.2, spring rate and bending moment coef- 
ficients for the special case of back to back channel sections. 



Also included in Report SAR-71-1 is the 
to flange attachment fastener on the spring rates 
data is presented on B6.11.2-2.1 as a plot of the 
function of the nominal offset distance, fastener 
Use the effective offset distance c', in place of 
in the wrinkling suring, rivet load and stiffener 
Equations (2), (3), (11), (l'O, (20) and (21). 

The effective stiffness, 0, is given in Figure 3. 



clamping effect of the skin 
and bending moments. This 
effective offset distance as a 
pitch and fastener diameter, 
the nominal offset distance c, 
flange strength parameters of 



Figure 3 The Effective Deflecticr.al Stiffness 
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EFFECTIVE FASTEHER OFFSET DISTANCE INCLUDING 
RIVET GEOMETRY LIMIT 

Reference NACA TK 3785 Hgure Ik 




5 6 7 8 9 10 11 



NOMINAL OFFSET DISTANCE , 
ATTACHED FLANGE THICKNESS ' Q * a 

c'/c - Effective Fastener Offset Distance is the maximum value from p/d (fastener 
pitch/fastener diameter, solid line) or d/t (fastener diameter/attached 
flange thickness, dashed line). 

Example : c = 0.1*96 t = 0.070 p = 0.750 d = 0.1875 

c/t Q = 7.10 a p/d = 4.00 d/t fl = 2.68 

The effective fastener offset distance is O.8U5 for p/d and 0.868 for d/t Q . 

Therefore': c'/c - 0.868 for this geometry. 
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Figure 4 is then entered with the local/torsional buckling stress coefficient 
K and the effective stiffness parameter: 



^h = 0.112 J) / b y 

7% E I t 



Example 

Find the buckling stress of the 
stiffened panel shown. The material 
is annealed 6A1-4V titanium alloy- 
sheet, and the rivet diameter = 5/32 in. 



.•72. 



GO 



0.402 



we 
t 

As 
bt 



.1 
•15 



= .67 



.15 



• 25R/ 



(2 + .72 + .72) x .1 

4 x I15 



•57 



• 72' 



r 

2 



From Figure 1, the local buckling stress coefficient K = 3»92. 
This is above the dotted line in Figure 1, therefore the local mode predominates. 



From Equation 2, *1 = 16.3 x 10 6 / 0.10 \ (2 x 0^25' + 0. 402" + 2 x l) 

(1 - 0.32 2 ) \ 0 « 2 5 / (4 x 0.402 -0.25 + 4 x 2 x 0.1*02/0.25 xX 

= 237150 psi 3 

From Equation 3, 02 = 16.3 x 10 6 /o.lo\f2 x 0.402 + 0.72 +2xl) 

(1 - 0.32*) 1 0.402/(4 x 0.72 -0.402 + 4 x 2 x 1 X 0.72/0.40^ 

= 58610 psi 

t^/j^ = 58612/237150 = .247 

From Figure 3, $/$ z = 1.68 <jj = 1.68 x 586IO = 98465 psi 



From Figure 4, £bf_ = q.112 x ^8465 / JL 



tr D 



16.3 x 10 c 



4_ 

0.15; 



= 12.8 



786OO psi 



From Figure 4, the short-wave buckling stress coefficient K,^ - 3.42 

6 2 

From Equation 1, F crel = 3.42 x 16.3 x 10 (0.15/4) 
From Bl.20.2, Reference stress F Q ^ = 140700 psi 
Stress-strain parameter n = 31 



Note: For the effective offset distance, c 1 , from B6. 11. 2-2.1, 
c = 0.402 t = 0.100 p = 0.813 

c/t =4.02 a 



p/d = 5-20 



d = 0.156 
d/t = 1.56 



From B6. 11. 2-2.1, c',the effective offset distance is 1.00. 
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Elastic Buckling Stress 
Reference Stress 




11*0700 



78600 



O.56 



from Bl. 50.1-1 



Buckling Stress 
Reference Stress 



0.7 



O.56 



Therefore, buckling stress O.56 x ll|0700 = 786OO psi 

This example is continued In B6.11.5 (Wrinkling stress of sheet) and 
B6.11.6 (Failure stress of stiff ener). It should be noted that the example 
was chosen to illustrate the analysis procedure, and is not necessarily 
indicative of good design. 
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Figure 1 Local Buckling Stress of Flat Panels With 
Z-Section Stiffeners Under Compression 




STIFFENER AREA. A_ 



LOCAL BUCKLIHG STRESS F = K T\ E (t/b) 



o 



o 




1.0 



A s /bt 

Refs: H.A.C.A. T.N. lW2 

RAS Structures Data Sheet 02.01.25 
A. Rothwell, JRAS, February I968 
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Figure 2 Local Buckling Stress of Flat Panels with Unflanged 
Stlffeaers Under C ompress ion 



LOCAL BUCKLING STRESS F = K T) E (t/b)' 




h/b 

Refs: N.A.C.A. WR L-2C& 

E. J. Catchpole, Journal R. Ae.S. Nov. 195k 
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The inter-rivet mode involves buckling of the sheet as a wide column upon 
eaa eirt2^SiSSJ1tlffw«r. so that the sheet separates front the stiver 
easentiaJ-Ly ^"^g lemrth of the column corresponds to the rivet spacing. 
Because fh S^canS bucS S S. direction of the stiffener the mode shape 
is constrained to that of a fbced end column. This mode shape can best be de- 
scr-Set use of an end fixity factor equal 3-75. This factor is derived 
from results of KACA compression tests. 

The elastic inter-rivet buckling stress, which is the limiting compressive 
stress fo/tht sheet at the rivet line (pg. B6.01.5-9) is given by: 



12(1 



nV- / t ? 



(5) 



The inter-rivet buckling stress F^ can be obtained from Bl.50.2, using 
the value of T\ appropriate to a short plate loaded as a column. 

Find the inter-rivet buckling stress of an 0.028 in. 7075-T6 aluminum 
alloy sheet supported by adequate Z section stiffeners. The rivets are 
M320470 ADl* at 9/l£ in. spacing. 



From Equation (5) > ?±?e! = 



-..75 x n 2 x 10.5 x 10 6 /0.028_\ 2 
12(1-0.32*) 



= 89I+OO psi 



From Bl. 20. 2, Reference stress = 71800 psi 

Stress-strain parameter n 3 1^.5 



Elastic buckling stress _ 
Reference stress 



* ixel 



'0.7 



71800 



From Bl.50.2 



Buckling stress 



Reference stress 
Inter-rivet buckling s-cress F 



= 0.84 



or 



F^ 
^7 

0.84 x 71800 = 60310 psi 



The inter-rivet buckling stress in the example of B6.ll. 2 with rivets 
at 13/16 in spacing is » than F 0>7 and therefore not critical. 
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B6.11.U Post- Buckling Behavior 

The behavior of the panel after buckling depends upon the mode of the 
initial instability: 



1. If the initial instability is predominantly flexural in buckle 
lengths comparable to the frame or rib spacing then the failure will be coin- 
cident with buckling. 

2. In the wrinkling mode the buckles run across the stiff eners and 
distort the attached flanges of the stiff eners. At failure the buckles become 
almost cylindrical, and the distortion of the attached flange is sufficient 
to cause collapse of the stiff eners. Although the wrinkling stress is derived 
from a stability analysis of the sheet, the failing member is the stiffener 
attached flange. 

3. If the skin buckles in the inter-rivet mode then it may be assumed 
•that under continued deformation the sheet will continue to carry the load at 

buckling but no additional load. Failure occurs when the stiffener fails. 

k. If the initial instability is predominantly torsional then the growth 
of the stiffener twist after buckling is usually so rapid that failure occurs 
soon after. 

5. If the initial instability is predomonantly in the local mode then 
the sheet is supported by the stiffener and can carry additional load beyond 
buckling. The stress in the Bheet undergoes a redistribution after buckling, 
with peaks occuring at the stiffener attachment lines. Failure occurs when 
this peak stress reaches the failing stress of the stiffener or sheet, which- 
ever is critical. 

6. In a riveted panel, failure may occur due to the tensile loads in- 
duced in the rivets by the post-buckling deformations. 



No closed-form analysis of the post-buckling behavior of stiffened flat 
panels exists. Instead, a failure analysis has evolved which consists of cal- 
culating the more critical failing stress of stiffener or sheet (F ) and the 
corresponding average stress in the buckled sheet (F ). The two Stresses are 
not independent; the presence of the sheet affects tne axes about which the 
stiffener bends and twists, while the average stress in the buckled sheet 
depends upon the stiffener stress and the initial buckling stress. 
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B6.ll. 1 * Post- Buckling Behavior (Cont.) 

The failing load of the panel is then given by the sum of the stiffener 
(or sheet) failing stress times the stiffener area and the average stress in 
the sheet times the sheet area. This may be expressed as an average panel 
failing stress (F p ) by dividing by the total area: 

F A + F bt F A /bt + F b -»/b 

F a e s av = e s' e erf 

p A + bt A /bt + 1.0 

Methods of calculating F and F are given in B6.11.5 and B6.11.6. 
The peak stress in the sheet a! V failure is F g and is the minimum of the sheet 
failure stress or the stiffener failure stress. 
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B6.11.5 Failure Stress of Sheet 

The failure stress of the sheet Is the lowest of the failure stresses 
calculated for the three nodes: crippling, wrinkling and inter-rivet buckling. 



Crippling of Sheet 



After local buckling, the 
uniform stress in the sheet is 
redistributed, with peaks at the 
stiff ener attachment lines, as 
shown: 



u 


/ 


f 1 > 

i 
















1 T 1 


- 1 f 



The average stress in the sheet depends upon the buckling stress of the 
sheet (F ) and the peak stress (F e ). The limiting value of the peak stress 
will be either the stiff ener failing stress F s (from B6.11.6), the inter-rivet 
buckling stress Fir f*"™ Equation (5), the wrinkling stress from B6.11.5 or the 
compressive yield stress of the sheet material F C y whichever is least. If the 
critical edge stress is F c y, the failure mode is sheet crippling. 



The peak stress in the sheet is determined from the load carrying 
characteristics of the buckled sheet. This is given by the following equation 
which states the average stress in sheet, the effective width and load 
carrying area of the sheet. 

= 1.2 ( "cr \ - 0.65 j 



b eff /b = Ap C /bt = Fgy/Fg 



0.1f5 




V5 



(7) 



The stiffness area of the sheet is required in the determination of 
section properties for stability calculations (Euler column and Wrinkling). 
The stiffness area is determined from the derivative of the effective width 
equation and is: 

1 2 /5 /. \V5 /. \6/5 




0.13 



cr 



0.09 




(8) 



In order that these equations are applicable when the stresses are greater 
than the material proportional limit, the argument of the equation is given as a 
strain ratio. The strains are determined from stresses by the following 
relations ; 
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e ■ F /E (E a is at stress F^-) 

cr cr s 



e e' s 



F /E ($ b is at stresB F e ) 



The secant moduli (Eg) can be determined from Section B.l. Equations 7 
and 8 are plotted in Figure 5- 

Wrinkling of Sheet 

Failure occurs in the wrinkling mode when the sheet buckle becomes almost 
cylindrical. The peak stress in the sheet at failure is derived from the 
stability equation for a column supported laterally by an elastic foundation. . 
For the case of a sheet of constant thickness, continuously attached to the 
stiff ener flange, and F w < F cr , the wrinkling stress is: 

■ F wel = *«c)^ = °' 61 V* 8 Vb l (9) 
For the case of F w > F^, the wrinkling str ess is: 

Fwel -^j/Tl-O.IflV^Et/b 1 . ^ W> + AeffA) < 9a) ' 

# 

where A is the effective stiffness obtained in B6.11.2 (from Equation 2 and 3, 
and Figure 3), b ef f/b is the load carrying effective width from Equation (7) 
and b^/b u thTstiffness effective width from Equation (8). The effective 
widths are also on Figure 5* 

Because the sheet stability is derived from a column analysis, the 
plasticity correction factor mist be a function of Efc (the tangent modulus 
at a stress equal to Sj,( c \. In the .case of wrinkling 11 = yj\/ E c ' This 
plasticity factor is available from page B 1.50.4-2. 

To account for the discrete rather than continuous nature of riveted 
sheet stringer construction, the plastic value of F^c) is multiplied by 
the empirically determined factor R to determine V R is given on Figure o. 
Therefore : 

F w = RtF w<c) (10) 
For sheet configurations other than one of constant thickness, the analyst 
iB referred to SAB-71-1. The analyst is cautioned that the wrinkling stress 
is based on the basic assumption that the sheet stiffness can be conserva- 
tively idealized to a concentrated quantity at the stiff ener. 



*OAC ««I0 
»-»4 



— B6.U.5-2 



JUNE 1980 




STRUCTURES MANUAL 



FIGURE 5 EFFECTIVE WIDTH OF SHEET LOADED IN COMPRESSION 




0 L. 

0 0.2 O.k 0.6 0.8 1.0 



e cr _ CRITICAL BUCKLING STRAIN 
e e COMPRESSIVE EDGE STRAIN 

Reference: NACA TH 378 1 ! 
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Figure 6. The Reduction Factor R in Equation (10) 



1.0 
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Reference; GAC Report SAR 7.1-1 
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Example ; 

Find the wrinkling failure stress of the stiffened panel given as the 
example in B6.11.2. The rivets are 5/32 dia. at 13/l6 spacing. 



Page B6.ll.2-3, 



deflection stiffness 
sheet thickness 

attached stiffener flange thickness 
stiffener spacing 



then 



d 



P -/ 13/16 \ ( 13/16 \ 

(t a + t) \ 5/32 / ' ^(0.10 + 0.15)/ 



t = 

5> : 



17 



98J465 psl 

0.15 inch 

0.10 inch 

k.O inch 



From Figure 6, R = 1.00 
From Equation 9, F ^ 



/ 6 \ ~ 

» 0.61 x / ?8U65 * l6 '^ x 10 x 0.15 j 2 = 1U9700 psi 



From Bl.20.2 Reference stress F Q ^ = 1^0700 psi 
Stress-strain parameter n = 31 



Elastic wrinkling failure stress 
Reference stress 



wel 
c 0.7 



11*0700 



= 1.06 
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From B1.50.1+-2 



Wrinkling failure stress 
Reference StresB 



0.88 x 1U07OO = 121+950 pai 



F 0.7 



0.88 



This Btresa exceeds the local buckling stress F = 786OO and therefore 
the wrinkling stress must be calculated from Equation 9a. Because ^gff/ 13 is 
a function of F ^ , the solution must be obtained by iteration. 



First approximation : 



Assume F 



cr 



w(c) 
786OO/E 



126000 psi 



F w(c)/ F 0.7 0 126000/11+0700 =0.896 



E /E 



O.985 Figure Bl. 1+0-2 



From Fig. 5> 
F wel 



786OO x O.985 
126000 



= 0.611+ 



b eff/b = O.798 

0.1+1/0.61 x 11+9700 yj O.798 + 0.1+52'/0.798 
II+097O psi 



2nd Iteration 
(123500) 

(0.878) 

(0.-991) 
(0.631) 

(0.808) 
(0.1+55) 

(139950) 



(0.995) 
(0.878) 

(123500) 



F wel/*b.7 = 11+0970/11+0700 = 1.002 
F w(c)/F 0>7 » O.878 (Figure B1.50.1+-2) 
p w(c) = O.878 x 11+0700 = 123500 psi 
F w «= R x F w ( c ) - 1.0 x 123500 - I235OO psi 
Calculate the average panel stress, F p » at wrinkling failure using 

123500 [o.57 + 0.798 ] 
[0.57 + 1.0] 

IO76OO psi 



Equation (6). 
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2nd Example Problem; 

Geometry and members same as previous except stiff ener spacing = 8.0 In. 

The following is the result of the analysis of this panel. Only pertinent 
results are shown. The following data remain unchanged from the original 
problem: 

E - 1.0, * = 981*65 psi, t » 0.15 in. 

t » 0.10, A - 0.3IA in., t h » 67 



The following data and results include the effects of the 8.0 in 
stiffener spacing: 



% k 
lib /n u 




» 102.lt 


Ag/bt 




0.285 


K 


= ^.15 


Figure 1 


K cr 


= k.oQ 


Figure k 


F cr 


a p 

crel 


» 23380 


W b 


= 0.51 




\f> 


= 0.325 




F wel 


= 127^70 psi 



23380 psi (Equation (l)) 



The allowable wrinkling stress (after iteration) is: 
. F w - F w(c) = U.9000 psi 

Calculate the average panel stress, F , at wrinkling failure. Using 
Equation (6). r p 



119000 fo.285 + 0.5l1 
F p - [0.205 + 1.0] 



73600 psi 
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Sheet Strength in the Wrinkling Mode 

In addition to the primary wrinkling stability stress, the sheet is subjected 
to transverse bending stress caused by the deflection of thecolumn (sheet) in the 
cylindrical buckle pattern, that is characteristic of wrinkling. The lateral de- 
flection of the column displaces the elastic foundation (stiffener attached 
flange) which causes concentrated normal line loads to exist between the sheet 
and stiffener flange. On the sheet side, these loads are equilibrated by dis- 
tributed loads that result in bending stresses in the plane of the sheet that act 
normal to the primary axial stress field. These stresses are critical at the 
stiffeners where the allowable bending stress must account for the effects of the 
peak axial stress in the sheet. 

The bending moment in the sheet is determined from the following equation 
for stiffeners with single line of attachment such as a Z. 



0.022 t 0 2 b 



m = 

16 



I - F /F 
cr e 

1 + F F/e 
cr 



•] 



(10a) 



The allowable bending moment can be determined from page B6.12.A-6. To 

use the figure, replace f CT with F . The allowable bending moment is: 

M = H.F . t 2 /4.0 (10b) 
cy 



where 



H from page B6.12.4-6 

F = the sheet material compression yield stress 
cy 

t = the sheet thickness 



Strength in the wrinkling mode F , is determined from the more critical of 

the primary wrinkling instability stress from Equation (10) or from the limiting 

value of F as determined from equations (10a) and (10b). 
e 

The calculation required for this analysis is shown in the following example 
of B6.11.2. As a starting point, let F be the value of wrinkling stability 
strength which is 123500 psi. Then the e moment is: 



m 



0.022 x 0.15 x 58612 x 4.0 
16 



[- 



n 



1-78600/123500 
1+78600/123500 



] 



« 48.4 x 0.91 
= 44.0 in. lbs. /in. 
For figure on page B6.12.4-6 

= 123500/138000 
= 0.32 

M 



F /F 
e cy 

H 



0.895 



= 0.32 x 0.15 x 138000 / 4.0 
2U8 in lb/in ( > m) 
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Therefore, for this structural configuration, in the wrinkling mode, the sheet 
xs critical for the primary stability stress from equation (10). The transverse 
bending strength will become more critical in configurations where the thickness 
ratio of stiffener flange to sheet is nearer unity or greater. In this case it 
is necessary to determine the value of F e that will give a zero margin in the 
transverse bending strength determination. These calculations are illustrated in 
an extension of the previous example. i.««.«=u j. u 

The limiting value of F e exists when m is equal to the allowable moment, M. 
Since F e exists m both m and M, the value is determined by iteration. 

A first_ trial value of F e can be established by calculating M for H equal 1 0 
and then estimating H from ratio of m to the value of M. 



M 
H 



e' C y 



m 



M 



- 138000 x 0.15 /^.O = 776 (For H = 1.0) 
B 44/776 - 0.057 (initial trial value) 
= 0.98 from page B6.12.4-6 
" 0.98 x 138000 = 135000 
- 48.4 . 



2nd Iteration 

(0.056) 

(0.985) 
( 136000 ) 



= 1*3.2 in lb/in 

= 0.057 x 138000 x O.lf/k 

= kk in lb/in 



H _ 4 1-78600/135000 ] 

L n2 l+78600/13500oj 



(1+3.2) 
(1+3.2) 



W 

S 

e 



1.0 



0.9 



0.8 
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The adjacent figure illustr- 
ates the wrinkling stability 
stress, sheet transverse bend- 
ing stress and stiffener flange 
forced crippling stress from 
B6. 11. 6-k as a function of t , 
stiffener attached flange a 
1 thickness. It can be seen that 
the sheet bending criteria and 
stiffener flange forced cripp- 
ling provide the upper limit 
of strength to the wrinkling 
and related failure modes. 



0.60 



0.80 



1.00 



1.20 



t /t 
a' 
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Inter-Rivet Failure of Sheet ■ 

If the inter-rivet buckling stress F^ given by equation (5) is less than 
the short-wave buckling stress F c r given in Equation (l) , then it may be assumed 
that, with further increase of load on the panel, the sheet stress will remain 
constant at Fir and there will be no significant redistribution of stress. 

If the .inter-rivet buckling stress Fir is greater than the short-wave 
buckling stress F cr , then the stress in the sheet will be redistributed after 
buckling at F CT . The peak stress in the sheet cannot exceed Fir, ^ d ' bhe 
average stress in the sheet cannot exceed the value given by Equation (7) with 

Fe = Fir- 



Rivet Strength Criteria 

The deformation during buckling induces tensile loads on the fasteners 
attaching the sheet to the stiffeners. A criterion for the rivet strength is 
that the tensile strength, either in shank failure, head failure, or tear out 
through the sheet, should not be less than 



d 



(11) 



P, 



0.022 ^ 2 t 



d - c 

a 



a 



P 



Where: 



P 



c 



t 



is the effective rivet 
offset distance from page 
B6. 11.2-2.1 



is from Equation (3) 



is plate thickness 



is the rivet spacing 



P 




i 
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Example : 



Find the required tensile strength of the rivets in the example of 

B6.11.2. The rivets are NAS1200 at 13/l6 in. spacing. 

0 2 = 58612 psi 

t - 0.15 in. 

d = . 0.72 in. 
a 

c' = 0.402 in. 



P , = 0.022 x 58612 x 0.15 x (0.72/(0.72 - 0.402)) x 0.812 
'riv 

= 356 lb /rivet 



From Grumman Corporate Titanium Test Prograir, 5/32 Dia. NAS 1200 
rivets of A286 material have an ultimate tensile strength of 1100 lbs. per 
rivet .*- Criterion is satisfied. 

The shank tensile strength of some steel rivets is available from 
Grumman Report SAR-71-1, page A-k. Tensile strength for Hi-Lbk fasteners 
is available in MIL-HDBK-5, ' page 8-85. Sheet pull-through strength for 
fasteners is given on page B6. 12. 4-10. 
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B6.11.6 Failure Stress of Stiff ener 

Four "pure" modes of stiff ener failure may be identified j buckling, forced 
crippling, twisting, and bending (Euler column). In general, the latter three 
pure modes will interact to give a stiff ener failing stress which decreases 
with increasing buckle length in the complex manner illustrated in the following 
sketch. 

Although most thin gaged stiffeners will have local strength greater than 
its local buckling stress, local buckling of the stiffener elements (other than 
attached flange) is considered to be a failure mode in stiffened panels. The 
philosophy of "Sturdy Stiffeners", that is, stiffeners unbuckled at ultimate 
load, is required to prevent coupling with the wrinkling mode. If the stiffener 
web is permitted to buckle at stresses less than the wrinkling stress (determined 
in B.6.U.5) the equation for the down spring, ^1, is incorrect. The presumed 
support for the attached flange in the derivation of 1/11, is essentially a 
straight, unbuckled (and therefore rigid) web. This is clearly not the case with 
a buckled stiffener web. 



At short buckle lengths, of 
the order of the stiffener 
depth h, the failure will be 
by forced crippling ■ (caused 
by wrinkling of the sheet). 
As the buckle length is in- 
creased, the torsional mode 
may be encountered and finally, 
if sufficiently long buckle 
lengths can be present in the 
panel, the flexural failure 
mode will predominate. For 
assymetric stiffener cross- 
sections the flexural mode 
will couple with the tor- 
sional mode. 



Buckling of the Stiff ener . Elements 



u 

a ao 

<u C in 

<H «-4 to 

<W i-l 0) 

•i-l «H U 

4J <3 4J 

V) <M II) 



,Stif!fener local buckling F. 

/■■■'■ D 



or P lw ■ 
•v!-V-™- - -■■■Pfc-~ 



; \ . flopped crippljing F fc 



S fC^, Bending jF. f 




Buckle Length \ 



The determination of stiffener buckling stress presented in the following 
applies only to stiffeners attached to a plate. It is a specific adaptation 
of Section Bk and in no way is it to be interpreted as an alternate to the 
general case presented in that section. 

For this case, the stiffener local buckling strength is based on the free- 
standing elements of the member. The attached flange is not to be included in 
this calculation. The weighted average method or the curves of buckling coef- 
ficients, if applicable, of Bh are to be used for these calculations. 

The stress in the attached flange (component parallel to axis of stiffener) 
is assumed to be equal to the stress (edge) in the plate. This stress is po- 
tentially higher than the buckling stress on the flange analyzed as a hinged - 
free element. The load carrying ability of this element is therefore deter- 
mined from an effective width of flange acting at the plate edge stress. This 
effective width can be determined from: 
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).62t a . Jg/F e 1 

* 1 + 3/7(F /F„ ,) (n ' 1) 



> d .<eff) " °'" u a " " — < d fl (12) 

e"0.7' 

The effective load carrying area of the stiffener, A , is therefore 
equal to: s 



A s = A s (gross) + (d a(eff) " d a } \ 



Exarrole 1 



Find the local buckling stress of the 
stiffener section of the example of B6.U.2. 
The material is annealed 6 AL-J+V titanium 
alloy sheet. The edge stress, F e , is 
110250 Psi, page B6.ll.6-12. 



Referring to Blf.12-1, with 

t^ = .10 h - 2.0 



.72" 



(7 



"fr 



= .10 



d fr = 'T 2 



.10 



— 2.0 



.72 
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For the weighted average method: 





Hinged 


Fix 


.ed 


Element 


b 


t 


b/t 


K 


crel 


K 

■■ 


crel 


2 
3 


2.0 
0.72 


0.1 
0.1 


20 
7.2 


3.62 
0.384 


147500 
120470 


6.31 
1.15U 


362000 
\ 



crel 



^0.7 

F cr/ F 0.7 



147500 x 2.0 + 120470 x 0.72 
2.0 + 0.72 

1140,1400 psi 

140700, F crel /F 0>? = 1.00 
O.91 from Bl. 50.1-1 



Stiffener local Buckling stress F^ =0.91 x 140700 
128000 psi > F 

e 

Determine effective width of flange: 



110250 psi from B-6.11.6 



d a(eff) = 0 ' 62 - 0 



.10 ^(16~ 



.3 x 10 b /H0250) 1 + 3/7/ 110250 

\ 1140700; 

= O.7I4 > da = 0.72 

Compute A s (stiffener effective area) 
A s = (2.0 + 2 x 0.72) x 0.10 = 0.31*4 in. 2 

Example 2 

Increase attached flange dimension to 1.25 in. and repeat determination of 
stiffener buckling stress and effective properties. 

F b = 128OOO psi (same as previous example, since dimensions of 

free-standing elements were not changed) 

Effective width of attached flange of F Q = 110250 psi 



*a(eff) 



- O.7I4 in. 



A = (2.0 + 0.72 + O.7I4) x 0.1 = 0.346 in.' 

s 
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Forced crippling of the stiffener 

In the wrinkling mode the buckles run across the stiffeners and distort the 
attached flanges of the stiffeners. At failure the buckle becomes almost cylindri- 
cal and the lateral loads forcing the attached stiffener flange to conform to the 
buckle shape become sufficiently large to destroy the ability of the stiffener to 
carry further load. When the sheet is loaded to the stress \( c y it will impose 
lateral deflections on the stiffener attached flange. 

This deflection will cause transverse bending stress in the flange. Therefore 
if the flange is to provide adequate support to the sheet loaded with axial stress, 
the bending stress cannot exceed the allowable bending stress for the flange. 
This allowable stress must account for the presence of the axial stress. 

The analysis for this failure mode is based on the same criteria that estab- 
lishes the attachment rivet tensile strength requirements. The net load applied 
to the stiffener by the sheet is: 



P 

a 



» 0.022 ib^t (ppi) 



where 



ii> 2 is from Equation (3) 

t = sheet thickness inches 



For Z section stiffeners, the critical bending moment is at the rivet 
attachment line and is equal to: 

a 2c + d a + myyj 

The allowable bending moment can be determined from page 36.12.k-6. To use 
this figure, replace fsTmax wit* 1 ? e * 

The allowable bending moment is: 

M = H.F .t 2 /k.O (!5) 
cy a 

where , ^ . . 

H is from page 36.J.2.4-6 

F cv is the stiffener material compressive yield stress. 
t a is the attached flange thickness, 

Equations (13), (lk) , and (15) can be used to determine a value of F e for 
which % ^ M equal. This value of F e can then be considered as tne 
allowable stress for the forced crippling failure mode. In this case tae 
critical element is the stiffener attached flange. This mode is identif ied as 
F f . The use of these equations in the forced crippling failure analysis is 
illustrated in the following example. 

The flange bending moment m , for ether stiffener sections may be derived 
as shown in GAC Report SAE-71-1- 3 
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Example. ; Part 1 

Find the forced-crippling "bending moment and allowable bending moment for 
the example of B6.11.2. Use the limiting edge stress of 110250 psi due to 
stiff ener failure, page B6.ll.6-ll. 

^ = 58612 psi t = 0.15 in. F = 110250 

2 e 

d o = 0.72 c* = 0.402 in. F = 13 8000 

t D /t =1.0 h = 2.0 in. 

From Equation (13) 

P = 0.022 x 58612 x 0.15 = 193 ppi 
a 

- iqo v 0.^02 (1.5 x 0.102 + 2 x 1.0) 
"a " 2 x 0.1*02 + 0.72 + 2 x 1.0 

= , 57 in. lb/in 
For Figure 5, page B6.12.4-6 

F e / F cy = H° 2 5 0 /138000 = 0.800 

H = O.U92 

M ~ 0.^92 x 138000 x 0.10 2 /4 = 170 in.#/in. > m o . 

Forced crippling is not critical at this axial stress of 110250 psi. 

Determine the axial stress, F fc , that will cause a forced crippling 
failure of this stiff ener. 

HxF x t 2 = H x 138O0O'x 0.1 2 

M = cy a 

^ j. 

345 H 

Set the applied moment equal to the allowable moment and solve for-H. 

345 H =57 
H - 0.165 

From Figure B6.12.4-6, the allowable axial stress can be determined. 

F e /F cy = O.96 

F fc = F e = °«96 x 138000 
= 132500 Psi 

Forced crippling is not critical as a stiffener failing stress and 
therefore not a limiting edge stress. 



*G AC 401 0 
2-74 



B6.ll.6-5 



DECEMBER- 1982 



GRUMMAN AE^iSaKftSSK iSQJEI^lSJlHAirOOR!) 



STRUCTURES MANUAL 



Flexure /Torsion failure 'of the stiffener 

The coupled flexure/torsion failing stress of the stiffener may be calcu- 
lated by assuming that the stiffener, with some adjacent sheet, acts as a strut 
which is restrained against twist by the "buckled sheet. The failing stresses of 
this strut in the pure f lexical and pure torsional modes are first calculated, 
assuming the stiffener cross-section to be unbuckled. The failure stress in the 
coupled mode can then be derived from the two "pure" failure stresses and a 
coupling parameter. 

It should be noted that the presence of the sheet moves the locations of 
both the neutral axis in bending and the axis of rotation in torsion away from 
those for the stiffener alone. The method and graphs given in this section are 
applicable only to stiffened sheet and must not be used for columns. 

a. Pure Flexure \ 

The elastic failure stress in pure 
flexure is given by the Euler Equation: 



"fat, 



^ EI ^ff 

2. 
\ A eff 



(16) 



F^ can be obtained from Bl.JO.^ 
using the value of T| appropriate to 
a column. 

If the skin buckles at a stress F, 
before failure, then the moment of 
inertia I e ff and the area A eff are given 

*y . " 



cr 



L eff 




A- 



(17) 



*eff 



= A s + 



where 



ly, = moment of inertia of stiffener about sheet middle plane 

I s = moment of inertia of stiffener about an axis through the 

stiffener centroid parallel to the sheet middle plane. 
A s = effective stiffener area (see page B6.ll.6-1) 

Ap- b = "tangent" area of sheet = bt(b eff '/b) 



*pc 



= "secant" area of sheet = bt(b ef f^j) 



b eff /b and b eff 'A> ^ f" om figure 5 



The moment of inertia Igff is given in Figure 7 for panels with Z-Section 
stiff eners. (Figure 7 can also be used for hat-section stiffeners as shown). 
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A requirement of stiffened panel analysis is proof that the stiff eners are 
adequate to ensure straight node lines, at the stiff eners up to the ultimate level 
of tS applied load environment. This requirement is customarily expressed on 
term^ o? ? , the Stio of the stiffener EI to the plate stiffness bD In the 
cSfofp^els loaded only, in compression, it is not necessary to perform this 
cKck because satisfaction^ of the Euler column requirements wall provide the 
stiffener inertia dictated by the y criteria. 



b. Pure Torsion 



The elastic failure stress in pure 
torsion is given by: 



J tel 



= ^t_ = GJ + ET(ttA) + k(\/nV 




The plasticity correction factor T| for the 
wire torsion mode shall be obtained from 
31.50.^-2. 

For closed-section stiff eners the stress 
given by Equation (l8) is usually very 
high, and its effect on the coupled 
failing stress can be ignored. 

For an OT>en-section stiffener, an approximate value for the St. Venant 
torsion constant J can be obtained by treating the stiffener section as * 
nSer of Sat rectangular elements, of width d and thickness t, and calculating 
the sum J = E dt 5 /3 or for all the elements. 

The presence of the sheet changes the axis of rotation in pure tjlattag- 
For stiffen^ alone the axis passes through the shear centre of the stiffener 
cross-secKon; the effect of ?he skin is to restrain the axis * rrtalaoato 
lie in the plane of the skin. The torsion-bending constant r and the P° lar 
moment of inertia I p about this " restrained" axis can be obtained, for Z-section 
stiff eners, from Figures 8 and 9 respectively. 

The stiffness k represents the restraint against twist afforded to the 
stiffener, and is given by 



= k s k p/ (k s + V 



(19) 



ainst twist in local deformation of the stiffener and 



where k is the stiffness at— 

is obtained from the following and is similar to the wrinkling spring of Bb.ll.2--i. 



k su " i*< W- ) h/t w ; + i2c'+d a j/t a - (20) 

E 1 (21) 
k sd = lUW ) h/t w J e + {2r + c'yt a - 

Enter Figure 3 with the ratio :-? 3U A ad ^ ° btain *ft> z to calculate k s from: 

k s " k su' */* 2 <22) 
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and kp = stiffness against twist of the sheet along the stiffener line 
= |j£ (0.3 + 0.7 F e /F cr ) 



(Zk) 



If the bracketed term in Equation (2^) exceeds 3, then the value = 3 should 
be used. 

The expressions given in Equations (22) thru (2h) are approximations which 
are valid for long buckle lengths. They are usually sufficiently accurate for 
practical purposes. 

Coupled Flexure/Torsion 

The coupling between the flexural 
and torsional modes is expressed in 
terms of a "coupling parameter" ? 
■which may be obtained from Figure 10. 



The coupled flexure/torsion 
failing stress F ft is then given 
by Figure 11, entering with % 
and F j? (or Ft/Ff) , and. ob- 
taining the ratio Fft/Ft (or 

Fft/ F f ) • 




If the stiffener has an axis of symmetry normal to the sheet plane (such 



as 



I, hat, or Y section stiff eners) then the coupling is zero. 



If one "pure" 



failure stress is very much higher than the other, than the coupling can be 
ignored and failure will occur in the mode with the lower failure stress. 

When using Figure 11, the 'pure' node failing stresses, F fel and F tel , must 
be calculated for the same buckle length X. In order to determine the critical 
stiffener stress it is necessary to calculate the coupled failure stress *ftel 
at the buckle lengths X = L/j where j is all integer values from 1 to L/Xn + 1. 
L is the pin end column length, usually the rib-spacing and ^ is the natural 
buckle length for the torsion mode. This buckle length is: 



X = tt 



(ET/k) 1 



(25) 
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Since the stiffness kp and the effective areas Ape and Ap D of the sheet 
depend upon the peak stress F e in the sheet, it is necessary to solve the coupled 
flexure/torsion stress F ft by iteration. Assume a value of Ff% to start the 
iterations. Let F e equal this value and determine Ap C , A^, and kp. Compute 
j» pn fl P. . . Perform coupling analysis with these elastic stresses and then 
apply appropriate plasticity correction to obtain P^. Compare this value with 
assumed value. If it agrees, this is F^. If not, repeat cycle with revised 
assumed value of Fff Continue this process until agreement is reached. 



The plasticity correction factor T| for the coupled flexure-torsion 
mode shall he obtained from B1.50.U-2. 



Example : 

Find the coupled flexure/torsion failing stress of the stiffener in the 
example of B6.11.2. The panel length between pin-ends is 20 inch. 



fr 



b 
B 



= 0.72 

= 0.72 

= 2.0 

= U.O 
= 0.0 



fr 



we 



fr 



= 0.1 
= 0.1 

= 0.1 

= 0.15 
= 0.0 



0.402 



i 



.72 



fr 



= 0.72 x 0.1 + 0.0 = 0.072 sq.in. 



.15 



3E 



.10 - 



k 



= 0.72 x 0.1 + 0.0 = 0.072 sq.in. 
A s = 2.0 x 0.1 + 0.072 + 0.072 = 0.3IA sq.in. 
A = 0.072 - 0.072 = 0.0 

(d ftr t fr + B^) / ht We = (0.72 x 0.1 + 0.0)/2.0 x 0.1 = O.36 

To begin the iteration, assume ? e = 100,000 psi 
From B6.11.2, shortwave buckling stress F cr = 786OO psi 

G cr = 78600 / E / (31 - 1)\ 

E s(e) /E =1.0/ (1.3/7(100000) ) =1.00 



-.72 -4 



2 

3 1... 1 



2 nd Iteration 

(uo,o6o) — 



140700 ' 

/. e cr /e e .. = 78600/100,000 = O.786 _ 

From Figure 5, b eff /b = 0.885, h eff 'A = 0M6 

A . = O.I+76 x lf.0 x 0.150 = 0.286 
pb 

Ap C = 0.885 x k.O x 0.150 = 0.531 



(0.992) 

(0.720) 
(0.885), (0.U70) 
(0.282) 

(0.513) 
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a = (A s + b) = (0.344 + 0.0) « 1.20 

(A pb - a) (0.286 - 0.0). C 1 - 22 ) 



the effective moment of inertia I = 5.32 x 2.0 3 x 0.1/12 « O.355 in* (.355) 
the torsion-bending constant r = 0.216 x.72 2 x 2.0 3 x .1/3 » 0.0299 in^ (.355) 



from Figure 7, 
the effec 

from Figure 8, 
the torsi 

from Figure 9, 

the polar moment of inertia I p = 2.22 x 2.0^ x 0.1/3 = O.593 in (.593) 

the St. Venant torsion constant J = (2.0 + 0.72 + O.72) x 0.1 3 /3 = 0.00115 in* 

from B6.U.2, 

the short wave buckling stress F cj> = 78600 psi 

from Equations 20 and. 21, the stiffness against twist in local deformation of the 
stiffener 

k = 16.3 x 10% p^l 3 , = 1290 lb in/in 

SU 4(1 -0.32 ) (2.0 + 2.0 x 0.402 + 0.72) 

k = 16.3 x 1Q 6 = 1677 lb in/in 

4(1-0.32^) (2.0 + 3.0 x 0.402 - 2.0 x 0.25 

For a buckle length \ = panel length L = 20.0" 

from Equation 16, F^ = n x 16.3 :■: 10 x 0.355 = 163200 (166600) 

20.C 2 x (0.344 + 0.531) 
from Bl.20.2 Reference stress F Q ^ = 140700 psi 

Stress-strain parameter n = 31 

Elastic buckling stress F fel 163200 , 

Reference stress S F Q<7 = 140700 = ±m± ° u,xo; 

from Bl. 50.4 Buckling stress _ _ Q gg 2 (.89) 

Reference stress 3\ „ 

Failing stress in pure flexure F f = 0.882 x 140700 = 124100 psi 



(125200) 
the 



from Equation 24, the stiffness against twist of the sheet along the 
rivet line k = 16.3 x 10 6 x .15 3 / + 0>? x 100,000 \ = ^ lb ^ (5870 

3 x 4.0 \ 78,600 J 



3 x 4.0 

k su /k sd = ^O/i&TT = 0.77 

!i/0 o = 1.14 From Figure .'. 

k, = k ii>/0 = 1290 x i.l4 = 1471 
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From Equation 19, k = (1471 x 546o)/(l471 + 5460) = 1160 lb in/in 
Determine natural wave length 



1* 



(14.18) 



= 14.22 

L/X K = 20.0/14.22 = 1.406, j = 1, 2 
Check F tel for X = L and L/2 
from Equation 18 j with G = E/2(l + v) = 6.18 x 10 psi and 
for X = L = 20.0 

= 6.18 x io 6 x 0.00115 + 16.3 x io 6 x 0.0299 (fl/20) 2 + ll60(20/n) 2 



■tel 



0.593 

= 12000 + 20300 + 79300 = III600 psi (112500) 

= L/2 = 10.0 



Determine F tel for X 



-tel 



= 6.18 x 10 6 x 0.00115 16.3 x 10 6 x o.o299(n/(io.o) 2 +n6o(io.o/n) 2 



O.593 

= 12000 + 81200 + I98OO = 113000 psi (113200) 
Do coupling at X = 20.0 

From Figure 10, the coupling parameter = 0.115 

F tel/ F fel = IU-60O/1632OO =0.683 
From Figure 11: 

Coupled Flexure/Torsion Elastic Stress F f1 . el - 0.98 x UI6OO 



■ A", 



= 109400 psi 



r ftel' J 0 . 7 = 109400 /140700 

F ft/ p o.7 = ( Frcm Bl. 50.4-2) 

? ft a 0.777 x 140700 = 109400 psi 



= 0.777 



(0.098) 
(0.675) 

(110250) 
(0.783) 

(0.783) 
(110250) 
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Summary of Failure Mode Stresses for Example of B6.11.2 



F. (Inter-rivet buckling) » F _ 
xr u,/ 

F (Wrinkling failure stress) 
w 

F, ( Stiff ener local buckling) 
b 

F,. (Stiffener attached flange 
fc forced crippling) 

F ft ( Cou P led flexure-torsion) 



- 123500 

= 128000 

= 132500 

« 110250 



B6. 11.3-1 
B6.ll.5-5 
B6.ll.6-2 
B6.ll.6-4 

B6. 11. 6-10 



From this summary it can be determined that the limiting value of. 
edge stress is 

F = 110250 psi 
e 

Determine the compression loading and average panel stress at failure. 

F _ 110250 (0.344 + 0.855 x 4. x 0.15) s ]QQ]0Q 
4 x .15 + .344 

The compressive loading in the panel at failure is: 

= F (A /b + t ) 
P s 

= 100100 x (0.344/4 + 0.15) 
= 23620 
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Figure 7 Moment of Inertia I e of Stiffened Panel 



I 



we | i * 



A fr= d frfr + B fr 

A = ri t + B 
a a a a 

A = nt + A : A,, 
s w H 

A = A - A 
£r a 



'fr 



rr 



a= ( 



A + A 

- ) 

A . - A 



20 



!tl- 

.4- t - « — i — - 1 ' i ' 

. .1 : .l..i -J..-1-i-J 

. M ....l + iJ .ju. 



eff 12 



T 



j . ,. ; ; . 



-"-■f-f-t-T V "r 

"J.I i iU-L 



, , J -J--H— 4 44- 
..j_L. l i-f-i U. rH-'-*-'-H »- 

,..|.j_l.4. 4 ,i_^-i-|_..- t -.. T -H - 

... |. L.;.._j_}4-|.-i-.-i-i- 1- 



1 • r* 1 



a = 0 




•T4" 



d, t _ + B 



fr 



ht 



Ref: J.H. Argyris "Flexure Torsion Failure of Panels" 
Aircraft Engineering, June - July 1954 
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Figure 8 Torsion Bending Constant T for Z-Section 
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Figure 9 Polar Momeat of Inertia I p of Z-Section Stiffener with Equal Flanges 




Ref: J.H. Argyris "Flexure Torsion Failure of Panela" 
Aircraft Engineering. June - July 1954 
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Figure 10 

Coupling Parameter £ for Z-Section Stiffeners with Equal Flanges 



■fr 



we 



fr 




Ref: J.H.Argyris "Flexure Torsion Failure of Panels" 

Aircraft Engineering, June - July 1954 
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ft 



Figure 11 

Reduction of Failing Stress Due to Coupling of Flexure and Torsion 
= failing stress in combined mode 
= failing stress in pure flexure 

■ failing stress in pure torsion 

■ coupling parameter (from Figure 11) 



at wavelength X 



1.0 



0.2 



OA f t 0.6 



O.o 



1.0 



0.6 



0.6 



o A 



0.2 - 




Ref: J.H. Argyris "Flexure Torsion Failure of Panels" 
Ai-rcraft Engineering, June - July 19 5^ 
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B6.11.7 Computational Procedure 

The following sequence for the complete strength analysis for a stiffened 
flat panel in compression is suggested: 

1. Determine the Local Buckling Stress Coefficient K from Figures (1) or 
(2) of B6.11.2 or applying the method of BU.12. 

2. Calculate the effective stiffness 0 from Equations (2) and (3) and 
Figure ( 3) • 

3 . Calculate the effective stiffness parameter tytf/U D from Equation (k) 

h Determine the Minimum Short-Wave Buck ling Stress Coefficient K cr from 
Figure (U) using the values of K from step 1 and i/jb-VIl'+D from step 3- 

5. Calculate the Elastic Short-Wave Buckling Stress F crel from Equation (l) 

6. Determine the Plastic Short-Wave Euckling Stress F cr from Bl. 50.1-1 

7. Calculate the Elastic Inter-Rivet Euckling Stress F irel from Equation (5) 

8. Determine the Plastic Inter-Rivet Buckling Stress F ir from Bl. 50.2-1 

9. Calculate the Elastic Wrinkling Failure Stress F. rfel from Equation (9) 
or (10). 

10. Determine the Plastic Wrinkling Failure Stress F , * from Figure 
31.50.^-2 and F„ from F y(c) and R. Check sheet P 6r B6.ll.5-7. 

11. Calculate the Elastic Local Buckling Stress of Stiffener F bel from 
• 36.11.6. 

12. Determine the Plastic Local Buckling Stress of Stiffener F fe from 
Bl. 50.1-1. 

13. Calculate the Forced Crippling Strength of Stiffener F fc from 
Equations (13), U^) and 

lh. Calculate Geometric Properties of Stiffener /Buckled Sheet Combination . 
Effective width of sheet; b e ff/ b and D e ff'/ tl from F1 6ur e 5 

(a) "Tangent" area of Sheet A p b = C° efi: 'M- bt 

(b) 'Secant' area of sheet A^ c = ( b eff/b^' d1; 

(c) Effective moment of inertia I eff from Equation 17 or 
Figure 7 , 

(d) St.Venant torsion constant J (= Zdt /3) 

(e) Torsion bending constant T from Figure 8. 

(f) Polar zoment of inertia 1^ from Figure 9. 

15. Calculate the Local Torsional Stiffness of Stiffener k gu and k. d 
from Equations (22^ and (23). " 
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B6.11.7 Computational Procedure ( continued) 

16. AsBume a Peak Stress in the Sheet F , which must be less than the 

inter-rivet budding stress F lr from e step 8 and less than the 

compressive yield stress of the 6heet material F . 

cy 

17. Calculate the Twisting Stiffness of the Sheet k p from Equation (2k). 

18. Calculate the Effective Twisting Stiffness k from Equation (19). 

19. Calculate the Natural Wave Length * N from Equation (25). 

20. Calculate the Length Ratio J from J <= 1 to L/ X jj + 1 ( J is an Integer) 

21. Calculate the Elastic Pure Flexure Stress P- , from Equation (l6) 
for all values of j. 



22. 



Calculate the Elastic Pure Torsion Stress F from Equation (l8) 
for all values of 1. tel 



for all values of J . 

23. Determine the Coupling Parameter § from Figure 10. 

2k. Determine the Coupled Flexure /Tors ion Stress from Figure 11 

(Elastic) for all values of J or for the obviouscritlcal value. 

25. Calculate the Plastic Coupled Flexure /Tors ion Stress Fft 
Bl. 50.1-2 or El. 50-4. 

26. Repeat Bteps 16 through 25 until the assumed F = F^ 

e ft 

27. The Failing Stress of the Panel F Is: 

'- ■ a 

The average stress from Eauation (7) with F equal the minimum 
of F ir (Step 8), F„ (Step 10), F b (Step 12), F,„ (Step 13) or 
F ft (Step 26). 

28. Calculate the Required Rivet Tensile Strength from B6.11. If this 
criterion is not set, the panel will fail shortly after exceeding F 
from Step 6* and not achieve the strength Indicated in Step 27. 

29. Calculate the Average Stress at Failure F p from Equation (6). 
;0. Calculate the Failure Loading ? « ( F B a s ^ F a bt) 
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B6.12 FLAT STIFFENED SHEET IN SHEAR 



INTRODUCTION 



A diagonal-tension beam, or flat stiffened shear web, consists of a rela- 
tively thin plate with stiffening members designed to carry shear loads applied 
in the plane of the web sheet. Although the physical behavior of such a struc- 
ture is well understood, neither the complex state of stresses after initial 
buckling nor the ultimate strength can be predicted by exact theory. The gen- 
erally accepted method of analysis and design has been the one presented by 
the NACA in 1952 [P. Kuhn, J. P. Peterson, L. R. Levin, "A Summary of Diagonal 
Tension," NACA TN 2661 and 2662, May, 1952]. It is a semi-empirical method 
based on tests on the types of diagonal tension beams used in aircraft at that 
time. 

The method of analysis given on the following pages is basically the 
HACA method, but with modifications which make it more up-to-date, more exped- 
ient and applicable to various materials and types of construction. (The 
development of these modifications are discussed in "Instability and Failure 
Analysis of Flat Stiffened Plates Under Shear," R. T. Ratay, GAEC Structural 
Mechanics Note No. lU, November, 1968, and in Grumman Aerospace Report 
SAR-77-2, "The Analyses of Shear Panel Stiff eners with Emphasis on Forced 
Crippling," E. R. Ranalli and F. E. Bunce, December. 1977.) For users accus- 
tomed to the previous issue of this section of the manual the most significant 
changes are: 



0 Calculation of Actual Stiffener Stresses using full 

rather than effective stiffener area 
0 Prediction of Forced Crippling Allowables of stiffener 

attached leg (valid for either buckled or unbuckled 

webs ) 

0 Required Rivet tensile strength consistent with above 
forced crippling Analysis and fastener tensile strength 
data for prediction purposes. 



Experimental verification of the method consists mainly of the NACA tests 
[NACA TN 2662] which involved parallel flanges, open-section, uniformly 
spaced vertical stiff eners, flat web sheets, all of 7075-T6 and 2024-T3 
aluminum alloys, and the following dimensional limitations: 115 < h it < 1500, 
0.2 < d /h e < 1.0, t gT /t > 0.6. * 

It should be considered a mandatory design practice not to violate the 
t ft ratio, that is, the stiffener attached flange thickness should not be 
less than 0.6 of the basic web thickness. 

Recommendations for the application of this method to chem-milled sheets 
with lands and to integral construction are given under the Special Conditions. 

A computer program, named DITEN3, will be available to perform the com- 
plete analysis. The program and user's information will be on file in the 
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Structures Section ["A Program for Post-Buckling Analysis of Stiffened Flat 
Plates Under Applied Shear." Grumman Aerospace Report SAR-78-2, F. E. Bunce, 
A. J. Davidson, December 1978 ] This program is currently on the Structures 
Section B-disk, complete with control EXEC DITER3. 

Attention is directed to selection of an apparently unconservative value 
of ta or f" sfe in the farced crippling analysis. The reason why the lower 

value of t a or correspondingly the higher value of ? B f C is selected is that 

■empirical data correlation gives two distinct solution regions. It can be 
shown that the above choices give the correct solution values. 
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SYMBOLS 

A Cross sectional area, sq. inches 

A Stiffener area including effective width of web, sq. inches 
ST t 

d Stiffener spacing, inches 

d Land width at stiffener, inches 

D Plate bending stiffness, Eb^'lZ (l-u ), also Fastener diameter, inches 

E Young's modulus, psi 

EE Stiffener attach rivet edge distance, inches 

f Applied stress, psi 

F Allowable stress, psi 

G Shear modulus, psi 

H Bending modulus reduction factor due to presence of orthogonal 
compressive stress 



h 



Effective stiffener height, measured between capstrip centroids, 



e inches 
h Width of land, at beam flange, inches 



t k 

I Moment of inertia, inches 

I Stiffener moment of inertia including effective width of web, 

ST t inches^ 

K Buckling coefficient 

k Diagonal tension factor 

jt' Effective pin-ended column length, inches 

OD Rivet offset dimension, inches 

P Applied load, pounds 

p Net load applied by web to stiffener, ppi 

q Running shear load, ppi 

R Stress ratio, applied stress/critical buckling stress 
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t Thickness, inches 

U Buckling ratio, Strength Ratio 

y Stiffener centroid location from web interface, inches 

a Angle "between neutral axis of beams and direction of diagonal 

tension, degrees 

Y Ratio of stiffener bending stiffness to plate bending stiffness, 

or angle of shear deflection, explanation in text 

T| Plasticity correction factor 

v Poisson's ratio 

Subscripts : 

a Stiffener attached flange 

all Allowable 

axial Inplane axial stress 

b Bending 

c Compression 

cr Critical (buckling) 

cy Compression yield 

DT Diagonal tension 

IDT Incomplete diagonal tension 

PUT Pure diagonal tension 

t Total, when used with stiffener, indicates property includes 
effective width of sheet 

el Elastic 

fc Forced crippling 

ft Flange 

I Land 

max Maximum 

min Minimum 

o Buckling stress or stress ratio in uniaxial stress field 
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req Required 

riv Rivet 

s Shear 

ST Stiff ener 

ss Simple support 

tu Tensile ultimate 

ty Tensile yield 

su Shear ultimate 
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SPECIAL CONDITIONS 


lands on chem-milled web sheets (Ficure l.e^ Improve the Rt.TPngf.h nf 


panel. For the steps of the analysis procedure, explicitly involving the 


land, the following recommendations are made. Include effects of the land in 


the following steps of the procedure: 


Step 1.) 


for calculating the active cross -sectional area 
of stiff eners (and flanges) plus effective width 
of sheet, i.e., use A gT ;+ (t^ - t)d^ + effective 
width of sheet. 


Step 9- ) 


for prediction of allowable web stresses, increase 
the values given by Figure 10 by 10$ provided the 
thickness of the land, tg, is greater than the 
basic web thickness, t, increased by the factor 
1/[1 - rivet diameter/ rivet pitch]. 


Step 10. b) 


for column failure of the stlffener, i.e., do in- 
clude the land in A gT , 'l gT and p gT . 


Step 13.) 


for computing load on rivets, i.e., do not include 
the land area in A gT . 


When dealing with integrally stiffened web sheets (such as on Figure l.b^ the 


following modifications in the analysis procedure are recommended: 


Step 9.) 


for prediction of allowable web stresses, the 
values given by Figure 10 are conservative because 
of the absence of rivet or bolt holes, therefore 
increase the allowables of this figure by 10$. 


Step 10. ) 


forced crippling failure is not considered a pos- 
sibility in integral construction. The limit of the 
stiffener's capacity is its column strength (in 
interaction with local buckling), as determined 
in Section Bk. 1*0-5- 


Steps 12 
to Hi.) 


applying to riveted connections are not applicable 
here. 
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COMPUTATIONAL STEPS IN ANALYSIS 



1. Basic dimensions and geometric properties 
INITIAL BUCKLING STRESSES: 

2. Initial web shear "buckling stress F__ . initial web axial 

scr 

buckling stress (if combined load problem) . 

INTERNAL STRESSES : 

3. Diagonal-tension factor k 

k . Angle of diagonal-tension at^ 

5. Maximum web stresses; shear f _ „,„„ 

6. Stiffener stresses f„„ and f„„ mov 

7. Flange stresses 

8. Equivalent web shear modulus (if needed) 

ALLOWABLE STRESSES: 

9. Web F 

s all 

10. Stiffened F g fc , F q &u 

11. Flanges F fjt all 

ATTACHMENT ANALYSIS (Rivets) 

12. Shear load, web to flange rivets, 

13. Shear load, stiffenr to flange, . Pg T 
Ik. Tension load, stiffener to web, p 
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PROCEDURE OF INSTABILITY & POST-BUCKLING ANALYSIS 
l) Establish "basic dimensions and geometric properties: 

A fl> A ST A ST > I ST» PST* EI ST/ d 33 
t t 

Determine the required EI„ T /dD from: 

bi t 

Y s = (EI /dD)req = 30 (h J a) 2 - 10 (l + h Jd) (i) 

This -value will ensure node lines at the stiff ener at plate buckling. 
This requirement is considered essential where significant compressive 
stresses in the stiffeners are due to externally applied loads, or if it is nec- 
essary to achieve the full value of plate buckling (straight node lines). 

Test data of NACA TN 2662 indicates this value of Y is conservative for 

s 

post buckling strength analysis of beams where the only significant stresses 
were shear induced. These tests indicate that for a structure loaded in shear 
only, the following limiting value of EI gT /dD from B6.12.^-U for clamped ends 
is considered adequate. This value of EI g * /dD will not give simply supported 
buckling, the coefficient for this case must be obtained from Figure 2. 
When calculating J gT for this check, use effective width of sheet = gd. 

Note: on actual aircraft, combinations of bending-stiff and bending- flexible 
stiffeners are sometimes used. This case, however, requires that additional cons- 
ideration be given to the bending moment in the beam flange of such designs. 

Should the problem of combined shear and in plane axial stress exist, 
the minimum value of EI gI must be increased to account for the presence of 

dD 

these additional stresses. In the case where the inplane stresses do not 
add axial load to the stiffeners: 

EI ST t EI 
Y s = dD for shear frcm Equation (l) and Y bx1qX » ST t for the 

dD 

axial stress in the web and is equal to: 

Y axial = 39 (h/dTT) 1 * (2) 
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The value of the required \ under combined load is then 



'axial 



W C Y s ( V U > +Y axial (R axial' 
and U are discussed in the next section. 



(3) 



INITIAL BUCKLING STRESSES 

2) Determine initial shear buckling coefficient K scr from Figure 2. 

ss 

The elastic shear buckling stress is: 



F , « K E (t/d) 

scr el scr „ ' 

ss 



Determine the inelastic shear buckling stress F from page Bl. 50. 3-1. 

o 

Note that the value of K at El/dD = 00 can be approximated by the 

scr 



following parabola: 



ss 



K = 0.90U (Md/h ) + 5-3^) 
scr e 
ss 



(5) 



If the structure to be analyzed is subject to combined load as indicated 
in the following sketches, further steps are necessary to determine the ini- 
tial buckling stress, otherwise proceed to page B. 6. 12. 1-11. 

Combined Loadings 

The occurrence of other inplane loading conditions, axial stress and 
bending stress are common occurrences in aerospace shear structures. These 
typically would appear in free body diagrams as: 




b 



The influence of these stresses on the initial buckling stress can be accounted 
for by determination of the buckling stress for the cast of combined bending 
and direct stress from Page B5.H»13.2, and then interacting this stress with 
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the shear stress by the following suggested interaction equation. The value 
of t is the maximum compressive fiber stress. 

R = f /F 

axial ~ c' axial and 
o 

R = f /F 
s s' scr 

o 

F axial 53 K axial E ^/h e ) 2 H ( 7 , 
o 

A 

where K axial 13 K from page 85,11.13-2,3 and ^ is the plasticity correction fac- 
tor from page Bl. 50.1-1. 

It is now necessary to calculate the buckling ratio U under combined loads. 
U may be determined by substitution in the interaction equation above. The 
following equation results: 

U " R axial/2 + V (R axial/2> 2 * \* < 8 > 

When the axial stresses are primarily tension (i.e., a > 2 see page B5. 11. 13-3) 
the reduction in the shear buckling due to axial stress is reduced. For a 
greater than 3 this reduction in the shear buckling stress can be ignored but 
must be included in web combined strength analysis (see equation A-0 page 
B6. 12. 1-13). If the web is completely in nonuniform tension the shear buck- 
ling stress will be increased. This effect, while not strong, can be accounted 
for by using appropriate interaction equations from section BS, Grumman Struc- 
tures Manual and page B5. 11. 13-2, -3 with sign of R exial negative (indicating 
tension). 

It is now possible to determine the initial shear, buckling stress under 
combined loads by the following: • 

F = F x (R /U) (9) 
scr scr s 
o 

It is realized that other factors can effect the determination of the 
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PsnTKDURE OF INSTABILITY & P0ST -3IICKLING ANALYSIS (CONT) 
critical buckling stress . The primary effect being that of edge restraint. 
This effect has net been included because it is believed that it is signifi- 
cantly complex to a point that benefits of edge restraint will be outweighed 
by the difficulties in their accurate determination. However, if this situ- 
ation demands investigation of this effect, the user is directed to Structural 
Analysis Report SAE-77-2, Appendix B. 

3) Determine f s /F scr and then rHaponal-tension factor k. from Figure U, or: 

k = Tanh (0.5 log (? S / F scr ) 5 (l0) 



k) Calculate angle of rfiagonal-tension g^p 

Calculate the angle of pure diagonal tension, ar ?m> from: 

Tan^ - (1 * h e t/2A ft )/(l * dt/A^) 

(or use Figure 6) 
Determine frcm the following interpolation: 

* dt - kf - k(U 5 ° - a ?BB ) ■ (12) 

(The straight line approximation gives slightly low values but less 
than 5i in error for k^/i t * 0.1. The lowest possible values of 
<* occur at A^/l t « 0 and A^/ht = ») 

5) Compute stresses in web : 
Maximum shear stress in web. 

where 

c, -Ci/siaaa^. - i] (i 1 *) 

C is from Figure 7. (web stress magnification due to bending 
2 of flanges) 

6) Compute compression srress in stlffeners due to diagonal-tension: 

k f tan ct~„ 

f = 5 — ^average along stiffener) (,15) 

ST A = _ 

- 0.5 (1 - k) 

at 
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PROCEDURE OF INSTABILITY & POST- BUCKLING ANALYSIS (COOT ) 
Maximum stress at mid-height: 

f ST max = ^ f ST jim/'sT* f ST U6) 

•where 

f STma:/ f ST ^ from Figure 8. 
7) Compute stresses in flanges due to diagonal tension: 
Compression 

f ft = (k f 3 cot a^/teAfJht + 0.5(1 - k)) (IT) 

Bending moment near stiffeners 

M ft = C 3 1c f s t d 2 tan * DT /12 (18) 

where 

C 3 is uniform-load reduction due to tending of flanges (Figure 7.) 



8) If required the equivalent shear modulus is determined from 

:ot 2 or^ 

(19 



4; - * 21^7 



L tan 2 ^.* . cot 2 « m 



sin 2 3* CT + o.5(l-k) -JhT + °' 5(1 - k) . 

A reasonably accurate Value of G/G^ can be obtained from Figure 9. 
Overall shear deformation of buckled web is estimated as: 

Y IDT = f s' /G IDT 

ALLOWABLE STRESSES AND MARGINS OF SAFETY 

Determine Allowable Stresses and Margins of Safety- 
Because of the non-linearity of the structural behavior subjected to 
this type loading condition, the true margin of safety can only be obtained 
by an iterative calculation that will arbitrarily increase the applied 
load to such a level that the allowable stress at that level and the internal 
member stress are equal. The true margin of safety is then the ratio of 
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the increased applied load to the condition applied load less 1. This of 
course is a time consuming process unless a suitable computer program is 
available, and is not recommended for hand calculations unless circumstances 
demand it. Rather, it is considered acceptable to use the allowable stresses 
and applied stresses at the condition level as the indication that the part 
in question has adequate strength for its design condition. This margin 
should not be used as an accurate predictor of the total strength of the 
structure. However, margins of safety indicated in this section of the 
manual will be of this type. 

9) Web 

Allowable maximum web shear stress F q from Figure 10. 

F 

s all 

M. S. on web failure = 1.0 for the shear only case. If 

s max 

there are inplane axial plus shear stresses the web strength can be 
determined from the following criteria: 

M.S. on web failure = 1. ^ ^ ^ + [f flxial /F tu ] 3 ' - 1.0 

where fg^ai ^e maxinu 111 axial stress in web (tension or compression) 
at rivet attachment line (see sketch on page B6.12.3-l). 



10) Stiffener Analysis 

a) Local buckling check 

Calculate the local buckling stress of the stringer cross section 
by the method of B.l| using pages BU.ll, 10-1,2, and 3 if applicable 
or B^.12-1 thru -5 for arbitrary sections. After determining 
the elastic buckling stress , apply the plasticity correction 

factor of Bl. 50.1-2, giving F , the allowable buckling stress of 
the stringer section. Do not use crippling; stress in this cal- 
culation. Local buckling margin of safety is 

M.S. = F /f -1.0 

c cr' ST max 
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b) Allowable average compression for column failure of stiffeners 
(buckling out* of the plane of web): 

Single stiffeners — find buckling stress F ^ of stiffener 
with effective pin-ended length = h^/2 from the formula: 

F cr el = 113 E W 4 * 3 V 
t t 

Use B1.50.1|-l in plasticity correction to obtain F . . 

C £lxX 

f ST = f ST 0f Step 

avg 

F 

c all 

M.S. on column failure = — - 1.0 

ST avg 

Double stiffeners — find buckling stress F , , of double stiffener 

c all 

with effective pin-ended length ■{,' from column formula and B1.50.1»-l. 

I' = hj 1 + k 3 (3-2d/h e ) but not to exceed h g 

F 

c all 

M.S. on column failure = - 1.0 

ST avg 

c) Allowable web load to cause forced crippling failure of stiffener 
attached flange. 

For a defined structure (i.e., an existing design) the allowable shear 
load that will cause a forced crippling failure of the stiffener attached flange 
can be determined from the following equation for the normal load applied to 
the flange by the web. 

p/q = C 1 + C 2 [(q/q cr ).(4i u /lOOO)] V 3 (A-l) 

p = Normal load applied by web to stiffener, see sketch, pg.. B6. 12.1-18 
q = Applied web shear flow. 

q cr = Shear flow in web at buckling under combined load. 

^ u = Stiffener attached flange up-spring, see SAR-77-2, page 9. 

If an allowable value of p is substituted in Equation (A-l), that equation can 

then be solved for q, which is then the allowable web shear that will cause a 

forced crippling failure of the stiffener flange. The solution to the equation 

for allowable forced crippling shear is given in Figure 12 in terms of the 

allowable stiffener normal load V Q jj L i the up-spring i/)^ and the web buckling 

shear flow q (= F t). 

^cr scr 
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The allowable stiff ener flange normal load is determined from: 

H F t a 
_ cy a 

Pal1 = k CD 



(A-2) 



where H is obtained from Figure 5, page B6.12.U-6. The shear flow to cause the 
forced crippling failure can then be determined from Figure 12, page B6.12.U-11. 
The web shear stress to cause forced crippling is then: 



's fc 



(A-3) 



d) Stiffener attached flange thickness t^, req uired for forced crippling. 

In the design case, Equation (A-l) may also be used to determine the thick- 
ness of attached stiffener flange required to prevent a forced crippling fail- 
ure. In this case it is necessary to know the applied shear flow q, and the 
buckling shear flow q cr - After substituting the appropriate allowable flange 
bending stress and geometric quantities into Equation (A-l), a quadratic in t g 
is obtained. This equation has the following solution: 

v 1 "I l /» 



a 



( 



C 2 [ (f 3 /F scr ) !; 000(1 . v a) ^(m+S). 



) 0T?(CD-hED) 



13/3 c. HF 

+ -i — zcy 

f t CD 

s 



(A-U) 



H F 



zsy — 

2 CO f 



For single stiffeners C. = -O.C46i and C 2 = O.Ck2€2k t 
For double stiffeners C, = -O.ChOO and = 0.037 

Substitution of these constants in the above equation and adapting the 
following shorthand, for single stiffeners is obtained: 



AA = (H F )/(h CD t fj 
cy j 



3R, = 2. 77x10 " 3 



■-/a 



. CD 3 ( QD+ED) "scrJ 

*a = ^ BB 1 + V 3B '~ " °' likk ^ V(2 AA) (A-5) 
The attached flange thickness t^, shall also meet the following requirement 



037 f t CD 



V 0.569 f t CD 
^ 
.1 r 
cy 



(A-6) 
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PROCEDURE OF INSTABILITY St POST- BUCKLING ANALYSIS (CONT) 
For double stiffeners, the following is obtained: 



AA = (H T )/(k QD t f s ) 



BB 2 = 2.U2xlO" 



"^(OD+ED) scr. 



1/3 



t = [BB 2 + yj BB| - 0.160 AA ] /(2 AA) 



(A-7J 



The attached flange thickness t , shall also meet the following requirement: 

Q 



i.oV — 



029 f t CD 

__J < t < 2.0 

H F a 



cy 



3275 f t CD 
s 



H F 



(A-8) 



cy 



M.S. on forced crippling = F g f(j /f s -1.0 
11) - Flanges 

The allowable jaaximum stress for combined axial ccmbre3sion and flexure 
(due to M f ^j should be taken as the compression yield of the flange 
material F . Local and overall stability of the flange should also 

be considered. p 

M.S. on compression yield = - — s — T , '1-0 

1 ft t B -fl A 



where 



f . „ - is flexural corn-ore ssioa stress from M . (Step 7). 
ft 3 * 2 ^ 

f . - is axial ccnroression in flange due to overall bending 
ft A 

of beam. 



ATTACHMENT ANALYSIS 

12) Design the web-to- flange rivets to transmit the following shear: 
=U, = f t (1.0 + Q.klk k) 

~"f\* s 
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13) Design the stiff ener to flange rivets to transmit the following load: 

P = f A 
ST ST ST 

In Grumman designs it is customary to include as part of the stiffener- 
to-flange riveting the rivets attaching the stiffener to the portion of 
the sheet which can he considered to act as a corner gusset. 




In designs where wet stiff eners are not riveted to the flange there is 
a possibility of twisting failure in the flange. Therefore, the flange 
should be stabilized against twisting by having a reasonable number of 
stiff eners connected to the flange, or in any other appropriate manner. 



Ik) The stiff ener-to-web rivets must satisfy the following criteria: 

a) The rivet pitch must be small enough t 0 prevent inter-rivet 
buckling of the web at a stress equal to f gT (See Step 6). 
The inter-rivet buckling curves are given on page B6.ll.6-5. 

b) The required rivet tensile strength shall be determined from 
the following: 

For Single Stiffener s (one attached flange) the net load applied to the 
stiff eners is: 

p = f g t( -0.0U61 + BB^ t Q ) (A-9) 
p also must satisfy: 

0.037 f s t < p < O.569 f s t ( A _io) 
For PouMc £'. tiff oners (? attached flanges) the net load p per flange is: 

p = f s t( -0.01+0 + BB 2 t fl ) (A-ll) 
p also must satisfy: 

0.029 f s t < p < 0.3275 f g t (A-12) 
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The rivet tensile load (pounds per inch) can be determined from the following 
equilibrium diagram. 



tP riv 



•riv 



(OD + ED) 



ED 



(A-13) 



It is expected that the rivets selected that will meet the tensile re- 
quirement will be used in the normal structural close fitting hole. This 
will ensure adequate shear connection between the stiff ener and web. Rivet 
tensile allowables are given on Figure U and pages B6.12.2-6 and B6.12.3-8. 
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EXAMPLE ANALYSIS PROBLEM 



Consider a diagonal-tension beam vith a 7075-T6 bare aluminum alloy 
web stiffened by 1" x 5/8" x 1/8" angles of 7075-T6 bare aluminum alloy, 
with the short leg attached to one side of the web. The beam flanges, 
2-2" x 2" x ^"/.s, are attached on both sides of the web. The applied 
shear load is P=37-5 kips. Dimensions are given below. 

1) Basic dimensions and geometric properties: 



d = 
\ = 
A 3T = 



11.. 58 in. 
7.0 in. 
0.125 in. 

0.1388 in. 2 
2.32 in. 2 



t = 0.104 In. 



V = C.;58 in. 



I 3T = 0.019 ia. 



ED = .298 
0D = .26U 



t_ = 0.313 la- 
ir 



I including effective width of web = 0.5d 
ST,. 

Effective width = 7.0 (0.5) 
= 3*50 in. 

Centroid of combined section is 0.140 in. from mid plane of web. 
Total section area is .5528 in" 

1 = .0190 + (3.50 x .ic4)(.l4o) 2 * -1B88 (.358 + .104/2 - -i40) 2 = 

x ST t y VJ 0.04027 

EI ST /dD « E x 0.04027:: 12(l-.2 2 )/7 x 2 x (0.104) 3 
* = 56.848 

From Fig. 2 This will provide simple support 

CALCULATION OF STRESSES: 

2) Initial shear buckli.-j; stress, 
d/h = 7.0/11.53 = 0.604 



scr 



6.15 .'figure 2) 



ss 
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EXAMPLE ANALYSIS PPOBLEM (COMT ) 

f , = 6.15 x 10.5 x 10 6 (%^) - ksl 
scr el »* u 



f = f , = 1^.3 ksi from Bl. 50.3-1 

scr scr el 

3) Diagonal-tension factor. 

f = 37.5/(11.58 x 0.104) = 31.1 ksi 
s 

f /f rT = 31.1/1^.3 = 2.17 
s scr 

k = 0.170 (from Figure M 
U) Angle of diagonal tension. 

A ST d.1888 _ . „ CQ _^ft 3 2-32 = L 93 

-dT a 7.oxo.io4 ~°' 2 - 9 TTT ii.56xo.io4 ^ 

Tan^puT - (1.0 + 2xll3 5/(1 * 0 + 1 - 0 / 0 ' 2 ^) 

^PDT = 35-50 

•= 45 -0.17(1+5-35.5) 
= U 3 .5° 

5) Maximum shear stress in veb. 

r = ,^ - i =3 c.O 

C l sin (2x43. 5 J 



cud 



=1.37 (Calculation cor shown. Formula on Figure 7) 



C 2 = .02 (from Figure 7) 

f = 31.1 ksi (1 - 0.17 2 :c 0)(1 + 0.17 x 0.02) = 31. 2 ksi 

s max 



6) Compression stress in stiff ener 

r - 0-17 x 31.1 x tan L?.5° ^ k ± 

f ST 0.259 + 0.5(1.0 - 0.17) '* w 

f = 1.32 x7.^ (1.32 is from Figure 8) 

ST 

max 

= 9.53 ksi 
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EXAMPLE ANALYSIS PROBLEM (CONT ) 
7) Stresses in flanges. 

- _ Q-17 x U.l x Cot U3.5 0 . = 1<3Q kai 
r f 1 ~ 2 x 1.93 * °^ ll— 

1.0 x .17 x 31-1 x .10^ * 7 -° 3x taa U3>5 ° = 2.13 in-kips 
M f L - ■ 12 

(C^ = 1.0 —cni Figure 7) 



6) Equivalent shear modulus. 

G/G--, a (1 " O- 1 ?) * 
■ IDT 



2 ,., c o 



2l 



0 i" r ^ tan & ^3.5' 

^^IsIT&r 04 " 2-259-0.5ll-O.17; 



Cot d -^.5 

2 x 2.25 + 0.5U-0-17J 



= 1.19 



Overall shear deformation of buckled web is 



11.1 



Y IDT = k.O x 10° 



x 1.19 = 9-25 x 10" 



ALLOWABLE STRESSES: 

9) Web allowables. 



*s all 
F ty 

F s all 



= .512 § k = .17 

= .=12 x 67 = 3 u -3 ksi (Figure 10 



= ~ = 1.15 



F ty 07 



MS = -1 = 0.099 

31. £ 



10. a) Stiffener Local Buckling 



T 

l.Cl 

JL 



ko.625-J^" 



' cr el 



3.7 



MS 



= 140.5 ksi 



c9«*- "Si 



[Method of B^.12-l) 



69. k ksi (31.;C.l-2* 
69.4; ?.33 = - .-jnple 



•etc »OI 0 

I- J* 
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10. b) Column Failure 



EXAMPLE ANALYSIS PROBLEM (CONT) 



f<-m = 7.kk «si 

ST ayg ' 

I at (k = 0.17) = 0.0388 in 
t 

A ST = 0.1*909 in 2 

t n a Ex 0.0388 



c all el (11.58) a XO.U909 

F =65.5 ksi (31. 50.4-1) 

c a IX 

MS = 65. 5/7 M ~ 1.0 a Ample 



245 ksi 



10. c) ALLOWABLE SHEAR FOR FORCED CRIPPLING FAILURE 

This shear is determined by use of Figure 12. In order to use this 
figure, the following items must be calculated. 



H = O.96 from Figure 5 

_ 0.96 x 67000 x 0.125 3 



From Equation (A-2) 



"all ~ 4 x 0.264 

= 952.0 

From the reference on page S6.12.l-lU, the up-spring for an angle section 
is determined to be: 



■a 
OD 



i 6 
*u 10.5x10 

icoo = 1+000(1-0.3* ) 



_(1 f H33/QD) 
0.125 



0.264 



= 143.9 

14300 
1487 ppi 



J i- 



(1.0 + 0.298/0.264) 



q = 14300 x 0.104 
^cr 



For Figure 12, ■ u -all 
1C00 q „ 



143.8 x 952 
!4o7 



= 92 



From Figure 12, l^J^,-- = 3.85 
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ANALYSIS PROBLEM (CONT) 



a fc = 3.85 x 952 
= 3662 ppi 

F - = 3662/0. loU 
5 rc 

= 35230 psi 



The forced crippling value is - F s all and therefore this panel is 
a balanced design. 

11) Flange allowables 

Numerical calculations are nox given here. The computations of 

t f and local instability of flanges depend very much 

r fXA' L fi 3 " 

on their shape, attachment 'to the sheet, and the primary axial 
stresses in the flange. 

ATTACHMENT ANALYSIS : 

12) The web-to-flange rivets must transmit the following running 
shear 

q = (31.1 ksi)(C.lC4)(l + O.klk x 0.17; = 3-^6 kips/in. 

F 

13) The stiff ener- to- flange rivets must transmit the following load 

■?-„ = (7.1*5)(.lfiB8) = kips 

Ik) a) From page E6. 11.^-1 we see that the stiff ener-to-web rivet 
spacing necessary to prevent inter-rivet buckling of the 
web at the sxress f_ T ^ = 9-83 ksi exceeds practical upper 

limit of rivet spacing (7 to 8 diameters). 

b) The required tar. rile strength of the rivets is from 

3B 1 = 2. 77x10 " 3 10.5xlO 6 x (31OOO/lU300)/(0.261t 3 ( 0.26U+0.298) ) :/ 

= 2.2693 



3 



•SAC <«IO 
1-7* 



— 36.12.2- 5 — 



NOVEMBER 1966 



GRUMMAN JLaKS J>^=a 




STRUCTURES MANUAL 



EXAMPLE ANALYSIS PROBLEM (COMT) 



Ik) a) Rivet tensile strength (Cont.) 
P = f s t (.Q.OWl + BB 1 t fl ) 



Equation (A-9) 



p = 31100 x 0.10U x (-0.01*61 + 2.2893 x 0.125) 
= 776 lb/in 

p = 776 x (0.2& + 0.298)/0.298 Equation (A-10) 
= lk6h ppi 

5/32 inch diameter Cherry Buck (l60 ksi Titanium) or ftick 
Blind Rivets (Monel or A286) are possible canditates for this 
for this application. The fastener shank strength is 1650 lbs 
for the Cherry Bucks and 1200 lbs for the Huck Blind Rivets. The 
sheet pull-thru strength for either fastener can be obtained from 
Figure 11, page B6.12.t*-10. 

For D/t = 0.156/0.104 



Fastener pull-thru strength = 1.11 x 0.156 3 x 77000 

= 2060 lbs 

The fastener shank is critical and the required spacing for the 
Cherry Buck fasteners is = 1650/1U6U 



= 1.50 



PAD 3 F tu ) = 1.11 



( from Figure 11) 



= 1.13 inch 
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EXAMPLE DESIGN PROBLEM 
Problem: Determine shear structure member sizes for the following geo- 
metric and load environment: 

From the applicable internal load anaVO'-, ^ fo.Uay.1n;: lon.is are deter- 
mined for two possible critical conditions: 





Landing Condition 


Flight Condition 


q (shear flow, ppi) 


U500 


2200 


f (Beam bending at extreme fiber) psi 
b 


± 10500 


± 55000 


f (Beam axial stress) psi 
c 


- 5000 


- 5000 



The following is the geometry available at this time of design: 

. 2 

h = 17.0 in. 



A f-(= .839 in.' 



I c = I T = .310 in. 



Extreme fiber stress 



Material 7075-T6 Aluminum Alloy 



F tu = 77 ksi 

F =68 ksi 
cy 

F = U7 ksi 
su 

F o „ = 72.9 ksi 
o. ( 




17.0 in 



= 27 (for extrusions) 



1.50 in 



r 





Axial Stress- 
in Web for 
Combined Stress 



1.50 in 



For illustration purposes a stiff ener spacing = d = 6.0 in. is used. 
The stiffeners are extruded sections of 7075-T6 material with corner 
radius = 0.125 in. Initially assume OD = 0.310 and EE = 0.3^2 based 
on 5/32" attachments. 

Start problem by assuming a value of k which will give an allowable 
shear stress and first approximation of sizes, using the larger (land- 
ing condition) shear flow. 
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Assume the diagonal tension factor k = 0.2, then from Figure 10, 

F -./F = 0.506 and 
s all' cy 

p = &.k ksi 

s all 

The bending stress at the rivet attachment line = 10500 x (^-l^xa) 

= 8650 psi 

Since there are axial stresses present, determine the allowable working 
shear stress from Equation [A-o] by setting U = 1.0 (M.S. = 0.0). 



( f B Y , ^ 8650 + 5000 \ 2 , n 



f s = 33800 
This will require a web thickness of 

t = U5OO/338OO = O.133 in. Before proceeding with stiff ener analysis, 
it is necessary to perform a complete web buckling analysis including 
the axial stress effects. 

K - 5.28 from Figure 2 for d/h = 6/17= 0.352 

S CV/ \ ' ' 

(ss) 

F o = 5-28 x 10.5 x 10 6 (0.133/6.0) 2 « 27,2lf0 psi 

s c el 

For the figure on page B5. 11. 13-2, d/h g = 0.352 and 
a- = (10500 + 5000 - (-10500 + 5000))/(l0500 + 5000) => 1.35 ■ 

K axial " 20 '5 

F axial = 20,5 x 10 ' 5 x 106 ( ) = ^-S 200 P si 

R = 33800/272t*0 = 1.2M 

R axial = (1050 ° + 5000)/13200 = 1.174 

u = ^ + /^m^ + 1#2Ul 2 

= I.96O 

F s h 272UOx I# =172 5° 
cr p 
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STY AMPLE DESIGN PROBLEM (COHT ) 

f / F = 338OO/1722O = 1.959 , * 3 Tanh(o.5 x Log 1-959) - 0.15. 
s 3cr 

For F su /F tu = 0.61 and F^/F^ - 1.13, the shear allowable is 0.515 x F^ 
= 35020 from Figure 10. With 8650 + 5000 pal axial stress, the working 
shear stress is 3*500 psi from Equation (A-0). The web thickness is 
1*500/3^500 = 0.130 inches. ' 

This only 2i thinner than gage used to this point and is considered 
adequate to proceed with t = 0.133 inches. 

^..^n, stiffe — >***<>™ ***** thickness for for.Pd cripplinff from 
equation [A- 5 J 

. Assume K - 0.90, £ s /? scr a L -959 

AA = (0.9 x 68000)/(4 x 0.31 x 0.133 x 33900) 

= 10.979 <t , o VI \^ 

3B 1= 2.77 x 10- 3 {[(10.5 x 10^)/(o.310 2 (0.310 + 0.3*3))J- 1-959 ) 

= 1.910 

t ' = (1.910 +/1.910 3 - O.-zkh x 10.979) /(2.0 x 10.979) 



a 

= O.lU? ir.ch 



Determine lim it value frsm Equation (A-Q _^ 

2.0^(0.037 x 33800 x 0.133 x 0.3lO)/(o:9 x 68000) < t fl < 

0.058 < t < 0.228^ ^2.oJ(0.569 x 33800 x 0.133 x O.310)/(0.9 x 68000) 

a w 

.\t = 3.1U5 inch 
a 

Determine buckling ratios for th e flight ccntition: 
R s = (2200/0. 133 )/272^0 =0.607 

>y S = ( 55000 + 5000 - (-55000 5CO0))/(55000 * 5000) = 1.83 and 
from B5.H.13-2, K axiQ i 3 26 ' 6 

f , , = 26.6 x 10.5 x 1a 1 x 

axial - J 

» 17095 psi 

55000 + 5000 _ , =1 
a axial * 17095 " 
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EXAMPLE DESIGN PROBLEM (COHT) 



= 3.612" 

F = 27250 x * U58O From Equation (9) 

s cr 

f = 2200/. 133 = 165^0 
s 

f /F = 3.611, k = 0.272 



s' s 
cr 



l^termlne stiffener fla n qa thicknes s for forced crippling.: 
Equation [A-l] 

AA = (0.9 x 68000)/(* x 0.310 x 0.133 x 165^0) 

= 22.1+36 . 
BBl- 2.77 x 10" 3 { (10.5 x 10 6 )/(o.310 2 (.310 + 0.3*3)) ' 3-611 } 

= 2.3U2 

t =(2.3l*2 +/^.3U2 ) 2 -0.ifcWx 22.*36)/{2.0 x 22.U36) 

a 

= 0.0/8 inch 
.*. Landing condition is critical 

Since simple support was assumed, the stiff ener has to meet the following 
moment of inertia requirement. 

Required Y = EI- /dD = 30 (17/6) 2 - 10 (1 + 17/6) Equation (l) 
z = 203 

Required = 39 = 26 

Y req - («3 . * * - 1* 

The Y required for the flight condition is 55 and is not critical. 

For v = ll+U, determine I™ required from = ^y^J^ 

req t 

! st = (lUk x 6 x 0.133 3 E)/(12(1-0.3 2 )E) = 0.188 
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, EXAMPLE DESIGN PROBLEM (COST ) 
This inertia can be provided by the following section: 

±- 1 r- a st u 0.?.U?7 

I ST = 0.1015 

I ST ^= 0.1887 




ST 0.i'4c'7 

dt~ = 6 x 0.133" 



0.371 



Web Strength 
Determine maxima stress in web: 



W 1 + 1/(2 x 0.371) 
na H3T " V 1 + 1/ 0 . 2C*» 



C l = 



-1 « 0 



sin(2xU.l; ) 
u-'d = sin kk.ii x 6 

= 1.U09 
C„ a 0.02 



f = 33800 x (1 - .15 x 
s 

= 33900 psi 
F s ^ = 35020 

ms = 35020/33900 - 1.0 
= 0.033 



V £x. 310x17.0 



- deg 



a DT = 45 - 0.15 (1*5 -^-7) 



* Note: These ^iiensicns from 
psge B6.12.3-7. 



0.02) 



or 



/3j800f + ( 5 ^° - ^ C0 Y =0.963 

1 35020/ \ 77CC0 ; 



\35020y 

543 " v^fe - 1 = °*° 19 
Stiffener/Shee-c Rigidity ratio 
y = 12(1 - 0.3 3 ) x 0.1337 *(6.0 x 0.133 3 ) 
= 1U5.98 
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EXAMPLE DESIGN PROBLEM (CONT) 



Stiff ener Stress 

From previous page, " nT = ^k.h deg. 



33800 tan kh.h 0 x .15 
f 3 t = " .32 + 0.5(1-.15J 

•= - 666k psi 
= - 666Ux 1.1+7 (Figure 8) 

f st max 3 " 9796 wl 

Above stiff ener section was sized so that all elements have buck- 
ling stresses the order of yield stress and is therefore not 
critical for local buckling. 

Stiffener Column Allowable 



F 



c all 



el 



tt 2 x 10.5 x 10 x .188 

(17/2 ) 2 



= 269700 



For page 



B1.50.U-1, F 




= 269700/72900 =3.699 




= O.96 and F 



c all 



= O.96 x 72900 = 69960 psi 



MS = (6998O/9796) - 1 = Ample 



Riveting Requirements 

Calculate net load applied to stiffener from equation [A-9] 

p = 33800 x 0.133( -O.Cl+61 - 1.910 x 3.11*5) 
= 1039 PFi 
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EXAMPLE DESIGN PROBLEM ( CONT ) 

0.31 + 0.3^2 
P riv - 1039 x 0.3^2 

= 1980 PPi 

This loading can be readily satisfied by a 3/l6 inch diameter steel 
or titanium shank fastener at slightly greater then one inch pitch. 
Tbi.3 change from the assumed 5/32 inch diameter fastener will change 
the stlffener dimensions critical for forced crippling as well as 
the riveting requirement itself. 

Resize attached flange thickness for ac tual dimensions: 

The calculations for this change of rivet size will be based on 

the following stiffener attached flange. 

O.069 
.125 \2-' k0 % 



— 0.76r~H = ED + CD + 0.069/2 
Along with this dimensional change and with the stlffener web 
defined, the value, of H can now be determined 

For Figure 5= 

F /F = 9800/68000 = 0.1U5 ED - .U05 = 2D + 1/32 

e' cy 

H = 0.96 OD = .322 - 0.7D + R+ 1/16 

Repeating the calculation for t & , Eqn. [A-2] 

AA = (O.96 x 68000)/ (14..0 x 0.322 x 0.133 x 33800) 
= 11. 27^ 

1 

3B X = 2.77X 10" 3 { ( (10.5 x 10 6 )/(0.322 2 (0.322 + 0.U05)))' 1-960 } 3 

= 1.797 

t a = (1.797 + A. 797 s .- O.iekh x 11.27*0/(2.0 x 11. 27*0 
= 0.127 in 

Determine limit value from Equation [A-6] 

2.0 (0.037 x 33800 :c 0.133 x 0.322)/(0. 96 x 68000) < t fl < 

0.057 < t < 0.225 2.0 (0.569 x 33800 x 0.133 x 0.322)/(0.96 x 68000) 



.*.t = 0.127 inch 

a 
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EXAMPLE DESIGN PROBLEM (COHT ) 
Repeating riveting requirement : 

p = 33800 x .133 { -0.0461 + 1.797 x 0.127.} 
= 822 ■ ppi 

822 x (.U05 + .322) 
?riv = 0.405 

= 1475 #/ln. 

Available choices in high strength 3/l6 attachments are Cherry 
3ucks, Hi Lots or Huck Blind rivets or bolts. 
For Cherry Bucks or Huck Blind Bolts fastener strength is 
2^00 lbs. 

For Hi Loks l600 pounds for standard aluminum collars 

or 2750 pounds with steel collars or MS210U2 nuts 
For Huck BUnd rivets 1500 pounds 
The sheet pull thru strength is: 

D/t - 0-1875 = ^ yes ? a for protruding head, steel fasteners 

0.133 D'T^ 

or P = 1.19 x 0.1875 2 x 77000 = 3220 pounds 
Using Hi Loks with aluminum cellars 

Required Pitch -35^ = 1 -0fl2 inches 
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Fig. l„a Geometry of Typical Plane Diagonal-Tension Beams 
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Figure l.h Dimensions for Integrally Stiffened Beams 
(Two Configurations Shown) 
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Figure l.c Attached Stiffeners with Landed Sheet 
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Figure 3 Approximate Minimum Flexural Stiffness of Stiffeners to 
Enforce Nodal Lines at Shear Buckling 
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FJEGUHE 5. FLANGE ALLOWABLE TRANSVERSE BENDING MOMENT 
VERSUS LONGITUDINAL COMPRESSIVE STRESS RATIO 
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Figure 6 Angle of Pure Diagonal-Tension 
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I , I_ are moment of inertia of compression and tension 
flanges about centroid axis normal to web. 

Figure 7 Stress Concentration Factors 
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Figure 8 - Ratio of Maximum to Average Stiffener Stress 
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Figure 9 Effective Shear Modulus of Diagonal-Tension Web 
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Figure 10. Allowable Maximum Web Shear Stress, F s ^ 
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Figure 11 Normalized, Tensile Pull- Thru 
Strength of Rivet Type Fasteners 
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ANALYSIS OF ALUMINUM ALLOY WEBS WITH LIGHTENING OR ACCESS HOLES 

The dieal construction for most shear -carrying beams is a tension field 
beam (imperforated web, flanges and stiffeners), designed by the method given 
on pages B6. 12. 20-1 through -20 in the Structures Manual. However, in some, 
cases it is advantageous, and in other cases necessary, to incorporate circular, 
flanged holes in the beam webs. These cases come under two main categories. 

I. Lightly loaded or very shallow beams: In such cases it may not be 
practical to construct an efficiently designed tension field beam 
because of minimum gage considerations and other restrictions due 
to the small size of the parts involved. It may then be advanta- 
geous from a weight standpoint to omit web stiffeners and, instead, 
introduce a series of Grumman standard flanged lightening holes, 
G-H11F, in the webs. 

II. Moderately or heavily loaded beams with access holes: Where it is 

necessary to introduce access holes into the web of a shear-carrying 
beam, a light, low cost construction is obtained by using a flanged 
hole with web stiffeners between the holes. 

Methods for designing these two main types of perforated webs are given 
below. These methods are based on a generally conservative evaluation of the 
data and design procedures given in the following references: 

References 

(1) Sweden, SAAB TN-29, "Experimental Investigation of Shear Strength 

and Shear Deformation of Unstiffened Beams of 
2kS-T Alclad with and without Flanged Lighten- 
ing Holes", by G. Anevi 

(2) NACA Report L-323, "The Strength and Stiffness of Shear Webs with 

Round Lightening Holes having ^4-5° Flanges", by 
P. Kuhn 

(3) NACA TN-2661, "A Summary of Diagonal Tension", by P. Kuhn, 

J. P. Peterson and L. R. Levin 

Sy mbols 

The definitions of the symbols used in the analysis are as follows: 



A o 


Stiff ener area, in. 2 


b 


Lightening or access hole spacing, inches. 


V 


Stiff ener dimension, inches. 


b o2 


Stiffener dimension, inches. 


b 

s 


St iff ener spacing, inches. 


d 


Rivet diameter, inches. 


D ■ 


Lightening or access hole diameter, inches 
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Symbols (Cont . ) 

0 Ultimate allowable web shear stress of a shallow beam without 

holes, psi. 

F s Ultimate allowable shear stress on gross section of webs with 

holes , psi. 

F gu Ultimate allowable shear stress of web material, psi. 

f Applied shear stress on web gross section, psi. 

f s ne t-i Wet -section web shear stress on horizontal section through 
holes, psi. 

^Snet-S Net-section web shear stress on vertical section through holes, 
psi. 

fs ne t-3 Net -section web shear stress through attachments, psi. 

h Web height, inches. 

H Total beam height, inches. 

I Moment of inertia of stiffener about its center of gravity and 

parallel to the skin line, in.^ 

Correction factor for unstiffened webs with holes. 
K 2 Correction factor for stiffened webs with holes. 

Kj. Net -area correction factor for web to flange riveting, 

q Applied shear flow, lbs. /in. 

q r Design shear flow for riveting, lbs. /in. 

s Rivet spacing, inches, 

t Web thickness, inches, 

t Stiffener thickness, inches. 

t e g Equivalent -weight web thickness, inches. 
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I. LIGHTLY LOADED OR VERY SHALLOW BEAMS 

The following two types of beam construction are considered. The Grumman 
standard flanged lightening holes, G-H11F, are centered and equally spaced. 



■cap centroid 



rivet centerline 




BEAM TYPE I 



BEAM TYPE II 



Note: H/6 is the assumed effective depth of cap. 

(1) The limiting conditions for the design curves given in Figure 1, page 
B6. 12. 30-14 are: 



•25 * £ < .75 
•30 < £ < .70 



ko < A < 250 
.016 < t < .125 



(2) The ultimate allowable gross shear stress of the perforated web is 
given by: 



F = K, F_ 
s lo 



(1) 



where Kj_ and F 0 are given in Figure 1, page B6.12. 30-lk. F 0 is the 
ultimate allowable web stress of a shallow beam without holes. 

(3) To cover the case of large or closely spaced holes and rivets the net 
shear stresses should be calculated. These values must not exceed F 



s net-l 



= 1. 

t 



'S 



net -2 



_ q 



b 
b-D 

h 
h-D 



(2) 



(3) 



su 



f - q 

s net-3 K r t 



CO 



^^Jrrimmn n 
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where 



Kj, = 1.0 for beam type I 



s-d 



for "beam type II 



(k) Because of the non -uniformity of stress caused "by the holes, the web- 
to -flange riveting of the type II beam should be designed by the 
greater of: 



q r = 1.25 q 



or 



(5) 



q r = -67 



p 
b-D 



q 



(5) The equivalent -weight web thickness of a plane web beam with lightening 
holes is given by: 



t = t 



.785 

h b 



(6) 



For a given web height (h), web thickness (t), and loading (q), the equiva 
lent-weight web thickness (t e q) will be a minimum when the hole diameter and hole 
spacing are chosen so as to lie on the curve for optimum factor in Figure 1, 
page B6. 12. 30 -ill-. The lightest possible beam of height (h) that can support the 
loading (q) will be obtained by assuming various values of (t) and repeating the 
above procedure to obtain the corresponding minimum values of (t e g) . One of the 
assumed values of (t) will give the absolute minimum value of (teq) and, there- 
fore, the lightest beam. This generally will be a beam where D/h is approxim- 
ately 0.25 and D/b is approximately 0A5. This pro ceedure is used in example(2) 

It should be noted that if the web height (h) , hole diameter (D), and load- 
ing (q) are given, then the lightest beam will be obtained when the hole spacing 
(b) is such that D/b is approximately 0A5. 

II MODERATELY OR HEAVILY LOADED BEAMS WITH ACCESS HOLES 

A sketch of the type construction considered in the design of moderately or 
heavily loaded beams requiring access holes is given below. The access holes are 
centered between the single angle stif feners and are formed from the Grumman 
standard lightening hole series, G-H11F. 




+ + 
+ + 



+ + + 
+ 

+ 




+ + + + 
+ + + 



+ + 
• + + 



+ + 
+ 




+ + + + 
+ + + + 



+ +\ 

+• + 



rivet c. g. 
center line 



+ + 
+ +1 



h 



1 
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(l) The following limiting conditions must be satisfied when using the 
design curves on Pages B6. 12-30-14 and B6.I2.3O-I5. 

(a) .025 < t < .125 

115 - - 1500 
.235 ^ ^<i.o 

(h) To prevent net shear failure between holes, the maximum hole size 
in relation to panel rectangularity is given by: 



-g- < .85 - 0.1 



h 



(7) 



It should be noted that a staggered arrangement of holes between 
panels is preferred to having them in a single line. 

(c) The single angle stiffeners must satisfy the following conditions: 

t Q > t 



A 



b t 



2. > O.385 - 0.08 



h 



(8) 



F s t b s h3 
10 8 (h-D) 



(9) 

where I 0 is the moment of inertia of the stiffener about its 
center of gravity and parallel to the skin line. 



t 0 bg2 (4b ol + b o2 ) I ~ 



Io 12 (b ol + b o2 ) 



o2 



I 



(10) 



ol 



(d) The maximum width -to -thickness ratios of the single angle stiff enerc 
are limited to: 



TABLE I 





.032 


.040 


.051 


.064 


.072 


.081 


.091 


.102 


.125 


b olAo 


12.5 


12.5 


11.5 


10.0 


9.5 


9.0 


9.0 


9.0 


9.0 


b o2Ao 


16.0 


16.0 


15.0 


13.0 


12.0 


12.0 


12.0 


12.0 


12.0 
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(2) If the requirements of 1(a) - 1(d) are satisfied, then the ultimate 
allowable gross shear stress is given by: 



F = K 0 F 
S do 



(11) 



F is obtained from Figure 1, page B6.12.30-H)-, as a function of b /t. 
K2 is given in Figure 2, page B6.I2.3O-I5. s 

(3) To provide for the non -uniformity of stress caused by the access holes, 
the following riveting requirements must be satisified. 



(a) Web-to-flange riveting. 



q r = 1.25 F t 



h 
h-D 



(12) 



(b) Flange -to -st if fener rivets are designed to transmit the following 
load: 

.0024 Ao F b T 

r st t h-D ^13) 

In Grumman designs it is customary to include as part of the stiffener 
to flange riveting the rivets attaching the stiffener to the portion 
of the web which can be considered to act as a corner gusset. (See 
Page B6. 12. 20. 1-6). 

(c) Web -to -stiffener riveting should conform to the following table. 

TABLE II 



Web thickness (t) 


.025 


.032 


.040 


.051 


.064 


.072 


.081 


.091 


.102 


•125 


Rivet 


AD -4 


AD -4 


AD -4 


AD -5 


AD-5 


AD -6 


AD -6 


DD-6 


DD-6 


DD-8 


Rivet diameter (d) 


1/8 


1/8 


1/8 


5/32 


5/32 


3/16 


3/16 


3/16 


3/16 


1/4 


Rivet spacing (s) 


1/2 


5/8 


5/8 


7/8 


3A 


1.0 


7/8 


1.0 


1.0 


1-3/8 



For single angle stiffeners, the required tensile strength of the 
rivets per inch run is: 



Pten. = 0.20 t F. 



tu 



Where F tu is the ultimate tensile strength of the web material. This 
criterion is satisfied by the above table for MS 20470 rivets. 
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(h) The equivalent-weight web thickness (t ) for a beam with stiffeners 
and access holes is given by:, ec * 



t = t 
eq 



.785 D 2 A c 



h b 



b t 
s 



(15) 



For a given web height (h), hole diameter (D), and loading (q) , the mini- 
mum equivalent -weight beam (t e q) will usually be obtained when the hole (and 
stiffener) spacing is the closest permissible value, provided the hole 
spacing criterion given in (step lb) is satisfied. The procedure to be fol- 
lowed is outlined in example (4). 
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EXAMPLES: 

1. Consider a formed channel rib that is part of a wing flap. 
S i_v =f Design q = 300 lbs. /in. 

h = 6 in., t = .032 in. 
material 7075-T6, F gu = ^5000 psi 



Can lightening holes be incorporated in this lightly loaded rib to reduce 
its overall weight? 

The desired allowable stress is: 

p s = I =M = 9375 psi 

F q = 8100 psi (Fig. lb) 
Substitution into Equation (l) yields: 

rr i 9375 , 

o 

The maximum possible value of = 0.8l (from Fig. la) 

Therefore, the magnitude of the design shear does not allow for lightening 
holes. A lighter web design could be obtained by providing uprights and 
checking the rib as a diagonal tension beam. Section B6. 12.20-1. 

2. If, in the above example, access holes are required through the web, the 
following procedure should be followed in order to find the optimum web 
thickness, hole size and spacing. 



© 


© 


© 


© 


© 




© 


© 


© 


t 


h 
t 


F o 
psi 


n. f 

0 


D 

h 


D 

b 






t 

eq. wt. 

inches 


in. 


6 


Fig. lb 


300 


(1) 


(1) 


.785 © © 


1^© 


CD x 8 




© 


© x © 


Eq. (6) 


.032 

.oho 
.050 
.06^ 


187 
150 
120 

9h 


8100 
9800 
12000 
15000 


1.16 

.765 
.500 

.313 


.270 
.^90 
.625 


.500 
.600 
.675 


.106 
.231 
.332 


.89^ 
.769 

.668 


.0358- 

.0385 
.Olj-27 



-lightest 



Dlote: 



n 0 

the value tabulated in col. © with the optimum ^ factor 
curve given in Fig. la. 
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For the lightest web design, 
t = .c4o in. 

D = .270 x h = .270 x 6 = 1.62 in. 
h 1.62 



b = 



= 3-2k in. 



Then, 



.500 .500 

Let D = 1.75 in., Standard Grumman lightening hole G-H11P-16. 



JL = iiZl = . 292 
h 6.0 y 



F = 9800 psi 
o 



K l = - 765 



From the above table. 



-g-= (Fig- la) 

b = ^Q; = 3.98 in. 

If larger access holes are required, one of the thicker webs could 
be substituted with only a slight weight increase. ' If the access holes 
are in a localized area, the overall weight can be reduced by providing 
stiffeners outside this area and chem-milling the web. This portion 
of the rib should be checked by the method outlined in B6. 12. 20-1. 

Consider the following shallow beam. 



Design q = 600 lbs. /in. 
h = 3-0 in. 
t = .050 in. 

material 7075-T6, F = ^5000 psi 



r- 



3U 



JL" 



Determine the optimum hole size and spacing. Check the riveting 
requirements. 

q 600 
F s t =.050 = 12000 PS1 



t = ~050 = ^° Therefore, F q - 22300 psi (Fig. lb) 
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Substitution into Equation (l) yields: 

F s 12000 

IF" 22300 ~ ' 0S> 
o 



h 



= .465 



-590 



Optimum K-^ factor curve, Fig. la 



Then, 



D = .465 x 3-0 = 1.395 in. 



Grumman standard lightening holes 



G-H11F-12 
G-H1IF-14 



D = 1.25 in. 
D = 1.50 in. 



Either hole diameter could be used with the appropriate spacing, b. 
Let D = 1.50 in. 



TT - o ^ 0 = 0.50 in. -^- = .55 (corresponding to 

K x = 0.538, from Fig. la) 



h 3-0 b 



b = 



■55 



1.50 
•55 



= 2.73 in. 



q. m K. F t 

allow. = 1 o 



q allow> = -538 x 22300 x .050 = 600 lbs. /in. 



Web-to-flange riveting, Equation (5) 

q r = 1.25 q = 1.25 x 600 = 800 lbs. /in. 

2.73 



q r = .67 



600 = 895 lbs. /in. 



2.73 - 1.50 

Use MS 20^-70 - DD5 Rivets at 3/4 inch spacing. 
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815 

q allow. = T750 = 1085 lbs, /in. (From MIL-HDBK-5) 
1085 



M.S. = 



895 



1 = + .21 



Net web shear check, Equations (2), (3); and. (k-) 



b - D 



2.73 



2.73 - 1.50 



= 2.23 



h - D 



3-0 



3-0 - I.50 



= 2.0 



f net -2 < f net -1 = 4§7T 
s s .050 



K r " 



_ -750 - .156 



■750 



f = q = 

s net -3 K^, t 



600 



.792 x .050 



x 2.23 = 26800 psi < 45000 psi 



= .792 



= 15180 psi < 45000 psi 



4. Consider the following deep beam used to form the closure spar on a 

wing. Three circular access holes, 5 inches in diameter, are required 
■in an area where the design shear flow equals 1000 lbs. /in. The beam 
height is 12 inches. Determine the web thickness, required stiffener 
area and spacing. 



Design q = 1000 lbs. /in. 
h = 12 in. 
D = 5 in. G-H11F-50 
Material 7075-T6", F = U50OO psi 



F- 



su 



T 

h 



Assuming the closest allowable hole (and stiffener) spacing, Equation (7) 
yields: 



D 



= 0.85 - 0.1 



_h_ 

b 



-2-= 0.85 (o-oi) 
b " b 
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The following procedure is used to obtain the lightest web thickness 



® 


® 


® 


© 


© 


© 


t 

in. 


b s 
t 


Fo 
psi 




psi 


psi 




7.3 
® 


Fig. lb 


Fig. 2 


© x © 
Eq. (-11) 


■ 1000 
® 


.072 
.081 
.091 
.102 


101 
90 
80 
71.5 


1^000 
15600 
17^00 
19200 


• 85 
•79 

• 73 
.67 


11900 
12300 
12700 
12900 


13900 
12350 - 
11000 

9800 



For the lightest web design, t = .081 in. = -^fr = 1^8 



t .081 



mr o S n 12300 , 

M.S. -— -1 = T 2% 0 --1 = -00 

s 



Required stiffener area is determined from Equation (8) 



A . = b t 
0 mm. s 



A . = .217 in 
0 min. 



385 - .08 

2 



"b " 


3" 


s 




h 





= 7-3 x .081 



■lightest 



.385 - .08 



n3 



7.3 

12 



Let t = .102 in. From Table I, the largest allowable width of stiffener 
legs is: 

b Ql = 9 x t = 9 x .102 = .92 in. 

b 0 = 12 x t = 12 x .102 = 1.22 in. 

o2 ■ o 



A = 2.1k x .102 - .218 in. 2 
0 

Therefore, O.K. 

Required stiffener moment of inertia is given by Equation (9). 



0 run. 



x s s _ 12350 x .081 x 7-3 x 12 0 _ 
3 „. ^ „„8 



= .0180 in. 



10 (h-D) 10 u x (12-5) 

The assumed stiffener inertia is computed by Equation (10) 

"0 



t _ -102 x 1.223 J (h x .918 + 1.223) . k . 

I n = 1 ^ sLi - = .0356 in. 1 therefore O.K. 

12 (.918 + 1.223) 
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Web-to-flange riveting. Equation (12) 

h 



q = 1.25 F t 



h-D 

q = 21^0 lbs. /in. 



« 1.25 x 12350 X .081 X 



12 
12-5 



Use a double row of MS 20U7O-DD6 rivets at l-l/l6 inch spacing. 

^aiiow. = ¥oir = 2230 lbs - /in - (From mil -™ bk -5) 



M.S. = 



2230 
21^0 



-1 = + .Ok 



Web-to- stiff ener riveting is obtained from Table II. Use MS 20^70-AD6 
rivets at 7/8 inch spacing. 

Flange-to- stiff ener load, Equation (13) 

-p ... .002^ x .218 x 12350 x 7.3 x 12 

r . - Ka=, /n „ c \ WOO lb s . 

st . Ool x (12-5) 

Use 2 MS 20 1 *70-DD6 Rivets. 

P . = 2 x 1180 = 2360 lbs. (From MIL-HDBK-5) 

St n 1 i,nw. 

Equivalent weight thickness of web is given by Equation (15) 



t = .081 

eq 

t = .081 

eq 



1 - 1*? X A + 



.218 



12 x 7-3 7.3 x .081 
1 - .22^ + .369 ] = .081 x 1.1^5 = -0926 in. 
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ULTIMATE ALLOWABLE GROSS SHEAR STRESS FOR ALUMINUM ALLOY WEBS 
WITH GRUMMAN STANDARD FLANGED HOLES 
G-H11F 



F = K. F 
s 1 o 




^0 60 50 100 120 1^0 160 180 200 220 240 



7 * t 

Fig. lb 



Ut/ri/ria/iz 
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1 



CORRECTION FACTOR K 2 FOR 
ALUMINUM ALLOY WEBS WITH STIFFENERS AND 
GRUMMAN STANDARD LIGHTENING HOLES 
" G-H11F 
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STRENGTH OF RIB CUTOUTS 



Assume this to be a pinned-c lamped 
column with uniformly applied load. 



*-b- 



Allowable shear loadings are as 
follows : 



Based on Buckling: 



q = 7.83 x 10 6 g 3 




hb/3 



(Ref. Timo, "El. Stab.", p. 122) 



Based on Compressive Yield: 



q = .222 P„ 

y h 
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DESIGN CHARTS FOR STIFFENED PANELS WITH 



MECHANICALLY ATTACHED STIFFENERS 



Data presenting the allowable in -plane biaxial compressive and in-plane 
shear strength of stiffened panels is given in Reference 1. This reference 
describes the analysis methods used to obtain the data and describes the 
stiff ener section used. .' 



Theory) and account for all critical failure modes for which analysis pro- 
cedures are available. 

Upon request, copies of Reference 1 are available from the Structures 
Section Administration. 



Reference (l) , Bunce, F.E., Davidson, A.J., Load Carrying Capabilities of a 
Series of Stiffened Panels Sbjected to In-plane Biaxial Compressive and In-plane 
Shear Stresses, Grumman Aerospace Corporation Report SAR-76-^, December 1976. 



The results were prepared by actual stress analysis (not Optimum Panel 
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SECTION B7.030 



STRUCTURAL DESIGN FOR FATIGUE 



Discussion 

This section discusses the general problems of structural fatigue and 
presents two methods of fatigue life prediction. The method described on 
pages B7.030-8 through B7. 030-26, referred to as the stress-cycling method, 
has been used on many Grumman designs and has been found to correlate well 
with fatigue test data in the mid to long life region, It is particularly 
suited to fatigue life prediction of transport type airplanes, where most 
of the fatigue damage is due to gust loading and low 'g' maneuvers in the 
low-stress/high cycle range. The computation procedures are simple and 
fatigue life predictions for spectra of reasonable length can be quickly 
performed by hand calculations. A computer program is also available, and 
is listed on page B7. 030-& under the title "STRESSLF". 



The second fatigue life prediction method currently in use at 
Grumman is referred to as the strain-cycling method, and is described in 
detail on pages B7.030-27 through B7.O30-U3. 

The general features of the strain-cycling fatigue analysis method are 
similar to those of the stress-cycling method, but the two methods differ 
in detail. Basic inputs to the strain cycling method are cyclic stress- 
strain (S-e) curves rather than monotonic stress-strain curves and cyclic 
strain-life (s-N) curves rather than cyclic stress-life (S-N) curves. In 
addition, stress-strain behavior at a notch is approximated by use of a 
plastic stress concentration factor. The analysis procedure is somewhat 
more complex than that of the stress-cycling method, but generally results 
in improved accuracy, especially in the high-stress/low-cycle region. 
Tabulated forms ENG 8l8.2 are available for hand calculation, but the strain 
cycling method is basically suited to computer application and related 
available programs are listed on page B7.030-14+. 
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LIST OF SYMBOLS 



A - material constant in Neuber formula. 

F - allowable stress , psi 

f - nominal average stress , psi 



N 



stress at edge of hole or notch, psi 



f Nel " s-tress at ed S e of hole or notch in a perfectly elastic material, psi 
Kjy - Neuber stress concentration factor 

- theoretical elastic stress concentration factor 



N 



n 



N. 



N 

z 

N 

z 

P 
R 

N 



zu 



- allowable number of cycles - number of cycles to failure for a given 
stress range 

- number of cycles applied 

- number of cycles to failure at stress range of + yield to - yield 

- maximum load factor, G's 



_ - minimum load factor, G's 

- load 

f . 

- (l) radius of hole or notch; (2) stress ratio, mitl 



- nominal average strain, in. /in. 

- strain at edge of hole or notch, in. /in. 

- flank, angle of notch 



max 



SUBSCRIPTS 



all - allowable 
c - compression 
el - elastic 
max - maximum 
min - minimum 



mn - mean 

N - (1) Neuber; (2) notch 

res - residual 

t - tensile 

u - ultimate 
y - yield 
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A) - DETERMINATION OF APPLIED LOAD SPECTRUM 
General 

Wing load factors during a typical mission profile for a military air- 
plane are shown qualitatively in Figure 1. From rest, the airplane will 
taxi, take off and climb, and will then encounter a variety of maneuver 
and gust loads according to its function. 



Manuever 



Wing Load 
Factor G 



Rest 




Figure 1. 



A military airplane in the attack or. fighter category will have a 
comparatively short service life (perhaps 2500 hours), but will perform 
relatively severe maneuvers during this time. Fatigue damage due to 
maneuver loads will generally be much higher than gust damage, and it has 
in the past been the general practice to design to a spectrum based on the 
maneuver loads only. This approach has become less valid as the length 
and complexity of .missions has increased. Also, the steady rise in stress 
level per 'G' and the use of higher strength materials whose fatigue 
strength, however, has not increased in proportion to their static strength, 
have all tended to increase the importance of gust fatigue damage, even in 
fighter aircraft. 

Military transports and Civil aircraft in general, are designed for 
long operating lives (20,000 hours or more). They are not subjected to 
either the degree or density of maneuver loads normally encountered by a 
fighter type aircraft, so that gust damage, accumulated over a long period, 
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is the principal source of fatigue damage to the wing structure. Con- 
sideration of pressure cabin fatigue is also of major importance. 

Flight Conditions 

From data collected by the NASA, the military services, and other 
sources, it is possible to estimate the intensity and the frequency of 
gust loads and maneuver loads that an aircraft will experience in a given 
number of flight hours. Ref. 1 is one of the original references for data 
of this type. Using these data, flight load spectra have been obtained 
for various types of aircraft. 

The data for military aircraft have been summarized in various 
military specifications. Mil. Spec. 8866-A (Ref. 2) covers loads 
and fatigue requirements for military airplane structures and 
includes the required service lives for various types of Navy aircraft. 
Because fatigue design and analysis must include consideration of the 
probable scatter in the fatigue lives of identically manufactured struc- 
tures, a safety factor should be used on the required service life of 
the airplane, in order to obtain a reasonably safe design life. Refer- 
ence 2, Para. 3-1 states that, for Wavy procured airplanes, a scatter 
factor of at least 2.0 on the required service life should be used in 
design, in lieu of specifically applicable data. 

Fatigue requirements for airplanes procured by the Air Force are 
usually specified for each particular design, but Reference 3 states 
that a full scale test program shall demonstrate a duration of k times 
the service life. 

Flight load spectra for new types of military aircraft not adequately 
covered by existing specifications are generally arrived at through nego- 
tiation with the purchasing agency. 

Commercial airplanes are designed for long operating lives, and there 
are at present no hard and fast rules regarding scatter factors for safe 
life designs, each commercial type being considered as an individual prob- 
lem. Fatigue design requirements are negotiated with the Federal Aviation 
Agency, and extensive full-scale fatigue testing is usually required in 
addition to calculations. 

The Applied Loads Group is primarily responsible. for the determina- 
tion of flight load spectra on any airplane and should be consulted for 
specific information. 

Landing, Catapulting, and Arresting Loads 

The frequency of occurrence of various landing sink speeds, which 
can be expected to occur during the life of an airplane, may be obtained 
from Reference 2, Table IV, which gives a distribution of sinking speeds 
per 1000 landings. 

This can be used as' a basis of fatigue spectra for various parts of 
a landing gear, and for other parts of the structure affected by landing 
loads. 
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Catapult and arresting ^frequencies are specified in Table 1 of 
Reference 2, and Reference k gives test spectra simulating catapult 
and arresting loading to which the structure must be subjected. 

Ground-Air-Ground Cycle 

This combination of conditions, indicated in Figure 1. occurs on 
take off, and in reverse order on landing. The stress reversals whj ch 
occur during this operation contribute a significant element of fatigue 
damage . 

Mechanical Operation Loads 

Frequency of loading for such items as doors, wing fold mechanisms, 
controls etc. must include any impact loading which may occur during the 
operation of such devices. 

The frequency of occurrence of loads of this nature must be deter- 
mined by consideration of the basic planned usage of the airplane. 

B " CALCULATION OF STRESSES AT POINTS OF STRESS CONCENTRATION 



The Grumman procedure for the calculation of fatigue life is based 
on the use of smooth, unnotched specimen data, which is provided on 
pages B7. 031-1 through B7.031-12. In a case where no stress concentra- 
tion is present, and the stress distribution is known, the curves pro- 
vided can be used directly to determine the fatigue life. 

When a notch or some other point of stress concentration is present, 
it is necessary to determine the peak stress at the point of stress con- 
centration, and also to determine the range of this stress as the loading 
is varied. It is assumed that the notched part will have the same fatigue 
life as a plain, unnotched specimen that is stressed through this same 
range of stress. This concept allows the fatigue lives of notched parts 
to be determined frcm unnotched fatigue data. 

Stress Concentration Factors 

Theoretical elastic stress concentration factors, K T , have been 
determined mathematically for some cases and have been closely approxi- 
mated^ photoelastic methods for other cases. Values are given in 
Section BT.O^O of the Manual and in References 5 through 8. -The use of 
theoretical elastic stress concentration factors in calculating peak 
stresses at a hole or notch in actual structural members is usually 
conservative, since the factors have been obtained on the assumption 
that the material is perfectly homogeneous and elastic, whereas actual 
engineering materials have a granular structure which tends to reduce 
the effective stress concentration factor. Neuber (Ref. 9), proposed 
that the material structure be considered as an aggregate of building 
blocks, of 'radius' A, where A is a different constant for different 
materials. Based on the assumption that no stress gradient could 
develop across such a block, Neuber derived an effective elastic stress 
concentration factor, %, generally called the Neuber Factor, which is 
given by the formula: 
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Kn, - 1 

>nr. 

where 

K^, = Theoretical elastic stress concentration factor 

« = Flank angle of a notch, in radians (w = 0 for holes 
and notches with parallel sides, see figure 2) 

R = Radius of hole, or radius at bottom of notch (inches) 

A = Material constant, (inches) ^cc ^ ^7^-50 -v- 




Figure 2. 



The material constant, A, is generally obtained by comparing the 
endurance strengths of notched and unnotched fatigue test specimens of 
the same material. Values of v r A~are given on page B7.030-26 for aluminum 
and steel alloys. It should be noted that the Neuber correction is con- 
siderably smaller for steel than -for aluminum alloy, especially for the 
higher strength steels where the A value is very small. 

Stresses at Point of Stress Concentration 

If all stresses are elastic, the stress f N at the point of stress 
concentration is: 

f N = f Nel = V (2) 



where f is the nominal average stress applied to the section. 

When the stress at the point of stress concentration exceeds the 
elastic limit (nominally defined as the yield stress), equation (2) can 
no longer be used to determine f w . Instead, it is assumed that the strain 
at the point of stress concentration can be determined as follows: 

where « is the strain corresponding to the nominal average stress applied 
to the section. Equation (3) is not exact but is sufficiently accurate 
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for our analysis method (more accurate values of « N can be obtained 
from Ref. 2k). The value of fjj corresponding to t M can now be obtained 
from a stress-strain curve of the material as shown in Fig. 3a. If a 
simplified stress-strain diagram as shown in Figure 3b is assumed, then 
fjj cannot exceed F y . The use of this simplified stress-strain diagram 
simplifies subsequent fatigue life calculations and is, in many cases, a 
reasonable assumption. 

In both figures the value of fjj that would have been attained if the 
material were completely elastic is shown by f . 
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If, after initial loading, the load is decreased to some lower value, 
the stresses and strains are assumed to decrease elastically throughout ' 
the entire sectipn. Therefore, the resulting stress at a point of stress 
concentration is: 

Where f Nmax = ^ maximum value of f H attained during the initial loading, 

Af = the decrease in the value of nominal applied stress from 
the peak value, f^, attained during the initial loading, 
psi 

For the special case where the stresses, during loading and un- 
loading, have nowhere exceeded the elastic limit, the value of f w obtained 
by equations (2) and (k) will be identical, and equation (2) can be used 
throughout the loading and unloading cycle. 

For the case where the material stress-strain curve is similar to that 
shown in Figure 3b, equation (k) takes the following form, if f, has 
exceeded the elastic limit during initial loading: Kmax 

f N = F ty- K W Af M 

If the part is completely unloaded, then A f = f . .and the result- 
ing residual stress at the notch, designated by f Vis: 

Nres 

f Nres - F ty " «N *max ^ 

Since K„ f is greater than F, , the resulting residual stress will 
be of opposite sign to the original applied stress. 

*v * ? igure k illustrates the stress-strain cycle at the notch in a part 
that has first been loaded to a nominal stress, f^, where f^ is a 
sufficiently high value to, cause yielding at the notch, and then unloaded. 
The simplified stress- strain curve of Figure 3b. is assumed. 

During loading, the nominal stress-strain curve goes elastically from 
to (g. At the same time the stress-strain curve at the notch goes from 
(A) "to ©> first elastically and then plastically. 

If the nominal applied stress is decreased by Af, the nominal stress- 
strain curve goes back elastically to point ©and the stress- strain curve 
at the notch goes back elastically by an amount Ku Af to 
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Stress 



F = F 
Nmax ty 



max 




max 



Kres 



Figure h. 

If the part is then completely unloaded (Af = f^^) the nominal 
stress-strain curve returns to point (A) and the stress-strain curve 
at the notch goes to ® , where f is given by equation (Vb). 

The notch stress resulting from any subsequent loading or un- 
loading of the part can be determined from a more general restatement 
of equation (k). 

f N = V + h ** 

where f w * = the value of f Just prior to -the loading or unloading, psi 



(4c) 



Af = the change (positive or negative) in nominal applied stress 
resulting from the loading or unloading, psi 

Equation (he) applies within the elastic range (from compression 
yield to tension yield). 
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If any of the subsequent loadings or unloadings cause the stress at 
the notch to go outside the elastic range, the maximum value of f w is again 
limited to ± P ty if the simplified stress-strain curve of Figure 3b is ' 
assumed. If the actual stress-strain curve (Figure 3a) is used, the strains 
at the notch must be determined, using successive- applications of equation 
(3) to determire the strains at the notch, and the stress- strain curve to 
determine the stresses. 



Examples 

The procedure is best illustrated by a series of numerical examples. 
Consider a simple structural element, as shown in Figure 5., consisting of 
a 1/8" thick 7075-T6 plate (with F ty . = 75000 psi and F tu = 82500 psi) having 
a circular hole at the center, subjected to a cyclic tensile load P.' Assume 
a simplified material stress-strain curve, as- shown in Figure 3b, with the 
curve horizontal after yield. 

Cross sectional area at ®-® = .125 x (3 3/l6-l 3/l6) = 0.25 sq. ins. 
K^, =2.27 (Page E7.ll.l-l). ^/a" = 0.128 (Pa^e B7-030.-26). 

2.27-1 
= 1 + ToA - 2.09 



1 + 



• 128 




1 3/l6" Dia Hole 



3 3/16" 



Figure 5. 

Case 1: P = 0 to 5000 pounds, and back to 0. 
At P = 0, f = 0,f N = 0. 

At P = 5000 lbs, f = f max = 5000/.25 = 20,000 psi. 

f Nel = 2 *°9 x 20,000 = 1*1,800 psi (eq 2). Since this value of f Wp1 
is le ° ° -p. .n -j _■■ . . _ _ 1 _ wcj. 

psi 



Less than F ty , all stresses are elastic, and F K ■= f Nel = 4l,800 



At P = 0, f and f N both return to 0 stress. 
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Case 2: P = 0 to 12,000 pounds, then back to 0. 
At P = 0, f = 0,f N = 0 

At P = 12,000 lbs, f = f raax a 12, 000/. 25 = 48,000 psi 
f Nel = 2 '° 9 K ^ 8 ' 000 = 100,320 psi (eq 2) 



However, since the material yields at '75,000 psi, the stresses at the 
notch are no longer elastic, so that f N =■ ?^ max = 75,000 psi. 

If an actual stress-strain curve for the material (Fig, 3a) had been 
assumed instead of the simplified stress- strain curve, equation 3 would be 
used to determine the strain at the edge of the hole, and the corresponding 
value of f Kmax determined from the actual stress-strain curve. 

At P = 12,000 lbs; « max = U8,000/10.3 x 10 6 = 0.00466 in. /in. 



*Nmax = 2,09 X 0t0 °b66 = 0.00974 in. /in. (eq 3) 
The notch stress, f Nmax is then determined from the stress-strain curve. 

Now, as the load is decreased to zero, the stresses and strains are assumed 
to decrease elastically throughout the net section. Equation (4b) is used to 
determine the final residual stress at the notch when the nominal stress f 
returns to zero. 

f Nres = 75,000 ~ 2,09 X kB > 000 = ~ 25 > 320 (eq 4b) 

The stress-strain cycle at the edge of the hole is traced in Figure 6, 
starting at the point@ where the load is zero, then following the stress- 
strain curve to the point ©where, at a load of 9000 lbs, yielding first occurs 
at the edge of the hole. ' 

/ 100320 psi 



ty 



75000 psi 



w 

PL, 
W 

w 

01 

u 



Unit Strain 
e In/In 

-25320 psi 

F 

cy 



75000 psi 




©— 



0.00974 



Figure 6. 
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As the load is increased to 12,000 pounds, the stress-strain cycle 
continues at constant stress to point©, corresponding to the strain of 
0.0097^ determined from equation 3. (Point ©'represents the maximum stress 
that would have been reached at the edge of the hole if yielding had not 
occurred.) As the load is decreased to zero, the stress-strain cycle at 
the edge of the hole decreases elastically to©. 

Under the assumptions made, the strains are zero across the entire 
net section when the load returns to zero. 

Ca5e 3 ' Initial preload of 12,000 pounds, followed by cyclic loading 
between 0 and 5000 lb. 



In this case, the first loading cycle, zero up to 12,000 lb and 
down to zero, leaves the material at the edge of the hole with a residual 
compressive stress of -25320 psi. This is the same condition as existed 
at the end of the cycle in Case 2. When the part is now loaded to 5000 
lb, the stresses will all be within the elastic range, so that equation (he) 
can be used to determine the increase in stress at the edge of the hole, 
(fjj = - 25,320 psi, Af = 5000/. 25 » 20,000 psi) 

fjj = -25,320 + (2.09) x (20,000) = 16", U80 psi 

Figure 7 shows the cycle, where point® is the residual stress left after 
the 12,000 lb load was removed (this corresponds to point (B) in Figure 5). 
Loading to 5000 lb takes the stress to point (§) and the material at the 
edge of the hole then cycles between points® and©; " Therefore, the effect 
of the 12,000 pound preload is to introduce a 25,320 psi residual compressive 
stress at the edge of the hole when the preload is removed. Subsequent 
load cycling between 0 and 5000 pounds results in a stress cycle at the 
edge of the hole of -25,320 psi to + 16,^80 psi. With no preload, the same 
load cycle resulted in a stress cycle at the edge of the hole of 0 to 1*1.800 
psi (Case 1). The amplitude of the stress range is the same in both cases, 
but the values of the stresses differ by 25,320 psi, the magnitude of the 
residual stress. 
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Figure 7. 
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Effect of Loading Direction on Stress Concentrations 

If a part with a stress concentration is subjected to compressive 
loading, the stress concentration factor may or may -not be the same as 
when it is subjected to tension loading. 

A part with an open hole, for example, would have the same for both 
tensile and compressive loadings. If, however, the hole were filled with a 
close tolerance bolt or a rivet, the Kj would be applied for tensile loads 
only, since a compressive load would tend to be uniformly distributed across 
the entire section. 



C) - DETERMINATION OF FATIGUE LIFE AND FATIGUE DAMAGE 
Fatigue Test Data 

A considerable amount of experimental data on the fatigue properties 
of various materials are available, and the more commonly used steels and 
aluminum alloys have been fairly well covered. Information on titanium 
alloys has been somewhat more limited, but the increasing use of this 
material has resulted in extensive laboratory testing programs, and a 
reasonable amount of data now exists, for example, References 11, 12, and 13. 

In selecting data to use in a given case, both the form of the 
material (plate, extrusion, etc.) and the grain direction should be considered 
The effect of these items is by no means constant for the range of materials. 
Steel and aluminum do not, for instance, exhibit the same magnitude of fatigue 
life reduction in the transverse grain direction from the fatigue life in the 
longitudinal direction. 

Fatigue data are generally presented in the form of a stress-life 
curve, commonly called an S-N curve. There are several variations in the 
methods of plotting such curves, each of which has its uses. 

Wide variations in stress range may be shown on a plot like that on 
page BT-031-1, called a modified Goodman diagram. Constant minimum stress 
curves are frequently plotted against maximum stress, as on page B7-031-2 
and the effect on fatigue life due to variations in these parameters is 
readily seen. 

Fatigue data have been obtained both for unnotched polished specimens 
(Kt = l) and for specimens with notches, holes or other discontinuities 
(Kt > l). This discussion is mainly concerned with unnotched specimen data 
which are used in the Grumman fatigue life prediction method. 
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Surface Finish 



The quality of the surface finish on a part can have a significant 
effect on the fatigue life under certain circumstances. Normally accepted 
standard machine finishes are generally satisfactory. Sub-standard 
finishes are more likely to reduce the fatigue strength of a notched part 
if the hole or notch is large, since the area affected by the stress 
concentration is also relatively large. If the radius of the notch or help 
is small (perhaps less than 1/V) the possibility of substantial reduction" 
of fatigue strength is likely to be much less. The effect of surface 
finish on fatigue strength also varies with the material, the effect bein- 
generally greater in steel than in aluminum. In addition, decarburization 
on the surface of a steel part can reduce its fatigue life sirrifWntLv 
particularly in the long life region (Ref. 29). " 

A further consideration is that of surface damage incurred durin-.- 
handling and servicing of various components. An unnotched rart or one with 
a small concentration factor may show little or no theoretical fatigue 
damage in a calculation, but scratches or marks received in service "could 
result in significant local stress concentrations. Reference 30 ^ives an 
example of this type of stress concentration factor, and reference 31 -v w - cn 
a_ limited scale, the effect of scratches on the fatigue life of spe-imer.s 
with stress concentrations when scratches are present in the area of the retch 
Further investigations in this field are in progress. 

Fatigue Symbols and Definitions 



Reference ih, paragraph 1.4.9.2, defines the terms in general use in 
fatigue. Examples of fatigue loadings are shown in Figure 8. below. Most of 
the terms are self-explanatory and will not be repeated here, but it may be 
of use to mention the following items specifically: 

a) Stress Range (f r ) = The algebraic difference between the maximum 
and minimum stresses in one cycle, that is, f r = f max -f min . 

b) Stress Amplitude (f a ) - This is also known as alternating stress 
alternating stress amplitude, or variable stress component. It i- 
half the total stress range, that is, f a = 1/2 f r . 

c) Stress Ratio (R) - The algebraic ratio of the minimum stress to the 

f . 

maximum stress in one cycle, R = JEHi. 

max 

d) Endurance Limit or Fatigue Limit - The limiting value of the 
maximum stress below which a material can presumably endure an 
infinite number of stress cycles. At this value, the stress vs life 
curve for a material becomes essentially horizontal for most structural 
materials. The endurance limit is usually specified for R = 0 If not 
it is necessary to indicate the value of the stress ratio, for which the' 
endurance limit is given. For many materials the endurance limit is 
reached between 10° cycles and 107 cycles of stress. It should be 
noted that for certain materials there is no fatigue limit, and the 
fatigue strength decreases continually as the number of cycles is increased. 

■ ■ ===== ^^tumman—^. 
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Tensile and Compressive Loading 
(Minimum Stress Less than Zero) 
R<0 

Tensile Loading - (Minimum 
Stress Greater than Zero) 
0<R<1 




'2d Loading 



Figure 8. 



Constant Amplitude Fatigue Life 



The fatigue life of a smooth, unnotched (Kt « l) structural component 
can be obtained directly from the S-N curves for smooth specimens, if there 
is only one loading cycle that is continuously repeated. 

If the component is notched, the stress range at the notch i.s computed 
an described in Section B, "Calculation of Stresses at Points of Shrer,r, 
Concentration." The fatigue life is then determined from the S-fl curves for 
■mooth specimens, provided that the curves are entered with the Crosses at 
the notch, and not the nominal stresses in the component. Therefore, the 
following fatigue lives are obtained for the cases described on pages 
BT- 030-13 through B7.030-15 

CaSe 1: f Nma* = kl > &0 ° P si > f Nmin = 0 

N = 180,000 cycles (from page B'f. 031-8) 

CaSC 2: f Nmax = 75 ' 000 ? si > f Nmin = " 2 5»320 
N = 2000 cycles (from page ET.031-8) 

CaSe 3: f Nmax = l6 ^ 80 psi ' f Nmin = " 25 ' 32 ° P si 

8 

N = > 10 cycles (from page BT.031-8) 

A comparison of cases (l) and (3) illustrates the beneficial effect 
sometimes obtained from a tensile preload that produces residual compression 
stresses at the hole. This is discussed more fully at the end of this 
section. 
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It should be pointed out that the reverse effect may be expected from a 
compressive preload. For example, had the load in the first cycle in case 
(3) been 12,000 pounds compression instead of 12,000 pounds tension, and 
compression yield assumed identical to tensile yield, the residual stress 
would have been +25,320 psi, and the stress range +25,320 to +67,120 psi. 

The life of the part is thus reduced to 50,000 cycles. So called 
compression fatigue failures are not frequent, but the possibility of 
occurrence should be kept in mind. 

Recent experimental evidence indicates that the yield stress of some 
materials is affected by cyclic loading in the plastic region (Ref. 25). 
Other tests have been started by the NASA to determine whether there is 
any comparable effect on the residual stresses at the edge of notches in 
such materials. Until further evidence is available, however, no cyclic 
changes in yield stress or residual stress will be assumed when using the 
fatigue analysis procedure described here. 

Fatigue Life when Stress Varies from Compressive Yield to Tensile Yield 

The fatigue life calculation procedure described above is reasonably 
accurate in the intermediate-life and long-life region of the fatigue curves, 
but has definite limitations in the short-life region, particularly when the 
stress at the hole varies from compression yield to tension yield. 

To illustrate this condition of extreme stress range, consider the 
following case. 

Case h: A part made of 2024- T3 material, with F ty = F cy = 52,000 psi, and 
K M = 2.50, is subjected to a nominal stress range of zero to + 48,000 psi 
nominal. Assume the stress strain curve is horizontal after yield. Determine 
the fatigue life. 

At maximum load, f Nel = (Kj, x f^) = 2-50 x 48,000 = 120,000 psi (eq 2) 



Therefore, yielding occurs at the edge of the stress concentration, and f = 
52,000 psi. Nmax 

As the load is decreased back to zero the stress at the edge of the stress 

concentration would decrease elastically by an amount equal to K^max, to a 

value of (52,000 - 120,000) = -68,000 psi, (eq 4b) , if compression yielding 

did not occur. Since compression yield is exceeded, the stress at the edge of 

the hole or notch varies from F to F, , 

cy ty 

N = 7000 Cycles 



It has been assumed in the previous examples that the stress-strain 
curve became horizontal at yield. Therefore, the allowable number of cycles 
would remain constant once the condition of compressive yield stress to 
tensile yield stress was reached, regardless of how much the yield strain 
was exceeded in tension or compression. 
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In fact, however, fatigue damage is closely related to strain range, and 
will increase with increases in strain beyond the initial yield strain, even 
if the stress does not significantly exceed the yield stress. 

The use of an actual stress-strain curve (Fig. 3a) in place of the 
simplified version of Fig. 3b will give more realistic results, since an 
increase in strain beyond yield would correspond to an increase in stress, 
resulting in a shorter fatigue life. 

However, comparison with test data indicates this latter method becomes 
very conservative if the strain range goes appreciably beyond the initial 
tensile yield to compressive yield range.- Therefore, the following empirical 
procedure for the region beyond initial yield-to-yield is recommended. 

Fatigue Life Prediction Beyond the Yield- to-Yield Range 

1) Determine Nyy, the number of cycles to failure corresponding to a stress 
range of F C y to Fty for the particular material (i.e. 7000 cycles for 
202^- T3), using unnotched data. Typical values of Nyy for several 
materials are listed below. 

202U-T3: Nyy = 7000 Cycles 
7075-T6: Nyy = 120 Cycles 

SAE k3UO (F tu = 230,000 KSI) Nyy = 120 Cycles 

2) For cases where the stress range at the stress concentration exceeds the 
yield-to-yield range, the fatigue life will be less than Nyy cycles, and 
can be approximated by the following, generally conservative, expression, 

,F. - f \ x log. Nw 
Iog h = p?l tJL (5) 

(F _ _ty . f ) 

v tu mean' 

This expression for N represents a straight line variation of f max vs 
log N, between N = 1 (static failure), and N = Nyy. 

Case 5: Assuming the same part as in Case k, determine the fatigue life 
using equation (5) 

F t ^ = 72,000 psi, F ty = 52,000 psi, Nyy = 7000 Cycles, % =2.5 

log N = (72,000 - U8,000) x 3.8U5 = ^ 
(72,000 - 52,000 - 2U,000) 
2.5 



N = 2^50 Cycles 
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Constant Cyclic Loading Fatigue Damage 

If a structural component can be subjected to N repetitions of a constant 
loading cycle before failure, then the fatigue damage to the component resulting 
from n repetitions of the loading cycle is defined by the damage ratio, n/N. 
Fatigue failure will not occur until the damage ratio, n/N equals 1.0. 

Spectrum Loading Fatigue Damage 

If the structural component is subjected to a spectrum of cyclic loadings, 
the fatigue life calculation procedure is essentially the same as described 
above. 

1) The stress range for each range of cyclic .loads .is determined. 

2) The fatigue life, N, is obtained for each stress range. 

3) The damage ratio, n/N, is obtained for each stress .range. The 
damage ratios are then summed up, so that the fatigue damage ratio 
for the entire spectrum is -2 n/N. Failure is assumed to occur when 

2 n/N = 1.0. This is known as Miner's Law. (Reference 15) 
k) If Sn/N is less than 1.0, the factor of safety on fatigue life is 



It should be noted that a small change in applied stress level, can 
often result in a relatively large change in fatigue life. 

Effect of Load Sequence on Fatigue D amage 

Most of the cyclic loads sustained by an airplane have a random character, 
as illustrated in Figure 1. Design load spectra, such as given in Reference 2, 
generally indicate the number of times various specific load levels are likely 
to be exceeded during a given number of flight hours, for different classes 
of airplane. In effect, such design load spectra count the number and magnitude 
of all the individual load peaks in a load spectrum, such as shown in Figure 1, 
and present the -results in a simplified tabular form. 

However, such design load spectra do not, in general, define the order 
in which the individual loads in the spectrum are applied. Since, as has 
already bean shown, the order of load application can significantly affect the 
fatigue life of any structure, care must be taken to avoid assuming, an order 
of load application that may lead to overly optimistic fatigue life predictions. 
Specifically, when running a fatigue life analysis, or a fatigue test program, 
the highest positive gust or maneuver loads should not be introduced too early 
in the load spectrum. This is because the compressive residual stress at a 
notch, resulting from the application of high positive loads, will lead to an 
underprediction of the fatigue damage calculated for the remainder of the 
service life of the structure. 

The current trend in estimating^ order of load application is towards the 
use of statistical procedures, based on the assumption that the actual loading 
process is random. (Ref.32) A simplified version of this procedure is to break 
up. the total load spectrum into a number of identical "loading blocks" or 
"loading stages", each one having its proportionate share of the total number 
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cf cycles at each of the critical load levels in the spectrum. Load levels which 
do not contribute significantly to fatigue damage, as is often the case with the 
lower load levels, are generally omitted. Within any one load block the 
positive loads are applied in ascending order of magnitude. This "loading block" 
concept has generally been adopted both for fatigue analysis and for fatigue 
test purposes. 

The manner in which the positive load and negative load spectra are 
combined also has a significant effect on fatigue life. Here, too, statistical 
procedures can.be employed to determine reasonable load combinations. In the 
past, however, a simplified, conservative approach has been adopted for fatigue 
damage calculations, in which a positive load in any cycle was immediately 
followed by a negative load. The combinations of positive and negative loads 
were chosen so that the smallest positive loads were combined with the smallest 
negative loads, and so on up to the largest positive loads being combined with 
the largest negative loads. It has been shown, both by analysis and test, that 
this procedure is more conservative than the use of a procedure which analyzes 
the fatigue damage for the positive load spectrum and the negative load spectrum 
separately. However, because of difficulties in reversing the directions of 
applied loads in full-scale fatigue tests on airplanes, most tests of this type 
have separated the positive load spectrum from the negative load spectrum. 

Case_6_i A cyclic load of 0 to 5000 lb will be applied 20,000 times to the 
specimen in Case 1, followed by 200 applications of a 0 to 12,000 lb load 
cycle. This combination of cyclic loads will be considered as one loading 
block. The stress ranges at the edge of the hole will be as calculated in 
Cases 1 and 2. The fatigue damage in one loading block will be determined as 
follows : 
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c.i 



2-= 0.2 

If these loading blocks were repeated, and if the residual stresses 
resulting from the 12,000 lb load were arbitrarily assumed to be wiped out 
before the start of the next loading block, the element would have a fatigue 
life equal to = 5 loading blocks, or 101,000 cycles. However, if the 
residual stress 'of -25,320 psi sustained after application of the 12,000 lb load 
is assumed to remain after the first loading block is completed, any subsequent 
block would be affected by it. The stress ranges at the edge of the hole would 
now correspond'to a combination of Cases' 2 and 3, and the life calculation for 
the second, and any. following block would be as shown. 
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n 



2-= 0.1 

Therefore, the damage for the second, and any subsequent loading block 
will be 0.1, and the life of the element will be 



1 + 1 q^' 2 = 9 blocks. (181,800 Cycles) 

This compares with the 5 blocks previously calculated, and indicates the 
beneficial effect of a compression residual stress mentioned on page B7.030-18. 
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Fatigue Design Curves 

Additional calculations of the type made in Cases 6 and 7 r R r. bf ised to 
obtain fatigue design curves such as shown in Figures 10a and lib. 

In Figure 10a the fatigue Lives of notched parts are plotted, for 
different values of Kn, as a function of the maximum nominal strer.s applied in 
a loading block. The curves in Figure 10a were drawn for t\.e particular load 



spectrum assumed in Case 6, but similar curves could be dr?.wr. 



spectrum 
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These curves car. be used in design to determine the allowable values of 
fmax for any required service life. For example, if for Case 6 a service life 
of *Q blocks was required, an allowable value of f max = 1+1,200 psi can be 
determined from Figure ICa by interpolation, between curves for % = 2 and 

An examination of Figure 10a indicates that the values of f maXl for any 
given fatigue life, are inversely proportional to the values of k!' This 
results from our basic assumption that the fatigue life of any notched part is 
a function only of the stress at the notch. However, as can be seen from 
equations (; ) through (tic), the stress at the notch is a function only of the 
product Kjjf (or Ku e ). Therefore, the information presented by the three 
curves m Mgure 10a can be represented by the single curvp of Figure 10b 
wnich snows the variation in fatigue life of notched parts as a function of 
K TI : r.-!x' : ° r " !~' arJl -- lcu ar spectrum being considered. 

Consider.! n ; ; the previous example again, where a life of 20 blocks is 
required icr case 6, we obtain, from Figure 10b, a value of 89,800 psi for 



K,. f 



max' 



therefore f 



max 



86, COO , 
^09 " = kl > 200 P fii 



Xt Gh ° uld b e noted that presentation of fatigue data with just a single 
^« a th«nT FiC V re 1Ch > is P°"ible only if the stress range at the notch 
less tnan tension y; e, n- co-compression yield. However, much of the range of 
practical interest car ;,e covered by a single curve as in Figure 10b. 

A computer program is available for fatigue life calculations, and the 
above curves can be obtained for any loading spectrum, and for a number of 
different materials. 
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D) strain-cycling fatigue prediction method 

The strain-cycling fatigue prediction method is based on the concepts 
of references 25,35 & 36 and on the modifications and extensions to these 
concepts described in reference 37 and 38. Reference 39 is specifically 
concerned with the application of the method. 

Some general features of the strain- cycling method are similar to 
those of the stress cycling method but there are differences in basic inputs 
and analysis procedure, resulting in improved predictions in fatigue life, 
especially in the high-stress/low-cycle field. A discussion of the principal 
features of the strain cycling method follows: 

a) Cyclic Stress-Strain Curves 

Many structural materials undergo significant changes in stress-strain 
behavior during fatigue cycling, especially in t he high-stress/low-cycle 
region. Materials are referred to as "cyclically strain hardening" or 
"cyclically strain -softening" and cyclic stress-strain curves can be generated 
for either class of material by running strain- controlled fatigue tests, 
in which smooth, unnotched specimens are subjected to fully reversed 
constant amplitude fatigue loading. For a cyclically strain-hardening 
material, the stress required to produce a given strain wall increase 
with each loading cycle until a stabilized value is reached, usually in 
about 20% of the specimen fatigue life at that value of cyclic straining. 
In a strain-softening material, the stress required to produce a given 
strain decreases with loading cycles until a stabilized value is reached. 
For materials having no significant cyclic strain-hardening or cyclic strain- 
softening characteristics, strain-controlled fatigue data is directly 
comparable to stress-controlled fatigue data. Cyclic effects on the stress- 
strain curve are primarily felt at the higher stress levels, therefore, 
these effects will generally be significant in local highly stresses regions 
near notches. However, the notch strains will be controlled by the strains 
in the surrounding bulk structure and if these strains are essentially 
constant for a given load level, then the notch strains will be constant 
also. Therefore, cyclic fatigue tests on smooth specimens give fatigue 
data representative of material behavior near notches. Cyclic stress-strain 
curves are used to establish stress- strain relationships used in the strain 
cycling method and the assumption is made that the local material adjacent 
to a notch is fully stabilized. 

b) Cyclic Strain-Life Curves 

In the original stress cycling method, the fatigue life obtained for 
a given stress cycle is obtained from the fatigue S-N curves on pages B7. 031-1 
through B7. 031-26 of the Structures Manual. The high stress/low cycle end 
of the S-N curve tends to become very flat, with large percentages changes 
in life for small changes in cyclic stress. Predictions in this region 
are therefore very sensitive to small errors in cyclic stress. The strain- 
cycling method employs strain-life (e-N) curves which are not flat in the 



*G AC 461 0 
2-74 



B7. 030-27 



JULY 1978 



GRUMMAN AEKOQIRftlBE OO^OG^T!)®^ 



STRUCTURES MANUAL 



low-cycle region, making the curves less sensitive to errors in strain, 
c) Plastic Stress Concentration Factor 

Both the stress-cycling and strain-cycling methods approximate the 
stress-strain behavior at the root of a notch by the use of effective stress 
concentration factors. In the stress method, the material is assumed 
to behave elastically throughout the cycle and the theoretical elastic stress 
concentration factor, Kj, is modified by Neuber's theory (reference 9) to 
obtain an effective elastic stress concentration factor, %. This factor 
is then utilized to obtain stresses at a point of stress concentration 
(pages B7. 030-8 through B7.030-16). The strain-cycling method also employs 
the Neuber factor, K^, but as an input to the generalized Stowell formula 
(reference 36) to obtain a plastic stress concentration factor , Kf p , which 
is then used to obtain stresses at a notch. This procedure will be presented 
in detail later in the text. 

The foregoing items (a) through (c) cover the major differences in 
input data between the two fatigue life prediction methods. The strain 
cycling method will now be discussed in detail. 

Reference 25, 35, & ^2 present data for cyclic stress-strain and 
cyclic strain-life curves obtained from strain-controlled fatigue tests, 
developed for reversed cyclic loading (R^ fmln-. = -l) . These data are 

fmax. 

relatively difficult to obtain and are not available for all aerospace 
materials, however, Manson, et al in references 25 & 35 observed that the 
elastic and plastic components of cyclic strain could, for many materials, 
be related to cycles to failure, by the following expressions for reversed 
cyclic loading 

e e = oa =C 1 N^ B (1) 
E 

e p = °2 N f " V (2) 

where e , e are the elastic and plastic components of the total strain 
amplitude e? 



0" a is the stabilized stress amplitude 

E is Young's Modulus 

is the number of cycles to failure 
Cj lJ C 2 >PjY are constants for a given material 

Equations (l) and (2) represent straight lines drawn through elastic and 

plastic strain-life data on a log-log plot . When test 

data are available, the material constants can be determined by best-fit 
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straight lines representing ee and G p. Reference 35 noted that if test data 
are not available for a particular material, reasonable values for the 
material constants can be obtained by making use of static test properties 
Evaluation of test data on a wide variety of materials led to the following 
approximations for material constants: 

Elastic Strains 

1. At N = ij- cycle, elastic strain amplitude, e e , is estimated as 

1.25 ct£ where erf = true stress at fracture as determined in a static 

tensiSe test. 



2. At N = 10^ cycles, the elastic strain amplitude is approximately 
O.U5 Ftu where F tu is the nominal ultimate tensile strength of the 
E 

material. 
Elastic Strains 



J) 



3. At .10 cycles, the plastic strain amplitude can be assumed equal to 
.125 D 3 A where D is the true ductility. 



i*. At 10* 1 



h. At 10 cycles, the elastic and plastic strain amplitudes satisfy the 
following empirical relation 

e p = O.OO3U5 - 0.52 e e 

These relationships lead to the following equations for the material 
constants. 



1.12 Fry /£f_\ 
E \ F TU/ 



c •_ O.klk D » 0.125 D°' 75 (10)^ 

2 3 ' 1 - 81.U IV- /_ v°'179 



•TU 
E 



If-) 

\ TU/ 

6 = 0.792 + O.179 log/ erf \ 

Y = log ) 3.31 S/lT"* 

3 /l-8i.UF ro ( aJ \ 0 - 



179 
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where : 



F = 
TU 

o-f 

E 
D 



nominal ultimate tensile strength based on the original 
cross-sectional area of a static tensile specimen 

true stress at fracture, taking into account the reduction in 
cross-sectional area of the tensile specimen when it necks 
down 

elastic modulus of elasticity of the material 
In 



= ductility of the material (A 0 and Af are the 
initial and final areas of the fracture cross- 
section in the tensile specimen) 



Values of material constants are given, for some of the more 
common aircraft structural materials, in reference 37. 

It is therefore possible to obtain approximate cyclic stress-strain and 
strain life curves for any material for which the required static properties 
are available. The total strain, from equations (1) and (2) is • 



e t = e e 



(3) 



from equation (l) : 
1 



(?) 



S 



00 



and substituting equation (k) into equation (3) 

1 



e + - era 



(v) 



s 



(5) 



where CTa represents the stabilized stress amplitude. 

Equations (h) and (5) represent approximations to cyclic strain-life curves 
and cyclic stress-strain curves for the material, pages B7.030-39 & B7. 030-1*0 

show typical cyclic strain-life and cyclic stress-strain curves 
for an aluminum alloy 7075-T6, calculated using equations (h) and(5). 
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o 



The curves so obtained are related to fully reversed cyclic loading 
(R = -1). In order to allow for stress ratios other than R = -1, the 
Goodman'iype concept illustrated on page B 7 .030-l*2 is used. The total 
strain amplitude for a fully reversed loading condition, corresponding 
to a eiven life, K„, in a smooth specimen is represented as e t on the 
r - -1 line in the diagram. A straight constant life-line is then 
assumed between e t (R = -l) and ^ = °f (fracture stress), at R = +1. 
Then if e n is the strain amplitude for any given non-fully reversed _ 
loading condition (R« -l) , the corresponding fully-reversed loadnjg strain 
in a smooth specimen for the same life will be, from page B7.030-40. 



ea 



(6) 



om 



where e t = "equivalent" strain amplitude 

0" m = mean stress = o" max + Grain > i n cycle 
m 2 

a f = fracture stress, as defined on page B7-030-30 

Using the cyclic strain-life and cyclic stress-strain curves in conjunction 
with the mean stress correction given by equation (6), the fatigue life 
of any unnotched (Kn = l) part of specimen may be predicted .directly. For 
example, consider a 701^6 part, with Bp = 1, subjected to a cyclic stress 
of 50,000 psi at R = 0.1. In this case: 

o- m ax = 50,000 psi 

Oinin = Homax = 5000 psi 

o"mean = omax + Qinin ~ 2 7500 psi 



1> 



The corresponding cyclic strains are, from page B7- 030-39 

e max = 0.0067 ins/inch 

emin = °- 00 °5 ins/inch 

D 0.0067 - 0.0005 = 0.0031 in/in 
e amp - 



= 0.00U13 in/in 



using equation (6): 

et = 0-0031 
,. 27500 

x 110000 

entering the cyclic strain-life curve on page B7- 030-1*0 w ith e t = 0.00^13 
in/in, the value 
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N f = 90,000 cycles 

The S-N curve for 7075-T6, 1^ = 1 on page B7. 031-8 gives a life of 
100,000 cycles for an applied stress range of 50000 to 5000 psi. 

The fatigue life of a notched specimen is calculated on the basic 
assumption that a part of specimen which is subjected to a given cyclic 
strain range at the base of a notch or hole, -will fail in fatigue at 
the same number of cycles as a smooth (K^ = l) specimen, subjected to the 
same strain range. This assumption is similar to that made in the stress- 
cycling method (page B7. 030-8) and is commonly used in other methods of 
fatigue life prediction. 



The calculation of fatigue life for notched parts, using uhiotched 
data, requires that stresses at points of stress concentration be determined. 
The values of the mean stress, a m and the strain amplitude, e a , to which 
the, material at the base of a notch is subjected during a loading 
cycle, is a function of the stress-strain curve the material follows during 
the loading and unloading phases. In the stress-cycling method, the stresses 
at a notch were calculated in the manner described on pages B7.030-9 
through B7.030-16. In the strain cycling method, the pattern of material 
behavior at a notch is established in the following manner: 

The peak stress at the notch is determined using a plastic stress 
concentration factor, Kf p , obtained from the generalized Stowell equation 



(reference 36) , 



Kf p = stress at notch 
nominal stress 



a 

f 



= 1 + 



" (W 



(7) 



where Kjj = Keuber stress concentration factor 



E-p E 2 = secant moduli associated with the nominal and notch stress, 
f and 0", respectively. 

Curves for Kf p , such as those shown on page B7.030-38, can be drawn for 
different materials. 

For the particular case when the material remote from the notch is 
stressed into the plastic range, a value for the secant modulus, Ej_, for 
the material away from the notch, is obtained from the appropriate monotonic 
stress-strain curve. In the computerized version of the strain-life method, 
this is accomplished by inputting values of fo.7 and n, enabling the program 
to calculate the material stress-strain curve by the Ramberg-Osgood 
approximation . 

Referring to page B7. 030-1*3 let OM represent the cyclic stress-strain 
curve. The nominal net section stress varies from 0 to f raax (point A) 
and the corresponding stress at the root of the notch is assumed to vary 
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o 



") 



from 0 to Omax (point A'), where 

omax = Kf p x f m ax ( 8 ) 

When the section remote from the notch unloads from f max (Point A) 
to f min (Point C), the material adjacent to the notch unloads from point 
A' to point C\ The material at the notch is first assumed to unload 
elastically from point A' to point B'. This corresponds to a nominal 
stress of f-j_ (point B). The stress f-j_ is found using either of the following 
equations : 

f l =f max < if W^°> M 
2 

h " f max + ^in ( if W °) C9b) 

2 

The notch stress decreased by an amount 

Aoi=% f^x ( iff min^°) ( 10a ) 
2 

= % W - fmin f min ^°) , .(10b) 

2 

The notch strain decreases by 

E 

During the remainder of the unloading cycle the nominal stress decreases 
by an amount 

A f 2 = f l " f min (l 2 ) 

To determine the remaining part of the unloading cycle at the notch, 
it is assumed that from point B 1 the material follows the same stress- 
strain curve as during the initial loading, and that the strain concentration 
factor at the bottom of thenotch during this unloading is the same as 
that corresponding to point A' on the initial loading curve. Therefore, 
the strain at the notch will decrease by an additional amount 

^=*£2_ emax (13) 
fmax 
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where e max is the strain at point A', corresponding to a ma x on the cyclic 
stress-strain curve. Consequently, the stress at the notch will decrease 
by an amount AQ"2j the stress corresponding to A e 2 on the cyclic stress- 
strain curve. This is the stress at the notch (point C) existing when 
element is subjected to the minimum load in the cycle. 

At this stage of the calculation, the maximum stress at the notch 
is known (equation 8). The minimum stress and the mean stress at the 
notch can be determined by 



°min = °"max - (A CT 1 + 

cfaean = Omax + Ojnin = g m ax~[ ^ CT l + As2 \ 
2 \ 2 / 

The strain amplitude at the notch is given by 



(15) 



Ag-l + Ae2 



(16) 



The corresponding strain amplitude for fully reversed loading in a 
smooth (Kj = l) specimen will be as before, from equation (6) 



1 - 

Of 

The life is obtained by entering the strain-life curve for the material 
(unmatched specimen, fully reversed loading) with et as the total strain 
amplitude and finding the corresponding value of Nf . 

In order to determine the residual stress remaining at the notch when 
the element is unloaded, it is necessary to complete the hysterisis load 
to the point of zero applied load. For the case when f m i n > 0, this is 
accomplished by unloading the element from f maX (point Aj to zero, and 
determining the corresponding stress-strain behavior at the notch. It 
follows that if f m i n 2: 0, the residual stress level will be that remainir 
after unloading to zero from the maximum applied load. The material at 
the notch is first assumed to unload elastically from cr max (point A') by 



iRes! 



~ K N f max 



(17) 



which corresponds to a nominal stress unloading of f m ax« To determine the 



O* 
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remaining part of the unload cycle at the notch, it is assumed that 
the material again follows the same stress-strain curve as during initial 
loading. Therefore, ( the stress at the notch will decrease by an 
additional amount AoR eS2 > obtained by entering the cyclic stress-strain 
curve with a strain 

V 

^ e Reso = e max and reading the (18) 
^ ~2 — corresponding stress level, 

AoRes2 from tlie curve 

The residual stress at zero load is then 

ORes = Omax - ^a j _R e s 1 " A °iRes 2 (l9) 

For the case when f min -0, the residual stress is determined by unloading 
the section from f m in (point C) to zero applied load. This is accomplished 
in the same manner as unloading from f max (point A). The first part of 
the unloading cycle is assumed to be elastic, and the stress is given by 

A °R es l = % f min (20) 
2 

During the remainder of the cycle, the nominal stress decreases by an 
amount Aa EeS2 , corresponding to a strain 

AsResp - f min (e m ax) (21) 

2f 
max 

""I Ao-Res 2 can be read from the cyclic stress-strain curve. 
The residual stress at zero applied load is then 

°res = o* min - Aa resi - AoR e s 2 (22) 
Application to Spectrum Loading 

In a spectrum containing a number of different load levels, residual 
stresses will interact from one level to another, affecting the values of 
cyclic stress at a notch and, therefore, the fatigue life of the element. 
When a spectrum is applied in a series of loading blocks, the residual 
stress remaining at the end of a block is 'carried over' to the next 
block and applied as an initial loading stress at each level. It is 
assumed in the strain cycling method that the 'carry-over' residual is 
that associated with the level containing the largest strain range in 
the block. 

The residual stress carried over from the first block is used as an input 
to each level of the second block. If the maximum stress, <? max , (calculated 
with the effect of the carry-over residual included) exceeds the allowable 
ultimate stress for the material at any level the residual stress is modified 
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on the assumption the a ma x cannot exceed Ft u « The modified residual stress 
value is then substituted for the carry-over residual, and used as an 
input to subsequent levels. The procedure is followed at each level of 
the spectrum in which Omax > Ffcu. This particular case is discussed in 
detail later in the text. 

To determine the fatigue life for a given loading cycle, the method 
objective is to calculate the mean stress and total strain amplitude 
in the cycle (equations 15 and 16). It is therefore convenient to include 
the effect of the established residual stress on subsequently applied 
load levels in the form of a modification to the mean stress. A new 
equivalent strain amplitude for the level, which includes the residual 
stress effect, is then obtained from equation (6). 

The procedure is best explained by reference to the illustrative example 
on page B7.030-U1 . The computation represents a simple five-level 
fighter- type spectrum, with a constant minimum stress of zero. The 
appropriate plastic stress concentration curves and the cyclic stress- 
strain and strain-life curves for the material are shown on pages B7. 030-39 
and B7. 030-^0 . The material is aluminum 7075-T6 and the. elastic stress 
concentration factor, Kt = 2.96. 

Referring to the table on pageB7.030-Ul , columns (l) through (18) 
represent a 'first block' calculation, in which the cyclic stresses and 
strains are calculated on an individual level basis, with no interaction 
from one level to the next. The mean stress in the cycle is computed in 
column 13 (equation 15). The residual stress for each level, again 
computed on a non-interactive basis, is shown in either column 23 
(fmin ^ °) or column 28 (f m i n ^ °) • The residual stress corresponding 
to the load level with the maximum strain range is assumed to apply 
after the first loading b^ock, (as previously discussed) and is designated 
CT r |- s . In the example, o- res is shown in column 28 (level 5) and is 
calculated to be -6169O psi. 

The mean stress levels calculated for each load level (column 13) in the 
first block are now shifted by the amount (c- res * - Ores) where o res is 
the residual stress for any particular load level, and ores* * s the 
carry-over residual stress. The new mean stress for any level in the 
second block is now 

c*mean2 = °meani + °res*-" °res 

This operation does not affect the strain amplitude, e a , calculated in 
column Ik but the new value for n: mean causes a change in the value of 
e-t (column 31) when the new mean stress is substituted in equation (6). 

As in the stress-cycling method, the Miner-Palmgren cumulative damage rule 
is assumed to apply for the case of spectrum loading. The fatigue damage 
for each load level is calculated in columns l8 and 33- 
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For load levels in which the calculated maximum stress at the notch 
exceeds the material ultimate tensile strength, the method assumes that 
the maximum stress in the cycle to be 'cut off at F^ u , and the mean 
stress and residual stress are accordingly changed by an increment 

AOinean = <W - F tu W 
The mean stress in the cycle will become: 

°mean 2 = Omeanj^ - Affmean (25) 
and the residual stress: 

0 res 2 = ^res-L " ^^mean (26) 



In the computer program FATLF, the machine performs the identical 
calculations shown in table on page B7.030-U1 , for the first block, 
and enters the second block with the 'carry-over' residual stress, 
corresponding to the level with the largest strain range. The maximum 
stress at the notch is computed at each level, with the residual stress 
included. If, at one or more levels, the maximum notch stress exceeds 
F^ u , the program proceeds to a third block calculation, in which all 
levels are re-calculated using the 'cut-off* procedure previously discussed. 
Subsequent loading blocks are assumed to be identical with the third. 
The life prediction is obtained by use of the first, second and third 
block damages i.e. : 



Life = 



+ 2 



H 



where H = loading block size 



(27) 



) 
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E. COMPUTER PROGRAMS FOR FATIGUE LIFE PREDICTION 

Several computer programs are available to facilitate the tedious 
arithmetic involved in making fatigue life predictions of multiple 
level spectra. The programs are stored using computer language titles 
for the type program desired. 

The stress method of fatigue life prediction as defined by Grumman 
Structures Manual pages B7.030-8 through B7. 030-26 is presented in users 
manual form by report SAR-76-I. (Ref .43) The strain method of fatigue 
life prediction as defined by pages B7- 030-27 through B7. 030-1*3 is 
likewise presented in users manual form by report SAR-76-2. (Ref .kh) 
The strain method has available several auxilary programs attached to 
facilitate presentation features. The general strain life prediction 
program is titled FATLF , attached to this program is another program 
titled KENT, this is a damage presentation analysis. One other program 
for preliminary spectrum review is the program CHECK . This program 
produces a column output of the input spectrum data. 
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PREPARATION OP DESIGN FATIGUE SPECTRA 

Introduction 

Since military aircraft are required to meet many design conditions 
a ^ r °5 1 ! 1 l th ! Stress anal y st ^counters occurs when a given part is 
affected by the loads of more than one design spectrum. The magnitudes 
of the various levels in a spectrum are usually a specified quality 
Z» T»ri on events outside the analysts control, however, the analyst 
can influence the design spectrum when spectra combination is necessity 
Spectra combination has a strong influence on the stress range of a 
given cycle. For example a positive load spectrum can be arbitrarily 
combined with a negative load spectrum so that a cycle goes from negative 
™ n TJ ,!°/ 0S 1 ltl J e maxto - This can be cverly conservative and not 
rT^ tt f inS Conditions whose combination is statistically improbable 
It is therefore necessary to follow a more rational proceedure when Smbinini 
the levels of several spectra. comoining 

Discussion 

™ The + metho * offer ed in this section for the combination of levels of 
different spectra is based on the assumption that each spectrum is 
statistically independent. This assumption then permits a random 
combination of levels based on joint probability calculations. It must 
be recognized that the combination of levels must be limited to levels 
that can be randomily combined. For example, spectra levels that should 
not be separated such as catapult buffer load followed by catapult 

X ° a f mUS J bS combine ? separately, before the catapult sequence 

no'sTbL ?i aUnCh ' Re f erence ^> f °r example) can be combined with oSher 
possible loading spectra. 

For each level in the spectrum, the probability of the level occur-i™ 
St^ S n Ve £ iS , the . number of cycles at the level divided by the " S 

total number of cycles in the spectrum. This is true for the individual 
spectrum or for 'spectra combined from several lesser spectra. Therefore 
when combining spectra, the probabilities of two level! occurring ±1 a 
fnSrf ^^V?^ * rc *^ty, which is the product S Se 
tut T«T i pr ° babl i ltle n s - ^ number of cycles of this combination is 
the total number of cycles times the joint probability of occurence 

mu S rat r i e ° r , S r ral SPSCtra ' the CyCleS of ™ individSS spectrum 

must at least equal the sum of the cycles of all the other suectra 

The dominate spectrum is then the one to which all the otLr spectra 
are combined. If the cycles of the dominate spectrum exceed the su^ of 
SS£ of the 6 d°omiLt PeCtra ; then . an ° th - ~ JJt S'dde^s^t the 
oSe^spfctr: to"mbSd: Um ^ ^ — « ° f ***** <* ^ 

J\ N B> and N C respectively. For this example N c > ( % + 7 A> 
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Preparation of Design Fatigue Spectra (Continued) 

Each individual spectra can be illustrated in the following tabular 
presentation: 



Level 
1 
2 



Occur ances 
a 
b 



n 

2=N 



For example, the probability of 
level 2 occurring in a given cycle 
is: 

P(2) = b 
N 



In tabular form, the spectra to be combined will appear as: 



Level 


Spectrum 
A 


Spectrum 
B 


Spectrum 
Base 


Spectrum 
C 


1 


a A 


*B 


a C * a A ~ a B. 


a c 


2 

• 
• 


b A 

f 
* 


• 
• 


b C - b A " b C . 

* 
* 


b c 

* 


• 

L 




• 


* 

n C - n A ~ "B 


* 
* 

n C 






2=N B 


S=H C - N A - % 


2=K C 



CO 

o 
§ 

a 
o 
o 



Notice that another spectrum called. Base has been added to the definition 
of the original problem. The magnitude of the level in this spectrum may 
be arbitrarily defined or possibly be stipulated by the procuring agency. 
However, the number of cycles (total and at each level) are derived so 



that W A + K_ 
a^ etc. 



BASE 



= N c and similarly at each level: a^ + a^ +■ a^^g-g = 
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3 



Preparation of Jejjgn Fatigue Spectra (Continued) 

The probability of level 2 of Spectrum B occuring in a given cycle 
of the joint spectrum is: 



P B (2) = b. 



B 



and the probability of 



N, 



level 1 of spectrum C occuring in a given cycle of the combined spectrum 

IS I 

N c 

The probability of level 2, Spectrum B and level 1, Spectrum C occuring 
m a given cycle is then: & 



P B (2) x P n (l) = b B ■ a 



B 



(this is the joint probability) 



The number of cycles of this combination of events is the joint probability 
times the number of cycles in the combined spectrum: 



(B,2) (C, 1) - b B 



N C - b B 



If each level of the four spectra in the above example is- of different 
magnitude, a tabulation of the combined spectra will expand from 5 columns 
to a table containing (3 x Levels + 2) columns. This can be seen by 
listing the calculations made for each spectrum. Spectrum B is shown 
below as an example. 



Spectrum B 


Spectrum 
C 




1 


2 




L 


Level 


"b a c/ N c 


b B V W C 




"b a c/ w c 


a c 


1 


• 


b B V N C ' 

• 




"b V w c 

• 


b c 

• 


2 

* 


• 
• 


• 
• 

b B n b/ N C ■ 




• 
• 

"b n c/"c 


n Q 


• 

L 










2>c 





B 
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Preparation of Design Fatigue Spectra (Continued) 



The value in each column under spectrum B is cycles of occurance of that 
level (column heading) with the event in that row of spectrum C. 

At this point a numerical example is in order. In the following 
example assume Spectra A, B, and C are specified and Spectrum Base is 
derived. Spectra A, B, and Base are to be combined with spectrum C It 
is also assumed that all levels of the Base spectrum are of the same 
magnitude. The spectra will appear as follows (before combining) • 



Level 


Spectra 


A 


B 


Base 


C 


1 


12000 


70000 


All 


150000 


2 


7000 


30000 


Levels 


80000 


3 


lf00 


15000 


Same 


20000 


1+ 


100 


2000 


Magnitude 


•'IlOOO 


5 


20 


100 




300 




19520 


117100 


117680 


251+300 



Performing the arithmetic operations discussed above will result in the 
following combined spectra. 



Level-*- 





Spec 


brum A 






Spoctrum B 


Spectrum 
Base 


STinct.rnm C. 


1 


2 


3 


h 


5 


1 


2 


3 


it 


5 


Cycles 


Level 


7078 


M29 


236 


59 


12 


M29O 


17695 


aSi+8 


1180 


59 


69ltllt 


150000 


1 


3775 


2202 


126 


31 


6 


22021 


9'<38 


it 719 


630 


31 


37021 


80000 


2 


9kh 


551 


31 


8 


2 


5505 


. 2360 


1179 


157 


8 


9255 


20000 


3 


189 


110 


6 


2 


0 


1101 


it 72 


236 


31 


2 


1851 


it 000 


it 


lit 


8 


l 


0 


0 


83 


35 


18 


2 


0 


139 


300 


5 


12000 


7000 


koo 


100 


20 


70000 


300c 0 


15000 


2000 


100 


1176 80 


25I13OO 




EE= 19520 




EE= 


117100 
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Refer ences : 
(a) 



Sloti"- ^!!!f U f.^f?- e i atl0 ' 1 Eff *=t °n Patigue Lifa 



Symbols ; 

A, B, C 

a, b, n 

N 

P 

L 



Spectrum designations 

Occurances at different spectrum levels 

Total occurances in one spectrum 

Probability of occurance 

Maximum level in given spectrum 



Subscripts : 
A, B, C 
1, 2 



Pertaining to spectrum of that designation 
Pertaining to that level number 
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FATIGUE STRENGTH OF LOW CARBON STEEL AND 



TITANIUM ALLOY LUGS 



The following section presents a method for the determination of the 
fatigue strength of low alloy steel and annealed 6A1-1+V or 6Al-6V-2Sn 
titanium lugs. Although the method was originally developed for the 
fatigue analysis of axially loaded lugs, it can he used with certain 
restrictions for obliquely loaded lugs. 

Analysis of Axially Loaded Lugs 

The method is based on the use of constant amplitude lug fatigue 
data for the above alloys and the use of Miner's Law to determine the 
cumulative damage for the case of spectrum loading. 

The test data was normalized to the ultimate engineering tensile 
strength of the particular material after multiplying the tested alternating 
stress across the lug net section, ( fmax - An-in ) = ^a* by the stress 

2 

concentration factor for the lug test specimen, KN, This fatigue stress 
concentration factor is determined from page B7. 040. 3-1 with the Neuber 
correction applied as described on pages B7. 030-8 and -9. This procedure 
provides the constant amplitude fatigue life curves of pages B7. 032-13 thru 
B7. P32-16 for a family of curves covering a range of R (= fmin/ f max)i from 
0 to 0.6. These curves supply the data for damage calculations of 10^ cycles 
and greater. Below this cycle range, a linear cutoff is applied to the 
data so that at one cycle the ultimate static strength of the lug as 
determined from page B3. 13-28 will not be exceeded. The other point locating 
the cut off line intersects the data curve at a maximum stress equal to 
the allowable yield stress for the lug as determined from page B3. 13-28. 
In this case of axially loaded lugs, the lug static strength is based on 
the net section factor of page B3 .13-28 even though the lug may be critical 
for a static load as determined from page B3. 13-27. This procedure 
is followed because most axially loaded lugs fail in fatigue across the 
net section even though static analysis might predict a hoop tension/ 
shear out failure mode. 

It is assumed in the method that compressive loads on the lug cause 
no fatigue damage . across the net section. Therefore any negative 
(compressive) load in the applied spectrum has to be set equal to zero 
before the fatigue life calculation is made. 
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Determination of Low Cycle Cut-Off Values 




KN* f ALl/FTU 
Allowable curve for 




Cycles 



Determine the lug net section strength factor, K L , from page B3, 13-28 
for particular lug geometry and material. Determine lug stress concentration 
factor, Kjf, from page B7. 040.3-1 including the Ifeuber correction of pane 
B7. 030-8, 9. 



The cut-off values are then: 



% *au = %' K L * F tu 
F tu 2 F tu 



. (1-R) since F au = K L • (F tu - R.P tu ) 



% F ay = % ' K L • F ty _ (i _ r) 



Ftu 



2 F. 



tu 



since F ay = K L * (F ty - R*F ty ) 

2 



These values can then be located on the appropriate data curves to complete 
the fatigue data cut-off for the lug in question. 

Analysis of Obliquely Loaded Lugs 

The method of analysis of obliquely loaded lugs is derived from the 
method for axially loaded lugs, reference page B7. 032-8 for sketch of 
lug. To do this, it was necessary to assume the allowable fatigue data 
for axially loaded lugs applies to obliquely loaded lugs provided the 
proper stress concentration factors are used such as page B7.0i-i0.3-2. 

/' 
1 
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Obliquely Loaded Lugs (Continued) 



Since the lug test data is for R>0, the obliquely loaded lug is restricted 
to applied positive load ratios (P m in/ P max) - °* The assumption that 
negative loads do no fatigue damage cannot be made in the case of obliquely 
loaded lugs. 

As in the case of the axially loaded lugs, -che maximum static strength 
both ultimate and yield, must be determined and applied as cut-offs to 
the lug fatigue strength curves. The static strength values are determined 
as described on page B3. 13-15. These strength values are located on the 
fatigue allowable curves in the same manner as described for the case of 
axially loaded lug. 

As opposed to the case of the axially loaded lugs where the strength i 
of the lug is based on the net section, it is recommended that page B3 .13-15 { 
be followed exactly. This will ensure that the axial strength of the lug \ 
will be based on the critical failure mode of either net section failure ! 
or combined hoop stress/shear out. This added conservatism is recommended 
because the adaptation of the axially loaded lug fatigue data to obliquely \ 
loaded lugs is not adequately supported by test results at this time. j 

Determination of Low-Cycle Cut-Off Values 



Determine the static strength of the obliquely loaded lug, both 
ultimate and yield. This procedure is clearly given on page B3. 13-15, 
item 1. Following this procedure the allowable oblique lug strength, 
P a u or P a y will be determined. 



The cutoff values are then: 





The Kjy value is for the lug loaded at the oblique angle (from page B7.01+Q-3.2) 
including the Neuber correction of pages B7. 030-8, -9. 



n i ustrative Examples 



The following pages illustrate the application of this method for the 
determination of the fatigue life of a titanium alloy lug for both the 
axial load case and the oblique load case. 



y 
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Symbols 



R 



L mxn 



max 



f a or 
^alt 



F ty 
F tu 

K L 
P 



n 

Subscripts 
u 

y 

L 

a, alt 



= Stress ratio, f min /f max 

Minimum cyclic stress on net section of lug. (= P„ n -„/(W- n) *t) 
lbs/in. 2 minM ' 1 

Maximum cyclic stress on net section of lug, (= P maK /(W-D) -t) 
lbs/in. 

= Cyclic stress amplitude on net section of lug, lb/in. 2 

(^max ~ f min^/ 2 = f max * ( 1_R ) 

2 

= Allowable number of cycles-number of cycles to failure 
for a given stress range 

= Lug material tensile yield stress, lb/in. 2 

Lug material tensile ultimate stress, lb/in. 2 

= Lug net section strength factor from page B3. 13-28 

= Lug load, either applied or allowable, see sketch for 
description including lug geometry on pages B7.032-l+,8 

= Theoretical elastic stress concentration factor 

= Fatigue stress concentration factor including Neuber 
correction, page B7.030-8, -9 

= Number of cycles applied 



designates ultimate strength 
designates yield strength 

direction of load line on obliquely loaded lug 
denotes lug strength when used with primary symbol, P 
alternating stress 
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Example Problem 1 

Axial , Load Case 
Lug Geometry 

W = 2.0 in 

e = 1.0 In v 
D = 1.0 in \ 
a = (e-D/2)= 0.50 in 
t = 1.0 in 
D/W = 0.5 

e/D =1.0 y 

/ 

( 
V 

Material: 6-Al-^V Ann. Titanium Alloy 
F tu = 130000 psi 
F ty = 120000 psi 
E = 16.0 x 10 6 psi 
e u =0.10 
(Material properties from MIL-HDBK-5B) 

Determine Lug Net Section Static Strength 

From page B3 .13-28 




F tu 130000 
E fi u." lbxlObx.10 



F. 



= .081 



t£L =0.92 



F tu 

K L =0.92 (interpolated) 

Determine Non Dimensional Fatigue Factors 

From page B7.0U0.3-1 

% = 2.80 
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Example Problem 1 (Continued) 
From page B7. 030-26 
VA = 0 .08 

% = 1+ (2.8-1.0)/(l+.O8/VC~5 (Page B7.O3O-9) 
= 2.62 

Load Spectrum and Damage Calculat ion 



Level 


Loads (Kips) 


n 

Cycles/ 
1000 hrs. 


R 


Stress 
f max 




Allowable 
Cycles 
N 


Damage 
n/K 


Max 


Min 




1 


65.2 


3^.5 


1000 


0.530 


65200 


.309 


11+070 


0.0711 


2 


78.6 


28.8 


300 


0.366 


78600 


.502 


6U5O 


0.0465 


3 


92.0 


2k.S 


100 


0.270 


92000 


.676 


3170 


0.0315 


k 


103.5 


21.0 


30 


0.203 


103500 


.831 


1770 


0.0170 


5 


115 


19.2 


"l0 


0.167 


115000 


.966 


35 


0.2859 


6 


115 


0 


3 


0 


115000 


1.159 


31 


O.O976 


7 


115 


-1.0* 


1 


0 


115000 


1.159 


31 


0.0326 



*This level is set equal to 0.0, therefore R for level = 0.0 



T - 



0.5822 

Life = 1000/0.5822 = 1718 hrs. 



Cutoff Values - Levels 6, 7 



■ au 



F tu 



- 2. 62 x 0.92 

2 = X * 



205 



= 2.62 x 0.92 x 120000 

JP o u- n snmn ~ 1.112 



"tu 



2 x 130000 



Cutoff Values - Level 5 

Wffl . 2.62 , 0.92 x _ 1012 

tu a 
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J. 



Example Problem 1 (continued) 



F. 



tu 



m 2.62 x 0. 9 2 x 120000 (l .o. l67) = 0.93U 



130000 



Cutoff Values - Level h 
% F au 

X 

2 



= 2-62 x .Q2 (1-0.203) = O.96I 



•tu 



Hat . £^f^ L g°°o° (1 . 0 . 203 = 0 . 887) 



tu 



These cutoff values are shown on the following plot: 




CYCLE 
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Obliquely Loaded Lug 



(Same lug as problem l) 




Determination of Lug Static Strength, P 
Start at Page B3.13-15, Item 1 
For P L? Reference page B3-13-5 

K L for Eqnc. h thru 6b from Problem 1, page B7. 032-5 
Next determine P^, B3.13-4, Item 1 
Determine K for Eqns la and lb from page B3. 13-27 
K = 1.61 

Lug strength (axial) based on hoop tension/shear out is: 
Pb rL = K-a-t-Ftu = 1.6l x 0.50 x 1.0 x F tu 
" °' 8 °5 *t u 

P nL = K L - A nQt . P tu = 0.92 x (2.0 - 1.0) x 1.0 x F tu 

= °-92 F tu 
.\ P L = O.805 F tu 
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e/D = 1.0 
D/W = 0.50 
t = 1.0 in 
a = 0.50 in 
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Example Problem 2 (continued) 



For Bt r , Reference Page B3. 13-15 

From page B3. 13-30, h av /D =0.589 
From B3.13-29 
Kfcru = °-720 
p trL = Kfcru* E • F tu 
P trL ~ °«720 x 1.00 x 1.00 x F tu 
=0.720 F tu 

Then "by either solving the interaction equation of page B3. 13-31 or by- 
plotting on that diagram, 

|- = 0.4286 

hz. = 0.8300 

P tr L 

P = 0.1*286 x 0.805 F tu = O.3U5O F tu 
P tr = 0.8300 x 0.720 F tu = O.5976 F tu 



Because the fatigue allowables are referenced to the net section stress, 
the net section factor, Kj^ must be calculated for the obliquely loade 
lug from the following definition; 

p ff L = K L • A Net " F tu ' 

Kl = P q< i/C^net* F tu) = O.69O F tu /(2.0 - 1.0) x 1.0 x F tu 



The factor O.69O is identical in meaning to the Kl used in the axially 
loaded lug fatigue analysis. 

Determination of Cutoff Values for Fatigue Allowables: 
From page B7.OUO.3-2 



P o> L = Vp 2 + P tr 2 = 0 -690 F. 



tu 



O.69O 
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Example Problem 2 (continued) 
% = It. 10 

From page B7.O30-26 
VA = 0.08 
% = 1 + (4.10 - 1.0)/(1 + .08/ Vo3) 

Load Spectrum and Damage Calculation 



= 3.785 (page B7. 030-9) 



Levels 


Load (Kips) 


n 

Cycles 
1000 hrs 


R 


Stress 

f 

max 


F tu 


N 

Allow 
Cycles 


Damage 
n/N 


Max 


Min 


1 


48900 


25920 


1000 


0.530 


48900 


0.335 


IO57O 


0.0946 


2 


58950 


21575 


300 


0.366 


58950 


0.544 


4810 


0.0624 


3 


69OOO 


18630 


100 


0.270 


69OOO 


0.733 


2230 


0.0449 


4 


77625 


15530 


30 


0.200 


77625 


O.904 


1180 


O.0255 


5 


86230 


13800 


10 


0.160 


86250 


I.055 


28 


0.3568 


6 


86250 


0 


4 


0 


86250 


1.256' 


■ 24 


0.1643 



£§ = 0.7485 



Life = 1000 



Cutoff value, Level 6 



0.7485 



= 1336 hrs 



K 



F. 



: W F au _ 3.785 x O.69 1 ^ o6 



tu 



%F a y _ 3.785 x O.69 x 120000 _ ± 2Q6 



'tu 



2 x 130000 



Cutoff value, Level 5 

%Fau = 3.785 x O.69 (l _ 0 , l6)=1 . 0Q7 

F tu 2 

K N F ay 3.785 x O.69 x 120000 _ 

~ *• = 2 x 130000 (1-0.16) 

L tu 



= 1.013 
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D 



Cutoff value, Level k 



Ki 



fau m ^ * = (1-0.20) = 1.^8 



P. 



tu 



% F ay „ 3.78^ x 0.69 x 120000 (1 _ 0>2Q) = ^ 



: tu 



2 x 130000 



These cutoff values are shown on the following plot: 



0-9 



0-3 



0-2 



0-1 



O'QL 



FATIGUE STRENGTH OF TITANIUM ALLOY LUGS 
ANNEALED 6AL-W OR EAL-6V-2SH ALLOY 




CYCLES 
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.SECTION BY.O'+O 
STRESS CONCENTRATION FACTORS 



FORM OF DISCONTINUITY 



Single circular hole 



o 



] 



LOADING 



<^nd loud 

transverse bonding 
(central hole ) 



BY.O'iO-1 



PAW:: 



BY. OliO. 1-1 



Reinforced circular hole 



^ i ^ 



tensile stress 
shear r.trcss 



BY.O'KJ.I-3 



Central line of circular 
holes 



0—0 — o- 



end load. 



Wide sheet with double row 
of holes 




end load perpendicular to 
linos of holes 



BY. 01+0.1-5 



BY. 01*0. 1-6 



Transverse slot 



Notch on both sides 



8 8 0 



.A. 



end load (types 1, 2, 3) 
bonding (typos 1, 3) 



end load ' 
bending 

transverse bendlnc 



D7.0lt0.l-T 



BY.Ol+0.1-9 



Notch on one side 



Multiple notches on one or 
both sides 



Shoulder fillet 



T-Ifcad with distributed 
reactions 




r 



Fillets (effect of 
shoulder width, L) 



n 



end load 

bonding 

a. effect of notch angle 



end load 
bendi njr 



end load 
bending 



bending 



BY. 01+0.1-12 



BY. 01+0.1-11+ 



BY.O'lO.1-15 



UY.O'iO.l-lT 



BT.Ol+0.1-18 
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SECTION BT.Ol+O 
STHES3 COHCEflTRATION FACTORS 





FORK OF Di 


3C0NTINUITY 


LOADING 




SHAFTS AND TUBES 


Diametrical Circular Hole 




end load 

torsion 

bending 


BT.0lt0.2-l 


Groove (in solid shaft) 








end load 

bending 

torsion 


B7. 0^0.2-5 


Fillet 




end load - B °} 1(S - Ehaft 
hollow shaft 

toraion - =°" d ahaft 
hollov shaft 

bending - solid shaft 


B7. 01+0.2-8 


M 

o 


Bar loaded by a close 
fitting pin 




Q 




tension 


B7.0to.3-1 


1 


Angle 






bending 


B7.040.Ul 

1 



4 



ADDITIONAL HEFEliENCES 



B7.0'i0.7-1 



IT March 195? 



STRUCTURES MANUAL 



B7.oiio.1-1 



STRESS CONCENTRATION FACTORS FOR AN AXIALLY- 
LCADED PLATE WITH AN ECCENTRIC CIRCULAR HOLE 



NOTE: These factors apply to stresses in the elastic region. 

f max = K x f net = maximum stress (at point "n") 

f net = + d 2^ ^ = avera S e net section stress 

•t = plate thickness 




Ref: Aero. Res. Inst, of Sweden - Report No. 36 
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STRESS CONCENTRATION FACTORS FOR A PLATE 
IN BENDING WITH A CENTRAL CIRCULAR HOLE 




t 



f av = K f = maximum stress at edge of hole 

f = — — P = nominal bending stress in 

(W - D)t outer fibers of plate 




D Hole Diameter 
W = Plate Width 

Ref: R. E. Peterson, "Stress Concentration Design Factors," 
-> Fig. 86 & GAEC Calculations 

.Mum mn n < 



i October issk STRUCTURES MANUAL B 7 .oto.i- 3 

THE EFFECT OF REINFORCEMENT ON THE STRESS 
CONCENTRATION AT A HOLE IN A PLATE 

Notation 

d=diameter of hole (in.) 
D=20utside diameter of reinforcing: ring (in.) 
t = thickness of plate (in.) 

( t = thickness of reinforcement (in.) {see sketch) 

/= direct stress in plate, neglecting hole and reinforcement (lb./in. s ) 
q = shcar stress in plate, neglecting hole and reinforcement (lb. /in. 3 ) 
/„„ = maximum principal stress in reinforced plate (lb./in. J ) 

Notes 

The ratios / m «// and f mi i/q are plotted against the ratio r P /t for .various values 
of D/d. 

Two cases are considered: in one a single direct stress / is applied to the plate, 
in the other a shear stress <j. 

It is assumed that the plate is large compared with the hole; but the results may 
be applied with sufficient accuracy to plates the smallest dimension of which is not 
less than four times d. The deformations of the ring reinforcement arc assumed 
to be equal to those of the plate in both the radial and tangential directions, and 
the stress is assumed to be uniformly distributed over the thickness of the ring 
and plate. In practice, if the ring is riveted to the plate, stress concentrations wilt 
occur at each rivet and the deformations and stresses in ring and plate will not 
be equal. The plotted results may be used as a guide, the accuracy of which depends 
upon the number and position of the rivets. 

For small values of /,/t the maximum principal stress occurs at the edge of the 
hole but for higher values it occurs at the junction of the plate and reinforcing ring. 
This change in location causes the discontinuity in the slope of the curves. 

In the case of a single direct stress and with the lower values of t r jt, /„,„ occurs 
at the edge of the hole on a diameter drawn perpendicular to the direction of the 
applied stress. In the same case but with higher value of t f /t, /„„ occurs at 
the junction of the plate and the reinforcing ring at four points located within 
to* of the two diameters drawn at 45° and -45° to the direction of the applied 
stress. 

In the case of pure shear and with the lower values of f r /f, / mlI occurs at the 
edge of the hole at four points located on the two diameters drawn in the directions 
of the maximum applied tension and compression stresses. In the same case but 
with higher values of t,/t, /„„ occurs at eight points on the junction of the plate 
and the reinforcing ring. These eight points are grouped in four pairs and for the 
range of t r /t covered in this data sheet these points occur within 10° on each side 
of the two diameters drawn at 45° to the directions of the maximum applied tension 
and compression stresses. 

It is assumed that /„,„ is within the elastic range and that buckling of the plate 
or reinforcement out of its plane docs not occur. 

Derivation 

Gurney. An analysis of the stresses in a flat plate with a reinforced circular hole 
under edge forces. R. and M. No. 1834 (1938). 

Heaps. Unpublished work at the R.A.E. (1952). 
Example 

Find the dimensions of a circular reinforcing ring when the maximum stress is 
limited to 1.5 times the undisturbed stress in the plate under direct load, and:— 

D = 4.p in., d = 2.o in., and 1=0.036 in. 
From the diagram, with 

Djd-2.0, t r /( = J.42. 

Therefore a ring with t, = 2. 42 x 0.036=0.087 in., satisfies the requirements. 
Ref. RAS Structural Data Sheets (Dec. 1963) pp. 02.0^.03 
Reproduced by Royalty Agreement 
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Ref. RAS Structures Data Sheet:; (Dec. I\>'o3) pp. 02.02*. 03 
Reproduced by Royalty Agreement. 



July 1967 



STRUCTURES MANUAL 



B7.oiio.1-5 



1 



STRESS CONCENTRATION FACTORS FOR AN AXIALLY 
LOADED PLATE WITH A CENTRAL LINE OF HOLES 

f v = K f = maximum stress at edge of holes 
p 

^nom = (W - D)t = noKlinal stress In net section 
t = plate thickness 



u 
o 
■p 
o 

G 
o 

•H 

P 

cd 
u 

P 

Ei 
D 
U 

a 
o 
o 

tn 

<D 
F-( 
P 
CD 




1.0 



D _ Hole Diameter 
b ~ Hole Spacing 



Ref: R.E. Peterson, "Stress Concentration Design Factors/' 
Fig. 78 & GAEC Calculations 
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STRESS CONCENTRATION FACTOHS FOR A WIDE SHEET WITH A 
DOUJiLE HOW OF HOLES PERPENDICULAR TO THE LOAD 



U-Vn rV-i rV 1 



~\\ FT \ t\ " 0TE: r " v^'V or 

,-rors section 



«)-2 ' i'.'j- 0.6 o.B J.o l.i l.u i.6 

1: _ Hole Spacing Perpendicular to Load 

d ~ Diagonal. HoL'.- Spacing Bctuo-m Rown 

He!': H. E. PotrTr.ou. "r.trc:;:- Coni.-cnt.rat i on 
Di-ni^n V:vt:,r::", F.i '. 

^^tjcm/jui/i ^j- — 



1.8 




2.0 



December 1968 
P 

t 



V 



! 




t 



7Uv)irtian. 



5 10 



D 

T 
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STRESS CONCENTRATION FACTORS 1<U> ' 
■ SLOTTED BARS UNDER AXIAL LOAD 




b : 
D: 



0-4 



0-5 



0-6 



0-7 



0-8 



0-9 



f max = Ki 'net = Inaximum stress (at edge of slot) 
= P/(D-b)t = average net section cLrec 
t = bar thickness 

Ref: Engineer ■ « Science Data, Item No. . .••» ■' . pii(.>e 10. 
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STRESS CONCENTRATION FACTORS 
FOR SLOTTED BARS IN PURE BENDING 

1- f* A = KMc/l = maximum value of stress along edge of slot (at point "A") 
2. f =.Mc/l = maximum value of outer fiber stress (at points "B") 
c = semi-depth of bar (see figure below) 

I = moment of inertia of net area through slot, taken about 
an axis through the middle of the bar. 

These factors apply to stresses in elastic region. 

In an elliptical slot R is the minimum radius. 

NOTE: 1. Solid lines indicate that the •maximum 
stress in the bar is obtained at the 
edge of the slot. (Use equation 1 above.) 
2. Dashed lines indicate maximum stress in 
bar is at the outer fiber. (Use equation 
2 above . ) 
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R + d Edge Distance 
jtef : Journal of Applied Mechanics, March .1951, pages 107, 108 
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STRESS CONCENTRATION FACTORS FOR A NOTCHED 
FLAT PLATE UNDER AXIAL LOAD 




d _. Net-Section Width 
d + 2h Gross-Section Width 



Rcf: R. E. Peterson, "Stress Concentration 
Design Factors," Fig 16-19 
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STRESS CONCENTRATION FACTORS FOR A 
NOTCHED FLAT PLATE IN BENDING 



A. 



h 

T 

d 



h 

T 




f = K f 
max. nora. 

6M 



nom. = *^~ = nomina l outer fiber bending 
d t stress at net section 

t = plate thickness 




_d Net-Section Depth 



d + 2h Gross-Section Depth 
Ref: R. E. Peterson, "Stress Concentration Design Factors", Fig. 32-35 
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STRESS CONCENTRATION FACTORS FOR BARS 
WITH MULTIPLE NOTCHES 




Case ( a ) Case (b) 

Multiple Notch Equivalent Single Notch 



For a given loading the stress concentration factor for the multiple 
notch, case (a), is the same as the factor for the equivalent single 
notch, case (b), with the same root radius r, "but a depth 7 h. Determine 
7 from the curve below and then obtain the stress concentration factor 
for the equivalent single notch, from pages B7. 040.1-9 B7 OkO 1-10 or 
B7. 0*4-0. 1-12 . ' 

1.0 ■■■■ . 




b_ _ Notch Spacing 
h ~ Notch Depth 



Rcf: R. E. Peterson, "Stress Concentration 
Design Factors", Fig. 23 
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STRESS CONCENTRATION FACTORS FOR A FLAT PLATE 
WITH A SHOULDER' FILLET UNDER AXIAL LOAD 



3} 



f = IC f 
max ave 



f = 4t- average stress in shank 
ave dt 




Shank Width 



d + 2h ~ Shoulder Width 
Ref: R. E. Peterson, "Stress Concentration Factors," 



Fig. 57ji T.N. 2hk2; GAEC Data 
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STRESS CONCENTRATION FACTORS FOR A FLAT 
PLATE WITH A SHOULDER FILLET IN BENDING 



f K f 
max. nom. 



= nominal outer fiber 
d & t bending stress in shank 

t = plate thickness 




1.0 



Shank Depth 



d + 2h Shoulder Depth 

Ref: R. E. Peterson, "Stress Concentration Design Factors", 
Fig. 60, GAEC Data 
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STRESS CONCENTRATION FACTORS FOR A 
T-HEAD WITH DISTRIBUTED REACTIONS 



Ref : R. E. Peterson, "Stress Concentration 
Design Factors," Figs. 103-108 



_f = K f 
max. 



f = Kf 
max. nora.- 




0.8 1.2 1.6 

d_ _ Width of Shank 
c ~ Depth of T-fiead 



2.0 



2A 



,-utm/na/iz 



B7.OUO.l-l8 



December ly6b 




1 October 



STRUCTURES MANUAL 



B7.01+0.2-1 



GEOMETRIC STRESS CONCENTRATION FACTORS 

DIAMETRAL CIRCULAR HOLES IN ROUND TUBES UNDER TENSION 

OR TORSION 



Notation 

<I=diameter of hole (in.) 
D, = inner diameter of tube (in.) 
l)„— outer diameter of tube (in.) 
P = direct load In tube (lb.) 
T= torque in tube (lb. in.) 
/m«= maximum direct stress in tube (lb./in. a ) 
K = stress concentration factor defined by 

4 KP 

'"" = 7T (DS-Df ) * f0r CaSe ^ 
16 KT P. 



Notes 



Case i. Values of K are 'plotted against djD a for various values of D^D^ 
for a diametral hole in a round tube in tension. The maximum stress occurs 
in the bore of the hole slightly below the outer surface of the tube, at, or near 
to, the intersections between the bore of the hole and a plane at right angles 
to the axis of the tube containing the hole centre line. 

Case 2. Values of A" arc plotted against djD a for various values of Pi/D ot 
for a diametral hole in a round tube in torsion. The maximum direct stress 
occurs in the bore of the hole slightly below the outer surface of the tube, at 
points on planes at approximately 45° from the plane through the axis of the 
tube containing the hole centre line. 



Derivation* 

Results of Strain Gauge Tests: — 

Tiium and Kirmser. 1 - - Tension, Bending,, and Torsion of Bars containing 
a Transverse Hole and Combinations thereof. V.D.I. Forschun^sheft 419. 
Vol. 14(6), 1943. 

Results of Photoelastic Tests: — 

Frocht. 1 Studies in Three-Dimensional Photoelusticity. — Stress Concen- 
trations in Shafts with Transverse Circular Holes in Tension. Journal 0/ 
Applied Physics, January, 1944. 

Leven. 1 Quantitative Three-Dimensional Photoelasticity. Proceedings of 
the Society for Experimental Stress Analysis. Vol. 12, Ncft 2, 1955. 

jESSOf, Snkll and Allison, '■ 2 The Investigation of the Stress Concen- 
tration Factors in Cylindrical Tubes with Transverse Circular Holes. (To be 
published). 

*' Relates to Case 1.. 
* Relates to Case 2. 



Ref. RAS Structural Data Sheets (Dec. 1963) PP« 06.00.0^ 
Reproduced by Royalty Agreement. 
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GEOMETRIC STRESS CONCENTRATION FACTORS 

Diametral Circular Holes in Round Tubes Under 
Tension or Torsion 



CASE 1 
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GEOMETRIC STRESS CONCENTRATION FACTORS 
DIAMETRAL CIRCULAR HOLES IN ROUND TUBES IN BENDING 



Notation 

d^diametcr of hole (in.) 
D x =sinncr diameter of tube (in.) 
D 0 =outer diameter of tube (in.) 
M= bending moment in tube (lb. in.) 
/«»= m aximum direct stress in tube (lb./in. 3 ) 
K=stress concentration factor defined by : 

32 KMD n 



U 



Notes 

Values of K arc plotted against d/D 0 for various values of D t /D 0 , for a 
diametral hole in a round tube in bending. The applied bending moment lies 
in a plane containing the hole centre line. 

The maximum stress occurs in the bore of the hole slightly below the outer 
surface of the tube, at, or near to, the intersections between the edge of the 
hole and a. plane at right arigles to the axis of the tube containing the hole 
centre line. 

Derivation 

Results of Strain Gauge Tests : 

Peterson and Waul. Two and three Dimensional Cases of Stress Concen- 
tration and Comparison with Fatigue Tests. Journal of Applied Mechanics, 
March, 1936. 

Thum and Kirmser. Tension, Bending and Torsion of Bars containing a 
Transverse Hole and Combinations thereof V.D.I. Forschungsheft 419. March 
and April, 1943. 

Results of Photoelastic Tests : — 

Frocht. Studies in Thrce-Dimensional Photoelasticity— Stresses in Bent 
Circular Shafts with Transverse Holes— Correlation with Results from Fatigue 
and Strain Measurements. Proceedings of the Society for Experimental Stress 
Analysis, Vol. 2, No. 1, 1945. 

Jussop, Shell and Allison. The Investigation of the Stress Concentration 
Factors in Cylindrical Tubes with Transverse Circular Holes. (To be published 
in the Aeronautical Quarterly). 

Results of Electroplating tests : — 

Okobo and Takai. Stress Concentration Factors in Shafts Containing 
Transverse Holes and Subjected to Bending, Journal of Applied Mechanics, 
September 1956. 



Ref. RAS Structural Data Sheets (Dec. 1963) pp. 
Reproduced by Royalty Agreement. 
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GEOMETRIC STRESS CONCENTRATION 
FACTORS 

DIAMETRAL CIRCULAR HOLES IN ROUND 
TUBES IN BENDING 




o 
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Ref. RAS Structural Data Sheets (Dec. 1963) pp. 06.06.04 
Reproduced by Royalty Agreement. 
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STRESS C ONCENTRATI ON FACTORS FOR A GROOVED SHAFT IN TENSION 




d_ 

d+2h 



Ref: R. E. Peterson, "Stress Concentration Design Factors'} Fig. 2^-27 
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0 0.2 O.k 0.6 0.8 1.0 



d Net-Section Diameter 




d+2h Gross -Section Diameter 
Ref: R. E. Peterson, "Stress Concentration Design Factors", Fig. 38-^1 
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STRESS C ONCENTRATION FACTOR FOR A GROOVED SHAFT IN TORSION 




d _ Net -Section Diameter 
d+2h Gross Section Diameter 

Ref: R. E. Peterson /'Stress Concentration Design Factors'; Fig. h6-k$> 
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December 196*; ivr^-. j STRESS CONCENTRATION FACTORS ' : 
f max " ^net = a " C ^ cc }^:V,,jra< FILLETS IN SOLID AND HOLLOW ' 
FIGURE I; :tW*W fi^jf^-i 4-CIRCULAH SHAFTS UNDER AXIAL LOAD 
J " ■' ' "" 0 ; 03vr ; - - •' -'■ 
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fTKEGS CONCENTRATION FACTORS FOR A BAR 
LOADED BY A CLOSE-FITTING PIN 



f max = K f nct = maxiinuin stress at edge of hole 
. P 

net ~ (w _ - average net-section stress 
t = bar thickness 
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D. _ Pin Diameter 
Ref: Frocht, "Photoclasticity" W " Bar yidth 
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STRESS CONCENTRATION FACTORS FOR A BAR LOADED BY 
A CLOSE-FITTING PIN (e/w = 0.5) 

f max = Kf net = max * stress at Ed S e of Hole 
p 

f net = (w-D)t = Avera S e Net-Section Stress 
t = Bar Thickness 



a = Angular iLocation of imax. Eltrqs 
; 'Concentration iat Edge -dlnolej 



20 kO 60 

0= Position of Load Line — Degree 





0.2 O.k 0.6 

_D _ Pin Diameter 
W Bar Width 



0.8 



Ref. R. Melts, M.S. Thesis, PIB, June 196U, "Photoelastic Study of 
Stress Concentrations of Single Pin Loaded Lugs in Tension." 
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STRESS CONCENTRATION FACTORS FOR A LUG LOADED AT OBLIQUE 
ANGLE INCLUDING EFFECTS OF LUG PROFILE GEOMETRY (FLANK ANGLE) 

(0.30 < D/W < 0.65) 

f max = K g * f net = Maximum Stress at Edge of Hole 
f net = p /( w - D ) * * = Average Net-Section Stress 
t = Lug Thickness 
K 0 = K • (K B /Kt 0 ) 
K from page B7.0U0.3-1 
Kp /K-^o from figure below 
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STRESS CONCENTRATION FACTORS FOR AN ANGLE IN BENDING 



f = K f = maximum stress at the fillet 
max , nom . 

f = a nominal bending stress in outer fiber 
nom. bt 2 
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Fillet Radius 
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t Plate Thickness 

Lipson, Noll & Clock, "Stress & Strength of 
Manufactured Parts", Page 101 
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STRESS CONCENTRATION FACTORS -ADDITIONAL REFERENCES 



FORM OF DT.SCOIfi'IMUITY 



LOADING 



REFERENCE 



Slnclc und Multiple Holes 



Infinitely Wide Slicct 
With Elliptlcul Hole 



Shallow Elliptical Notch 
(in infinitely wide plate ) 



°o°o 0 o 0 



uniaxiul 
biaxial 



czo 



transverse bending 



tendon 
bending 



Pages &I4-98 



Pufe 103 



PU(TO 139 



to 
w 

Hi 



Deop Hyperbolic Notch 
(in on infinitely wide 
pluto ) 



inr \V^/Y»te 



A 



bending 

transverse bending 



Ptife l!tO 
P;i(jc l'i2 



Roi tiiuriicd Holes 
(circular, elliptical, 
squuri.' ) 




bioxial 
rjlioa r 



Unrol nforced Hoctnnimliir 
I loll' 




I'iuxiul 
ohciir 1 



Paces J t5-!;0 



Seini -circular Notchoi; 




end loud 



Elllptif.-il Fillet 



f 



bend Ltitf 



Curved J:-:i 



3 



1.2 



Pin 




iK.'iidin;' 



TZ3 




end loud 
interference fit 



P-'GOf; S9-31 



1 

Parr Y3 



Paco 1?Y 



Pi i til -52 
Pages 53-55 
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STRESS C ONCEKTHATI OH FACTORS- ADDITIONAL REFERENCES 



FORM OF DISCONTINUITY 



BuGhinjr 




LOADING 



interference fit 



HJiFERENCE 



Pu G e3 5Y-59 



Helical Spring 



Hotutine Dlott With 
Central Hole 




liotating Disk With 
Non-central Hole 



Ring or Hollow Roller 



Ancle or Box Section 



Tee or I I3cum 



U Shupcil Member 



REFERENCES 



end loading 



rotation 




rotation 




diumetri tally opposite 
internal concentrated 
loads 



o 



'numerically opposite 
external concentrated 
loads 




torsion 



Lorsion 



' I 



4i 



ua shown 



1. R.E. Fclorson, Stress Concentration Design Factors , Jolin Wiley & Sons 

2. Ent;inecrin(j; Science Dulu, Acroruml.icul Scries, Item No. G':00'(. 



Inc., 19 



3. Boudlo, C. W. and Conuuy, }[. D. , "Conducting Slice t Analogy Cor 
Structural Sections", IVoc . Society Cor Experimental Stress Ann 



Page 128 



Pago 132 



Page 133 



Page 13I1 
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Stress Concentration;; in 
lysis, Vol. XX, Mo. i?, par 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE 

The problems associated with the reinforcement of axially loaded members 
are frequently complicated by geometric constraints that restrict the place- 
ment of the reinforcing material. This problem is almost always encountered 
in aircraft structure on the tension side of the wing structure (or tail struct- 
ure) at the transverse rib attachment attachment holes. In order to ensure the 
design fatigue life at these points of stress concentration at a minimum weight 
penalty, it is necessary to depress the stress level in the vicinity of these 
holes. Ideally, the added material would be placed symmetrically about the 
basic wing skin, and extend only a short distance in the direction of the ten- 
sion stress on either side of the stress raiser. Aerodynamic cleanliness req- 
uirements prevent this ideal design and it is therefore necessary to contend 
with the inefficiency of eccentric reinforcement. Even in the best of cond- 
itions, the efficiency of the reinforcement will be low, and it is therefore 
necessary to minimize the conservatisms in the analysis as well as prepare the 
best design possible. 

Tension wing skins usually employ integral construction techniques and are 
therefore milled from plate material where the thickness can be designed to 
meet the load requirements. This construction readily permits integral rein- 
forcement material at points of stress raisers. In- a typical wing skin, the 
problem is illustrated by the following sections. The section is cut parallel 
to the direction of the tension stress midway between the longitudinal stiff- 
ening members. 
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THE ANALYSIS OF ECCEKTRIC REINFORCEMENT ON TENS I OH STRUCTURE (COM 1 ) 

The analysis of stresses at critical sections in the reinforced skin dep- 
ends primarily on an accurate determination of the bending moment at the sect- 
ion and an equally accurate assessment of the stress concentration factor that 
accounts for the geometric variations along the member. 

The bending moments are determined from a two dimensional model of the 
structure as indicated in the previous sketches. The bending moment analysis, 
to be of any value, must include the effects of the structural deflections as 
well as the constructed eccentricities . A two dimensional analysis (as opposed 
to a plate) is used because the effects of the adjacent longitudinal stiff- 
ening members is considered to be negligible. It is also assumed that the 
transverse ribs are spaced far enough apart so that there is no interaction 
from rib to rib. These assumptions then permit the development of the fol- 
lowing idealized structural model for a reinforcement with two thicknesses. 
The actual structure will appear as shown in the following sketch. 




For the bending moment analysis, the fillet region is idealized as a con- 
stant thickness element whose geometry is constructed as shown in the follow- 
ing sketch. The basic assumption in the construction is that the limit of the 
effective material is established by the line tangent to the fillet at the 
angle of 30 degrees. 




The idealized structure will now appear as shown in the following sketch. 
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The dimensions of the idealized structural model are: 
When *^Qjj ^ s greater than the thickness change: 

W = (t3 - * W 2 *W (1 » - ti} - 1 - 0 

When RjY./vnri less than the thickness change: 



B TAH1 


~ ^MACHL 




^TAN2 


= R MACH2 




I2 


= 0.268 R^^ 


+ 1.732 (to 


to 


= L 2 + ^ANl " 


13 " ^TAN2 


U 


" °' 269 ^IACH2 


+ 1.732 (ts 


Is 


= L 3 + K TAH2 " 


4* 



The thickness of the structural element at each fillet is a weighted aver- 
age of the thickness at the ends of the fillet. 

ta = ti + 0.8 (ts - ti) 

t* = to + 0.8 (ts - to) 

The internal load designation for the members of the structural model are 
shown in the following sketch. The bending moments are about the centroid of 
the structural element. 

The problem is solved by formulating the displacement continuity equations 
at each node, 1 thru k. Structural symmetry is present at node 5 which yields 
a boundary condition of zero rotation at this point. At the left end of the 
structural model, the boundary conditions are zero bending moment and zero linear 
displacement. The displacements of the elements are determined from the beam- 
column equations readily available in structural engineering texts such as Ref- 
erence 1. The following constants are required in order to solve for the inter- 
nal loads. 



Reference 1: Miles, A. S., and Newell, J. S. : Aircraft Structures, Volume II, 
Third Edition, John Wiley & Sons, Inc., I9U3. 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE (CONT) 
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H = (k c Coth k_-t-_)/P 
5 5 5 


B 




I = k c /lP Sinh k^L,-) 
y 5 5 


C 


« k 2 /(P Sinh k 2 ^ 2 ) 


J = B + D - & /(A + B) 


D 


= (k Coth k 3 ^ 3 )/P 


K = D + F - <?/(F + H - I 3 /H) 


E ' 


= k 3 /(P Sinh T^t ) 


= ?(ti + ta ) 


F 


= (k u Coth k^)/P 


e 2 = Kta + te ) 


G 


= k u /(P Sinh k k t k ) 





The internal loads are now calculated from the following equations. 
q 3 = [e'J/(jk - E' 3 )].[| ei /(^)f.|c/(A + B) - 1.0 ( 

+ )e 2 /(E' *O|.(l.0 - G/(F + H - I 2 /H)(] 
q 2 = ) e;L /(J^)|-|C/(A + B) - 1.0 } + E' q 3 /j 
q k = (Gq 3 - e 2 /-l 4 )/(F + H - T> /K) 
^5 = 1 %/ K 

q 1 = C q 2 /(A + B) + e^^ (A + B) ) 
Stresses in the actual structure 

The points of interest in the actual structure are at locations of geom- 
etric stress concentration and at points of net section stress. In this struct- 
ure, these points are at the fillet radius tangency points and at the rivet hole. 
The structural idealization provides the bending moment for each of these loc- 
ations. 

Single step reinforcement 

The equations in the previous text can be used for the single step rein- 
forcement case by setting t^ = t_. Assign an arbitrary value to S^p^ (say 0.10) 
if ^m^chi ^ 3 et l ua l *° zero, otherwise, determine from equation on page 
In tne single step case, the value of £3 is not significant to the critical 
answers because the moments q. and q 2 are not at points of stress concen- 

tration. The analysis of a single step reinforcement is included in the illus- 
trative example. 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCURE (CONT) 



Increased accuracy aod special cases 

The idealization of the fillet area for the closed form solution of this 
problem presented in the previous text can be expected to give acceptable accu- 
racy for the geometries resulting from normal aircraft strucure manufacturing 
techniques. The accuracy of the proceeding analysis can be improved by using 
a finer grid in the structural idealization. This step will preclude hand calc- 
ulations, but if this increased accuracy is required, computer aid is available. 
A system of programs controlled by EXEC REINFORC is available on the Structural 
Analysis Section B-DISK. This program analyzes eccentric reinforcements as des- 
cribed in the previous text and also includes the analysis of linear taper rein- 
forcement and the analysis for normal pressure loading. The description of this 
program and instructions for its use are available in a separate Structural Anal- 
ysis Section memo. Should special problems arise involving geometry signific- 
antly different than the straightforward cases discussed previously or the anal- 
yst wish to dictate the structural idealization, the Structural Analysis Section 
beam-column computer program must then be uaed. This program is available on the 
section B-DISK and is titled DGO02 VSBASIC. The program description and instruc- 
tions for its use are given in Reference 2. In addition to the advantages noted 
above, this program, due to its flexibility in description of EI variations along 
the beam and in location of section centroids relative to load-lines, is an 
extremely powerful analysis tool for the special case problem. 

The output of both programs includes, in addition to bending moments, the 
deflections and stresses at each node of the idealized structure. The axial 
shortening of the member due to bending is also included as program output. 



Illustrative example 



The use of the equations presented in the preceeding text is shown in the 
following example. The section chosen for the example is geometrically similar 
to the F-lh wing lower cover at about Rib #l*t (Sta. 85). The material for the 
example is 6A1-UV annealed titanium alloy plate with an F. of 135 ksi (B value). 
In the following problems, the gross section stress is 115 ksi which is app- 
roximately the design tension stress level for the F-lk. This stress level will 
result in critical section stresses at about the material ultimate strength when 
a bending modulus of rupture is included in the static strength analysis. Al- 
though the F-lU is not fatigue critical at this location because of the use of 
interference fit fasteners, it is probable that in an other application, the 
design would be fatigue critical. The calculation of the applied stresses there- 
fore includes the applicable stress concentration factor. This w5.ll permit a 
comparison, on a fatigue basis, of the two step configuration to other possible 
designs. The strength analysis, static or fatigue, is not included in this section 
since these analyses are adequately covered in other sections «5f ' the Structures 
Manual. 



Reference 2: Aerospace Strucures II. Grumman Aerospace Corporation Report 

(This report is the Structures Section Stress Analysis course 
notes that are scheduled for publication in I983) 



*G AC 401 0 
Z-74 



— B7. 05Q-5 — 



DECEMBER 1962 



GRUMMAN ASsRiiasmESll ^©[StPOtaairDOM 



STRUCTURES MANUAL 



THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE (CONT) 
Illustrative example (Cont) 

Material: Titanium alloy, machine milled plate 
E = 16.0 x 10 s psi 
Section thru structure 

Hole <^ 



J_Ul 



o.iooy 



0.110 t 

0.11*0 



Dimensions of idealized structure: 



= 0.50 Typ-/ 



-Lg = 0.50 



= 0.50-*- 



la = 0.268 X 0.50 + 1.732 x (0.110 - 0.100) 
= 0.151 in 

U, = 0.268 x 0.50 + 1.732 x (O.H+0 - 0.110) 
= 0.186 in 

^MACffl. > (t3 " 



R^Nl = (0.110 - 0.100) «y/ 2 x 0.50/(0.110 - 0.100) - 1.0 
= 0.0995 in 

>(te- ts) ________ 

H TAIE = (°' lk0 ~ O* 110 ) V 2 X 0-50/(0.11*0 - 0.110) - 1.0 

= 0.171 in 
lz = 0.500 + 0.0995 - 0.151 - 0.171 

= 0.276 in 
-ts = 0.500 + 0.171 - 0.186 

= 0.1*85 in 
ta = 0.100 + 0.8 (0.110 - 0.100) 

= 0.108 in 
U - 0.110 + 0.8 (O.HtO - 0.110) 

= 0.13U in 
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Illustrative example (Cont) 



P = 115000 x 0.100 = 11500 lb 



h. 


_ 


J 12 x 11500 

1 ID X JAJ J£ U*1UU 














*2 


— 


* 16 x 1CP x 




=» 2.616643 










k 3 




I 12 x 11500 
116 x l(f x 0.110° 




— &.pipoup 










k 4 




| 12 x 11500 

jl 1 £ V 1 ft* V 




= 1.893314 










s 


— 


/ 19 v n c;rin 
* 16 x 10° x 0.140^ 




= 1.772914 










A 




2.93oo37/.F 








0.255377 


X 


io~ 3 


B 




(2.61661+3 Coth 0.151 


X 


2. 616643 )/P 




0.604375 


X 


10" 3 


C 




(2.6l66U3/Sinh 0.151 


X 


2. 616643 )/P 




0.559908 


X 


10~ 3 


D 




(2.5^5605 Coth 0.276 


X 


2.545605)/P 




0.363736 


X 


10" 3 


E ' 




(2.545605/Sinh 0.276 


X 


2.545605)/P 




0.288626 


X 


10" 3 


F 




(1.893314 Coth 0.186 


X 


1. 893314 )/P 




0.486773 


X 


10" 3 


G 




(l.8933l4/Sinh 0.186 


X 


1. 893314 )/P 




O.458086 


X 


10" 3 


H 




(1.772914 Coth 0.485 


X 


1.772914 )/P 




0.221552 x 10" 3 


I 




(l.7729l4/Sinh 0.485 


X 


1. 772914 )/P 




0.159117 x 10~ 3 



j = (0.604375 -t- 0.363736 - 0.559908 2 /( 0.2 55377 + 0.604375)) x 10* 

= 0.603474 x 10" 3 
K = (0.363736 + 0.486773 - 0.45808^/(0.486773 + O.221552 

- 0.159irr7o. 221552)) x 10" 

= 0.497267 x 10" 3 
e 1 = -| (0.110 - 0.100) 

= 0.005 in 
e g = \ (0.140 - 0.110) 
= 0.015 in 
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THE ANALYSIS OF ECCENTRIC REIHFORCEMEHT ON TENSION STRUCTURE (CONT) 
Illustrative example (Cont) 
Calculate internal loads 

q 3 = [(0.288626 x o.6o3474.)/(o. 603474 x 0. 497267 - 0.288626 2 )] 

x [jO. 005/(0. 603^ x lO^x 0.151)} 1.0.559908/(0.255377 
+ 0.604375) - 1.0 } + (0.015/(0.288626 x 10~ 3 x 0.186)| 
x{l.O - 0.^58086/(0.1*86773 + 0.221522 - 0.159H7VO- 221522) ([ 
= 36.050 in lb 

qg = {0.005/(0. 603474 x 10" 3 x 0.151)| { 0.559908/(0.255377 + 0.604375) 

- 1.0 j- + 0.288626 x '36. 050/0. 603^ 

= - 1,85.4 in lb 

= (0.458086 x 36.050 + 0.015 x lo7o.l86)/(0. 486773 + 0.221522 

- 0. 159117 s /o. 221522) 

= -107.985 in lb 
q 5 = -O.I59II7 x IO7.985/0.221522 
• = -77.554 in lb 

q 1 = -0.559908 x 1.854/(0.255377 + 0.604375) + 0.005 x 10 3 

-r (0.151 x (0.255377 + 0.604375)) 

= 37.225 in lb . 

Summary of moments 

(Moments about centroid of element) 



11500- 




11500 



11500 



11500 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE (CONT ) 

Illustrative example (Cont) 

Calculate stresses at points of stress concentration 
Basic skin at first step 

Obtain the stress concentration factors from B7.OltO.l-15, -16. For 
these figures, h = 0.11D - O.1O0 = 0.010, d = 2 x 0.100 = 0.200, 
r = 0.500, d/(d + 2h) = 0.20/(0.20 + 0.020) = 0.910, 
r/h = 0.50/0.01 = 50.0. 

K T for direct load <1.05 use 1.05 

for bending moment <1.05 use 1.05 

Total raised stress : 

K T a = 1.05 x 11500/0.100 + 1.05 x 6 x. 37 .23/0. 100 s 
= 144204 psi 

First step to second transition 

For E7.040.l-15, -16: h = 0.140 - 0.110 = 0.030, d = 2 x 0.110 = 0.220, 
r a 0.50, d/(d + 2h) = 0.220/(0.220 + 0.060) = 0.786, 
r/h = 0.50/0.030 = 16.7 

K T for direct load <1.05, use 1.05 

K^, for bending moment <1.05, use 1.05 

Total raised stress 

K T a = 1,05.x II5OO/O.IIO + 1,05 x 6 x 36.05/O.IIO 3 
= 1285li2 psi 

Net stress at rivet hole, second step 

Obtain stress concentration factors from B7. 040.1-1, -2. Base the 
stress calculation on 3/l6 in diam fasteners at 0.813 in pitch. For 
B7.Ol4O.l-l, d T = £ (0.813 - 0.190) » 0.3115, E/(R + dj = 
0.095/(0.095 +0.3115) = 0.2337. 

^(net) f ° r direct load = 2 ' ht0 

For B7.040.l-2, D/W = O.I90/O.8I3 = 0.234, D/t = 0.190/0.l40 = I.36. 
^(net) for bendin S moment = 1.77 
Total raised stress 

K T ff = (2.4o x 11500/0.140 + I.77 x 6 x 77.55/0.140 3 ) x 0.813/(0.813 - O.I90) 
= 312090 psi 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE (CONT) 
Illustrative example (Cont ) 

What has the reinforcement accomplished? This can best be answered by cal- 
culating the stress at the rivet hole for the basic skin with no reinforcement. 
This stress is: 

Kj a = 2.1*0 x 11500/0.100 x 0.813/(0.813 - 0.190) 
= 360173 psi 

The magnitude of this stress shows a 13$ reduction in notch stress due to 
the reinforcement. This change, for a given load spectrum, will translate into 
a significant increase in fatigue life. If the reinforcing material could be 
symmetrically placed, the raised net stress at the holes would be 257300 psi. 
This, compared to 312090 psi indicates the measure of inefficiency of the one- 
sided reinforcement and the necessity of good design in conjunction with the 
best possible analysis. 

Two step reinforcement with chem-mill radius 

In order to demonstrate the design sensitivity to the magnitude of the fil- 
let radius, change the manufacturing process from machine milling to chemical 
milling. In chemical milling, it is conventional to assume the fillet radius 
equal to the thickness of material removed by the chemical milling operation. 
This will lead to the structural configuration shown in the following sketch. 



i 4 * 

T 



t 



0.100 ' y— — — — 
0,110 T 0.ll+0 R 



= 0 



.01* / 



='0.03 



"MAC HI " ' ' ' R MACH2 
For this revision in structural configuration, it is necessary to recalcul- 
ate the geometry of the idealized structure and the constants B thru K. The 
values of k., e.. and e 2 are the same as for the machine mill case. The cal- 
culation ofHhe geometry, constants and internal loads is the same as for the 
machine mill configuration and only the results are summarized here. 



Wl = °' oko 


IL, = 0.265 ' 
tANI 




e l 


« 0.005 


" °-° 30 


R = 0.030 
TAN2 ° 




e 2 


= 0.015 


Is = 0.028 


<L 4 = 0.060 




ta 


= 0.108 


Iq = 0.1+68 


<Ls = 0.1+70 




U 


= 0,131+ 


= 2.936837 


k 3 = 2.51+5605 




k 5 


= 1.77291^ 


kg = 2.61661+3 


^ = 1.8933H+ 








A = 0.255377 x 10" 3 


E 1 = 0.11+7990 x 


10" 3 


I 


= 0.165219 : 


B = 0.310673 x 10" 3 


F = 0.11+5550 x 


io~ 3 


J 


= 0.517650 : 


C = 0.309839 x 10" 3 


G = 0.11+1+616 x 


10" 2 


K 


= 0.38571+1 . 


D = 0.266271 x 10" 3 


H = 0.225975 x 


10 -3 






q x = 39-27 in lb 


q^ = 1+2.26 in 


lb 


q 5 


» -88.43 in 


q 2 = -lit. 93 in lb 


q^ = -121.02 in 


lb 







-3 
-3 

-3 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT ON TENSION STRUCTURE (CONT) 
Illustrative example (Cont) 

Two step chem - mill configuration (Cont) 
Calculate stress at points of stress co ncentrati on 
Basic skin at first step 

Stress concentration factors are from B7.OljO.l-15 and -16. 

For these figures, h = 0.010, d = 2 x 0.10 = 0.20, r = 0.040, 

d/(d + 2h) a 0.20/(0.20 + 0.020) = O.9IO, r/h = 0.040/0.010 = 4.00. 

K T for direct load = 1.63 

for bending moment = 1. 58 

Total raised stress 

K ff = 1.63 x II5OO/O.IOO + I.58 x 6 x 39.27/O.IOO 2 
= 224678 psi 

First to second step 

Stress concentration factors from B7.040.l-15 and -16. 

For these figures, h = 0.030, d 2 x 0.1 0 = 0.220, r = 0.030, 

d/(d + 2h) = 0.220/(0.220 + 0.060) = 0.786, r/h = 0.030/0.030 = 1.00. 

K T for direct load = 1.75 

for bending moment = I.67 

Total raised stress 

K a = 1.75 x II5OO/O.IIO + 1.67 x 6 x lt2.26Z0.110 3 
1 = 217950 psi 

Net stress at rivet holes 

The stress concentration factors are the same as for the machine 
mill configuration. These factors are: 

^T(net) ^ irec * l° ad = 2.40 

^T(net) ^ 0r lending moment = 1.77 

Total raised stress 

K_ o" = (2.40 x 11500/0.140 + 1.77 x 6 x 88.48/0.140 3 ) x 0.813/(0.813 -0 
= 319818 psi 

The stress at the rivet hole is 3% greater than for the machine mill config- 
uration. This stress is still the critical stress and the change to chemical 
milling is only slightly detrimental to the design at this location, UNLESS it 
is attempted to reduce the stress at the rivet holes by redesigning the rein- 
forcement geometry. If a stress reduction at the rivet holes is obtained by 
a redesign, the stress at the fillet radius tangency points will increase. The 
chemical mill configuration because of its high (compared to machine mill) 
stresses will have considerably less tolerance to accomodate an overall satis- 
factory design. 
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THE ANALYSIS OF ECCENTRIC REINFORCEMENT OH TENSION STRUCTURE (CONT) 
Illustrative example (Cont) 

One step configuration (Reference Page B7.050-1Q 

Modify the machine mill configuration to eliminate the first step. In order 
to use the equations developed for the two step case, it is necessary to evaluate 
all geometry, constants and internal loads. The structural configuration will 
appear as shown in the following sketch. 



The calculated geometry, constants and internal loads are summarized in 
the following table. 





W = °- 100 


e l 


= 0.000 




^TAU2 = °'^ 6 


e 2 


= 0.015 


£s = 0.13 1 * 


U. = 0.20k 


ta 


= 0.100 


is = 0.270 


Is = 0.1*93 


U 


= 0.132 


k x « 2.936837 


k 3 = 2.936837 


k 5 


» 1.7729llf 


k 2 = 2.936837 


k^ = I.936506 






A = 0.255377 x 10" 3 


E' = O.29058O x 10" 3 


I 


= 0.155902 x 10" 3 


B = 0.682088 x 10 jj 


F = O.M+9638 x 10" 3 


J 


= 0.6U2228 x 10" 3 


C = 0. 6321+77 x 10 


G = O.I1I69I6 x 10 3 


K 


= 0.525008 x 10" 3 


D = 0.386851 x 10" 3 


H = 0.219255 X 10" 3 






= 19.30 in lb 


q 3 = 63.22 in lb 


q 5 


= -9I.78 in lb 


q 2 = 28.61 in lb 


q^ = -129.07 in lb 







Summary of moments in idealized structure 

Basic skin (left Element) 



11500 




11500 



First 'step (Right element) 



11500 




11500 



129.07 
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Illustrative example (Cont) 

One step reinforcement (Cont) 

Calculate stresses at points of stress concentration 
Basic skin at first step 

Stress concentration factors from B7. 0*40. 1-15 and -16. For these 
figures, h = (0,lkO - 0.100) = 0.01*0, d = 2 x 0.100 = 0.200, 
r = 0.50, d/(d + 2h) = 0.20/(0.20 + 0.080) = O.Jlk, 
r/h = 0.50/0.0^0 = 12.5. 

for direct load <1.05» use 1.05 

for bending moment <1.05> use 1.05 

Total raised stress : 

K a = 1.05 x LL500/0.100 + 1.05 x 6 x 63. 22/0. 100 3 
1 = 160578. psi 

Net stress at rivet hole 

The stress concentration factors are the same as for the two step 
case on page 

Total raised stress: 

K T ci = (2.1*0 x 11500/0. ll+O + 1.77 x 6 x 9i.7aZO.lltO 3 ) x 0.813/(0.813 - 0. 
= 322151 psi 

The raised stress at the basic skin transition to the step is 11$ higher 
than in the two step case and at the fastener hole is Jf 0 higher. The net 
benefit of the single step reinforcement over no reinforcement is 11$ as 
compared to 13% in the two step case. Before condemning the one step design 
based on these results, other combinations of reinforcement thickness and length 
should be investigated to assure some resemblence of an optimum design. 
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B8.10 INTRODUCTION 

Aircrufl structural members arc often subjected 10 Uie simultaneous 
action of different external loadings resulting in combinations of axial, 
bending, and shearing stresses. The purpose of this section to present 
a simple and straightforward method of determining Hie minimum 
(buckling, yield, or ultimate) structural capacity of a member when it 
is subjected to a combined load system. 



B8.11 



STRESS RATIOS, INTERACTION, AND 
MARGIN OF SAFETY 



The critical strength (yield, ultimate, and buckling) of structural 
members subjected to a single type of loading such as pure axial 
compression or tension, pure bending, or pure shear, Is, in general, 
sufficiently and accurately defined. On the other hand, the critical 
strength of members subjected to simultaneous action of various 
combinations of these loads is difficult to predict, even if the true 
stresses arc known. This is especially true in cases which involve the 
effects of overall or local clastic or inelastic instability and cases 
involving plastic bending or torsion. The stress ratio or interaction 
method has been developed to predict the ultimate strength of 
members subjected to combined loads. The basis for the method is 
given as follows: 

1. The allowable stress under a simple loading condition (tension, 
shear, bending, buckling, etc.) is determined by test or theory. 

2. Each load of the combined load conditions is represented by 
stress (or load) ratios which are ratios of applied stress to 
allowable stress. The stress ratio, 15, is expressed as follows: 



(B8.ll .11 



where: 



R = f/F 

r » applied stress or load 
I" = allowable stress or load. 



3. The interaction relationship of the loading conditions, that is, 
the effect of one condition on otlicr(s), is governed by the 
interaction curve whose shape is generally derived from theory 
or test or by a combination of both. Generally, for a combined 
system of loadings, the general interaction relationship can be 
equations of the following type: 



+ R, 



1 



(D8.11.2) 



where: 



KpRj.Kj = stress ratios for various loadings such as com- 
pression, bending, and shear 

x.y.z = exponents defining interaction relationships. 

Equation (B8.11.2) Indicates failure when the aim of 
the left-hand aide io equal to or greater than 1.0 



Considering only two loading conditions, such ao bending 
and. torsion, equation (B8.11.2) can he plotted as a ain- 
gle Interaction curve as Rb against I? Bt . When three or 
more loading conditions exiat, the Interaction equation 
represents an Interaction surface which can be plotted 
as a family of curves. Typical two-parameter curves 
corresponding to various exponents are shown In Fig- 
ure (D8.12.1). When both exponents ore equal to 1, the 
Interaction curve le a straight line and la Indicative 
of the most Interaction possible. Making one exponent 
equal to 2 gives a parabola. Making each exponent e- 
qual to 2 yields a circle. With an increase in the 
exponents, the curves approach the boundaries given by 
Hi » 1 and Eg = 1. Therefore, complete Independence 
or zero interaction is obtained with infinite exponents . 

The effect of one loading, R|, on another simultaneous loading. 
Rj, is represented by an equation or interaction curve like that shown 
in figure D8.11.1 This curve represents all the possible 
combinations of 1^ and H £ that will cauee failure. Ex- 
planation of the interaction curve (figure BB.ll.l), is 
given as follows: 

1. I'oint "a" is given by R | and R 2 and indicates a positive margin 
of safety because it is "inside" the interaction curve. 

2. Failure can occur at 3 points and for the reasons noted: 

(1) at Point "d" by a proportionate increase in Rj and 1*2 

(2) at Point "h" by an increase in R[ while H2 remains 
constant 

(3) at Point "g" by an increase in R2 while K| remains 
constant. 

3. The additional strength available results in the following margins 
of safety: 

ID I'oint "d"; MS 0 od/oa -1 
(2) Point "h":MS = bh/ba-l 

0\ Point "g"; MS - cg/ca -I. 

Values od, bh, and eg arc referred to as allowable stress (or load) ratios 
and oa, ba, and ca are referred to as applied stress (or toad) ratios. 
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Load Ratio No. 1 (Bartdin fl . Shear, Etc) 
Figure B8.11.1 Typical two-loads-acting interaction curve. 



f/iumsnan. 



MEMBERS UNDER 
COMBINED LOADING 



ft- 



B3.11.1 Procedure for Margin-of-Safcty Determination 
for Two Loads Acting 



1. Using buckling, yield, or ultimate criteria ana e- 
quation (B8.11.1), calculate the otress ratio for 
each load acting alone • 

2. Using the calculated stress ratios, locale point "a" on the propel 
interaction curve (Hgurc B8.11.1). 

3. Draw a straight tine from the origin "o" through point "a,""nd 
at the intersection of this line and the interaction curve read the 
corresponding allowable stress ratios, Ri a and It2a- .' 

4. Compute the margin of safely from the following equation: 

MS = R| a /Rj -1 = R 2a /R 2 -1. (B8.11.3) 



B8 .11.2 Procedure for Margin-of-Safety Determination 
for Three Loads Acting 



1. Same as Step (I) lor two-loads-acting procedure, subsection 
B6.11.1. 



2. Using the appropriate interaction family of curves, locate 
point "a" corresponding to the calculated stress ratios, 11. 
arid Rj, as shown in figure B8.ll .2 . 

3. Draw a straight line rrom the origin "o" through point "a." 

4. lixtcnd this line to locate the allowable point "x" which must 
satisfy Die following relationships: 



VMa-'V^a-'V^a 



(^"(Uj/R^R^ 



(D8.ll.lt) 



(EB.ll.j) 



I'oint "x" is obtained by a trial-and-crror procedure utilizing 
the following steps: 

(1) Select an arbitrary value of R[ a 

(2) Calculate R3 a from equation (B8. 11. 5) using the 
known values of and. R, and the arbitra- 
ry value of Hijj. 

(3) Locate point "x" 011 line oa using the calculated 
K 3a rron1 s,c l' f 2 ' an<1 compare the corresponding 
Rl a with the assumed R| a . 

(4) Repeat steps (I) through (3) until the assumed II |, 
and the 'V value of R| u converge. At convergence, 

K la' Il2 a' Jlul '^a wi " bc a common point un 
line oa, 

(5) Compute the margin of safety from the following 
equation: 



MS = 'Vt| - != '«2 a /R 2 -I -l^/ltj -I. 



(BB.11.6") 
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Load Ratio No. 1 (Bending, Shear, Etc.) 
,11.2 Typical three-loads-acting interaction curve. 



3)8.12 GENERAL INTERACTION RELATIONSHIPS 

A single general Interaction curve will often apply to a 
variety of Geometrical proportions (plates, tubes,' and 
cylinders ), edge-fixity conditions (simply supported and 
fixed), applied loadings (torsion, bending, and tension) 
and failure criteria (yield, elastic stability, inelas- 
tic stability, and fracture). The Interaction curves 
presented in figures D8.12.1 through B8.12.5 are such a 
set of general curves. For the interaction curves (fig- 
ures B8.12.1 through B8.12.lt) determined from general e- 
quations, the parameters to substitute for Ri and IU 
are determined from known equations and can be determined 
for most cases from the tablcB in sections B8.13 through 
B8.I7. For the cases involving direct tension stress 
(figures B8.02.4 and B8.12. 5), the interaction curves 
have been derived by considering tension as negative 
compression and utilizing the critical compressive al- 
lowable stress. The interaction curves presented in 
figure b0.12.'j represent special cases as indicated and 
are, except for curvefji. of a nonequation form. 

B8.13 COMPACT (STABLE) STRUCTURES 

A compact structure is one in which failure docs not occur by crippling 
or buckling. This section presents interaction criteria for compact 
structures subjected to two types of stress conditions: the biaxial stress 
condition or a rectangular volume, such as that found in plates, 
membranes, and shells of revolution; and the uniaxial stress condition 
on a plane, such as that found in beams, round bars, and bolts. 



BO.13.1 Biaxial (Volume) Stress Condition - 
Interaction Relationships 

Tests have indicated that the maximurn shear stress theory and the 
octahedral shear stress theory adequately predict the yield and ultimate 
strengths of biaxially loaded isotropic ductile materials - if the 
compression and tension allowables arc in close agreement and the 
structures are compact. 
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B8.12.1 General interaction curves-symmetrical form. 

The Interaction equations and curves presented in thla 
section are applicable to the yield and ultimate con- 
ditions of failure by a utilization of the interaction 
parameters given in table B8.13.1. The method is ap- 
plicable to otreos conditions that combine in a two-di- 
mensional fashion like that shown in figure BB.13.1. It 
is emphasized that the stress condition exists in a rec- 
tangular volume and not on a single plane. The element 
can be chosen at any convenient angle without regard to 
the actual plane of failure. IMleas otherwise stated, 
the Bign convention is: tension is positive; compres- 
sion io negative. 

As indicated In table D8.13.2, there are only a few ca- 
ses of the compact structure type where convenient mar- 
gin of safety equations are derivable. Thus, a general 
interaction method in curve form is presented in figure 
D8.13.2 to Include all of the possible combinations of 
biaxial stress. 

In ordci to derive the interaction equation in Icrms of tension or shear 
strcnolh allowables, (lie fotlowinc material constant is defined: 

K " ''Vv (IQ.13.1) 

Tests of most materials show K to vary from approximately 0.5 to 0.75. 



The transverse shear and torsional stress ratios combine as follows: 

V R ss + ll s r (BO.13.2) 



The directional tension and bending stress ratios combine as follows: 

(EQ.13.3) 



K x = Il tx + K bx 



The ditectional compression and bending stress ratios combine as 
follows: 



R x" R .** R bx 



V R cy + % 



(B8.13.10 
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It is convenient to derive the maximum shear stress anil octahedral 
shear stress interaction equations in terms or the following principal 
stress ratios: 



and 



R„ + II. 



K 2 U.. 



(EO.13.5) 



(BQ.13.6) 



B8. 13.1.1 Thoorics of Failure Interaction Curves 

The maximum shear stress theory stales that yielding or fracture occurs 
when the maximum shear stress in a combined stress clement equals 
Hie maximum shear stress in a pure tension test specimen subjected to 
the yielding (l', y ) or fracture (l' lu ) stress of the material. This 
results in K = 1/2 and the maximum shear stress theory interaction 
curve (the dashed line in figure EB,13.2. 

The octahedral shear stress theory states that yielding or fracture 
occurs when the octahedral shear stress in a combined stress clement 
equals the octahedral shear stress in a pure tension lest specimen 
subjected to the yielding (l' t/ ) or fracture <l' lu ) stress of the ma- 
terial. This results in K = (l/VT) = 0.577 and the maximum octahedral 
wfa'sa 1" 2) ,C ° ry mtcri " :,ion curvc ( the "olid line in Pi e - 
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B8.12 .3 General interaction curves-special form. 




-1.0 -o.a -O.G -0.4 -0.2 0 



B0.12.li General interaction curves - linear form . 



B0.13.1.S Procedure forMargin-of-Safety 
Determination 



1. l"or cases where orientation or applied stress with respect to the 
train direction is unknown: 

(1) Assume the allowable stresses in each direction or applied 
stress arc the same as In the weaker direction or the 
matciial. 



(2) Evaluate 



'■™/F. 



B6.13.T 



(3) If 0.5 s K' <0.5T7, uoo K » 0.5 In calculating 
the plnclpal atreoo ratios (equations B8.I3.5 
and E8.13.6) and use the maximum shear stress 
interaction curve (rlgure B8.13.2). 

( 4) If 0,57? <K', use K » 0.577 In calculating the 
principal stress ratios (equations BB.13,5 and 
B8.13.6) and use the octahedral shear stress 
Interaction curve (figure B8.13.2). 

(5) In evaluating ll x and R y , the allowable axial stress is taken 
to he l-",y (yield* or ]' tu (ultimate) regardless or whether 
the applied stress is tension or compression. Applied 
tension is positive, applied compression is negative. 

(6) Calculate the margin or sarety using the two-parameter 
interaction procedure outlined in subsection B8.11.1. 
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Figure B6.12 .5. General interaction curves-special form. 




Figure 1)0.13.1. Biaxial stress condition for compact structures. 
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Table BS.13.1 StreaB ratio parametern 



STRESS TYPE 


STRESS RATIO PARAMETER 


YIELD 
CONDITION 


ULTIMATE 
CONDITION 


Tension - "k" Direction 


R ■ f IF 
tx tK ty 


R ■ f IF 
"tx r tx' h tu 


Tension * *'y" Direction 


R t V - f ,y/ F ,v 


. R .y-' t y' F . u 


Compression • "x" Direction 


R CH-W F cy 


R cx-W F c U ' 1 ' 


Compression - "y" Direction 


R cy"V F cy 


R cy-V F cu m 


Bending - "x" Direction 


R bx " f bx /F by 


R bx-W F bu 


Bending ■ "y" Direction 


R by " V F by 


R by " 'by /F bu 


Transverse Shear 


^-ss^sy' 2 ' 


R ss"'s 5 ' F su 


Torsional Shear 


(2) 

"st-'st'Fsty 


"st-'st^st. 



Explanation of Subscripts; 



t ■ tension 

c ■ compression 

b " bending 



ss » transverse shear 
st - torsional shear 
s " shear 



Subscripts x and y on R and f refer to k and y 

directions, respectively. 
Subscripts y and u on F refer to yield and 

ultimata strength conditions, respectively. 



Notes: (1) Assume F -F 

,„, cu tu 

(2) Assume F ■ F . ■ KF 
sy sty ^ r ty 
K 0.5-0.75 for most isotropic ductile materials 



2. For cases where orientation of applied stress with respect lo the 
fjrain direction is known: 

(1 ) Determine applied stress on an element with sides parallel 
and perpendicular to theyrain direction. 

(2) l-valuatc 




(B8.13.0) 



where: 

subscripts T and L refer to the transverse and longitudinal 
pain direction, respectively. 



(3) If 0.5 < K' < 0.577, use K - 0.5 and the appropriate 
transverse and longitudinal allowable stresses in calculating 
the principal stress ratios (equations bQ.13,5 and 
TlQ.13.6) and use the maximum shear stress 
Interaction curve (figure 118.13,2). 

(4) ir 0.577 < K', use K « 0.577 and the appropriate trans- 
verse and longitudinal allowable stresses in calculating the 
principal stress ratios (equations B8.I3.5 and 
EQ.13.6) and use the octahedral ahear stress 
interaction curve (figure B0. 13. 2). 

<S) In cvaluatinij Kx and K v , the allowable axial stress is taken 
to lie l- ty (yield) or F tu (ultimate) rerjardlcss or whether 
the applied stress is tension or compression. Applied 
tension is positive, applied compression is negative. 

((>) Calculate the margin of safety usinj; (he two-paiarncler 
interaction procedure outlined in subsection U8.11.1. 



B8.13-6 



December 1969 



MEMBERS UNDER 
COMBINED LOADING 



cc 
< 



V 2 

5 a 
o 111 
<r 
< 
5 



> 
cc 
3 ' 

y 
z 
o 

H 

O 
< 

a: 

UJ 



0 



o 
z 

a 
< 



O uj 
z en 



IE 



-1 



IN 

M 



-"1 



< 



at 



- c _ ^ 



I* 

w of 



Hl(C 



a 
E 



s v 



I fO 1 



Sh I- 111 S u. 

1$ 5 5 5 



s 
I 

s, is 

J K 

_ U Ql 

< »i 



01 — 'T— 

M 1 



1- 



C tS 

^ II (I 

0 t! tS 

1 KK 

Q. vt I? 
£ U. U. 



6 - 



.9 £ 3 



o »> 2 

0 _ — ^ 

01 X > " 
.J ^ II JJ (J o 

.♦: cc cc cc cc 



<E 1 



CC J'J 



t— CC CC CC CC CC 



p n n v ui id 



■•'""V 



fAumman. 



December I969 



B8.13-7 




fAumman. 



E8.13-8 



December logo 



MEMBERS UNDER 
COMBINED LOADING 



D8.13.2 Uniaxial (Piano) Stress Condition - 
Interaction Relationships 



When compact structures such as beams (symmetrical and 
uneyionetrieal) are loaded by axial loads, bending mo- 
ments (simple and complex) and shear loads (Dimple and 
complex) that do not combine in a biaxial two-diraenslcn- 
al fashion like that shown in figure DO.13.1, methods 
other than those presented in subsection H8.13.1 must 
be utilized. Analysis involving the bending strengths 
of beams loaded into the inolaotic range by bending mo- 
ments or by a combination of bending moments and axial 
load is contained in section B3.32, 



B8.ll* THICK-WALLED TUBULAR STRUCTURES 

This suction presents combined loads-interaction data for (lie design 
and analysis of thick-walled tubular structuics. The interaction stress 
ratios (It,, R b , u st , etc.) must be determined from critical tube 
strength and stability criteria. [lending stress calculations must include 
the effects or secondary bending, irany, and compressive stress ratios 
must be based on column stability criteria. 

Table DQ.llt.l lists the applicable interaction equations 
and margin-of-safety equations along with a reference to 
the pertinent interaction curve. 

Ficures BB.J.1..1 and dB.Ui.3 represent loading conditions 
oo a three-load nature, but the margin of safety is de- 
termined by the two loads acting procedure as Elver] in 
subsection B8.11.1. 



is small compared to its other dimensions. The interaction stress ratios 
(He. Kb- R*. etc.) must be based on elastic initial buckling criteria 
lor panels subjected to direct axial stress, tension is included us nega- 
tive compression using the critical compression allowable, l-or panels in 
winch geometry governs, the interaction curves are plotted as a para- 
metric function of aspect ratio (a/b; a = long-side dimension, b = 
short-side dimension). Table BB.15.1 lists the applicable in- 
teraction equations and margin-of -safety equitionsl^onV 
»1th a reference to the pertinent interaction curve 



B8.16 



UNSTIFFENED CYLINDRICAL SHELL 
STRUCTURES (INITIAL BUCKLING CRITERIA) 



Pus section presents combined loads-inteiaction data for the design 
and analysis of unprcssuriied and pressurized unstiffencd cylindrical 
shell structures. A shell is defined as a member whose radius-to- 
llnckncss ratio is greater than ten. Interaction criteria arc presented 
Tor crcular and elliptical cylinders. The interaction stress ratios 
(It,. U c . R s . etc.) must be based on initial buckling criteria. I •or 
cylindrical shells subjected to direct axial stress, tension is included as 
negative compression using the compression buckling allowable. Table 

■ thS ap P Ucable interaction equations, mar- 
gin-of-safety equations, and a reference to the appro- 
priate interaction curve. v 

DO.17 STIFFENED STRUCTURES (STABILITY CRITERIA) 

This section presents combined loads-interaction data for the design 
and analysis or stiffened panel nnd cylindrical shell structures The 
interaction stress ratios (It,., R b , R s , „ nd Rjl) nlusl bli uasC(1 on 
stability criteria. Table B8.17.1 lists the applicable inter- 



1)8.15 UNSTIFFENED PANEL STRUCTURES (INITIAL 
BUCKLING CRITERIA) 

This section presents combined loads-interaction data ror the design 
and analysis 0 r unstiffencd flat rectangular panels and unstitiened 
curved panels. In this instance a panel is a member whose thickness 
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Figure BB.15.I1. Interaction curves for flat rectangular panda-longitudinal compression, longitudinal bendinn 
and transverse compression (ref Table 118.15.1, Cases 6 and 10) lenaing, 



B8. 15-10 



December 1969 



o/b ■ 2.0 




MEMBERS UNDER 
COMBINED LOADING 



1.0 



aAi • 3,0 



0.8 



O.G 



0.4 



0.2 




1. 



a/b « 






















s 


I) 

s 

























Figure BS.15. 1 *. Interaction curves for flat rectangular panels -longitudinal compression, longitudinal tending 
and tranaverEe compreoBlon (ref Table H8.15.1, CaseB 6 and 10) (concluded). 



o 

rAumman. 



December 1%9 



B8.15-U 



MEMBERS UNDER 
COMBINED LOADING 




a/b - 1.5 



0 0.1 0.2 0.3 0.4 0.G O.G 0.7 0.0 0.9 1 .0 




0 0.1 0.2 0.3 0.4 0.5 O.G 0.7 0.8 0.0 1.0 




a/b = 3 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 O.G 0.9 1.0 
H... 




0 0.1 0.2 0.3 0.4 0.5 O.G 0.7 O.B 0.9 1.0 

R 



a/b = 4 



S o. 




0 0.1 0.2 0.3 0.4 0.5 O.G 0.7 0.0 0.0 1.0 



cy 



t 1 t 1 f 






s 


s 

J s 


♦ . 






t t t t f 



Figure D8.L5.5. Interaction curves for flat ractaneular panels - longitudinal compression 
transverse compression, and shear (ref Table n3.15.l7 Case 7). ' 



wutmmao. 



D8.15-12 



December 1969 




rAumman. 



June l$7k 



B8.15-13 



MEMBERS UNDER 
COMBINED LOADING 



cv 



K 
.O 



1.0 



05 



0.6 



0.4 



0.2 



^ ^ _ «■ 'bK 




t 

LL II 




t- 



NOTE: Bending moment 

direction is not 
reversible with 
respect to clamped 
edge. 



~r 


— p - 






"I 


"I 


1 


1 


—1 


— T — 
J 


1 1 


i 

cv 




















^0 






















S. 0.5 




















\( 
\ 


.8 










































| 0.9' 


1 




























































■f- 




























1 


I / 






1 


1 




1 


t 






0 0 


.2 


0.4 


0.6 


0.8 


1.0 


1.2 



Figure B8.15.8. Interaction curves for flat rectangular panels - 
longitudinal bending, transverse compression, 
and shear with lower edge simply supported and 
upper edge clamped (ref. Table B8.15.1, Case 16 
' ' and 18) . 



12-9-68 



BMJMMAN .i^*#/ASB CI 



STRUCTURES MANUAL 



MEMBERS UNDER 
COMBINED LOADING 




cy 



0,., 
f 
It 




t.o 



OA 



K 



1 


1 




1 


1 


I 


I 




A' 


1 
















0 
















\o.s 


















\ 


\o.b\ 


















1.0 


































































k 
























1 


, 1 


1 


1 


I 


1 


1 






1 1 



0.2 0.4 



0.6 



0.8 



1.0 



Figure B8.15-9. Interaction curves for flat rectangular panels 
longitudinal bending, transverse compression, 
and shear with simply supported edges (ref . 
Table B8.15-1, Case 16 and 18) . 



I-T4 



— B8.15-l^ — 



JTJME 197^ 



December 1969 



B8.16-1 




MEMBERS UNDER 



COMBINED LOADING 




fAum/nan. 



B8.16-2 



December 19© 



MEMBERS UNDER 
COMBINED LOADING 



KL,>-~ ■ 



v: 

0C 
< 

S 



DC 1 



o a - £ 

OC DC DC DC 
O 



< 2 

« O 

li. . 

O < 

J. D 

5 o 

o m 
c 
< 



QC 



> 

DC 
Z3 
O 

z 
o 



DC 
Z3 



oc a 



z 

13 2 
Z I— 

5 s 

<r OC 
O ° 
111 



E 
o 
u 



z « 

o o 

< l- 

o y 



3 




:) ; - 



f/Utmman. 



December 1959 



B8.16-3 




fAumman. 



December 1969 



BS.17-1 



o 



MEMBERS UNDER 
COMBINED LOADING 




fAwnman. 



December 1969 



B8.61-1 



BB.18 references 

1 Budiansky, B., Stein, M. , and Gilbert, A., "Buckling of a Long Square 
TubHn Torsion and Compression", NACA TN 1751, ^B. 

2. Libove, C, and Stein, Manuel, "Charts for Critical Combinations of 

Longitudinal and Transverse Direct Stress for Flat Rectangular Plates , 
NACA VJR L-2Zk (Formerly NACA ARR No. L6A05), 19>*6- 

* Gerard G. and Becker, H., "Handbook of Structural Stability - Part I 
BucSing of Flat Plates", NACA TN 3781, 1957. 

k. Batdorf, B., and Stein, M. , "Critical Combinations of Shear ^Direct 

Stress for Simply Supported Rectangular Flat Plates , NACA TN 1223, W<> 

5 Noel R. "Elastic Stability of Simply Supported Flat Rectangular 

% SnSr Critical Combinations of Longitudinal Bending ^ res " 
sion and Lateral Compression, Jour. Aero. Sex., Vol. 19, No. 12, Dec. 
1952', pp. 829-83^. 

6 Johnson James, "Critical Buckling Stresses of Simply Supported Rectangular 
Plates Under Cabined Longitudinal Compression, Transverse Compression 

and Shear 11 , Jour. Aero. Sci., Vol. 21, 195^, PP- Ml-^-6. 

7 Grossman, N. "Elastic Stability of Simply Supported Flat Rectangular _ 
Plates Under Critical Combinations of Transverse Compression and Longi- 
tudinal Bending", Jour. Aero. Sci., Vol. 16, 19^9, PP- 272-276. 

8 Batdorf S. and Houbolt, J., "Critical Combinations of Shear and Trans - 
verse Direct Stress for an Infinitely Long Flat Plate with Edges Elasti- 
cally Restrained Against Rotation", NACA Rep. 847, 1946. 

q Stowell E. and Schwartz, E., "Critical Stress for an Infinitely Long 
Flat Plate with Elastically Restrained Edges Under Combined Shear and 
Direct Stress", NACA WR L-340, 19^3 (Formerly NACA ARR-3K13K 

10 Gerard G., and Becker, H., "Handbook of Structural Stability", Part III - 
Buckling of Curved Plates and Shells, NACA TN 3783, 1957. 

11. Brown, E. and Hopkins, H., "The Initial Buckling of a Long and Slightly 

Bowed Panel Under Combined Shear and Normal Pressure , R and M 27ob, iy+y, 
pp. 1013-1031. 

12 Bruhn E. "Tests on Thin-Walled Celluloid Cylinders to Determine the In- 
teraction' Curves Under Combined Bending, Torsion, and Compression or Ten- 
sion Loads", NACA TN 951, 19^5- 

13. Bridget, F., Jerome, C, and Vosseller, A., "Some New Experiments on 
Buckling of Thin-Wall Construction", Trans. A.S.M.E. Vol. 56, No. tf, 
Aug. 1934, PP- 569-578. 

14. Batdorf, B., Stein, M. , and Schildcrout, M. , "Critical Combinations of 
Torsion and Direct Axial Stress for Thin -Walled Cylinders , NACA TN 1345, 
1947. 



B8.61-2 June 19714 

BQ.18 REFERENCES (Continued) 

1C H and Brown E. . "The Effect of Internal Pressure on the Ini- 

15 * tlaf SkSkgTf ?STwaIied Circular Cylinders Under Torsion", R & H 2U23, 
Jan. 19U6, PP. 2165-2177. 

ifi Crate H Batdorf, S. s and Baab, G., "Effect of Internal Pressure on the 
B^Sing'stress of'lhin Walled Circular Cylinders Under Torsion", NACA 
WR L-67 (Formerly NACA ARR No. Ik E27), 

17 Abraham Lewis, "Structural Design of Missiles and Spacecraft", McGraw 
Si, New York; N. Y., 1962, PP- 195-197. 

18 Lundguist, E., and Stowell, E., "Strength Tests of Thin -Walled Elliptic 
Duralumin Cylinders in Pure Bending and in Combined Pure Bending and Tor- 
sion", NACA TN 851, 19^2. 

19. Sanderson, P., and Fischel, R. , "Corrugated Panels Under Combined Com- 
pression and Shear", Jour. Aero. Scl., Vol. 7, Feb. 19U0, pp. 1^8-153. 

Becker H. "Handbook of Structural Stability" Part. IV .- Strength of 
Stiffened Curved Plates and Shells, NACA TN 3786, 1958. 

21 Melcon, M., and Ensrud, A., "Analysis of Stiffened Curved Panels Under 
Shear and Compression"; Jour. Aero. Sci., Vol. 20, No. 2, Feb. 1953, 
pp. 111-119,126. 

?? Peterson J. "Experimental Investigation of Stiffened Circular Q Cylind- 
ers SuScted to Combined Torsion and Compression", NACA TN 2188, 1950. 

2^ Dunn L. "Some Investigations of the General Instability of Stiffened 
3 * Sal Cylinders IX - Criterion for the Design of Stiffened Metal Cylind- 
ers Subject to General Instability Failures", NACA TN 1198, 19*7. 

2k-: Kuhn, P., Peterson, J., and Ross, L. , "A Summary of Diagonal Tension, 
Part I - Method of Analysis", NACA TN 2661, 1952. 

25. Military Handbook, MIL-HDBK-5A, February 1966. 

26. Sadowsky, M. A., "A Principle of Maximum Plwtic Res istance" Journal 
of the Applied Mechanics, Vol. 10, No. 2, June 19*13, PP- A65-A68. 

27. Johnson, A. E. , Jr., and Buchert, K . P., "Critical Combination of 
Bending, Shear, and Transverse Compressive Stresses for Buckling 01 
Infinetly Long Flap Plates", NACA TN 2536, July 1951. 



20. 



GRUMMAN AEP5(3BI£i2iS[£ e@!SiPO^TCS!^ 



STRUCTURES MANUAL 



SECTION C - STRESS AND LOAD DISTRIBUTION 

Table of Contents Page 

Shear Lag in Flat Panels C2.00-1 

Frames and Semimonocoque Shells C3.00-1 

Determination of Beam Deflections and Moments Ci+.OO-l 

Load Distribution in Multiple Fastener Joints C5.00-1 

Weight Optimization CU.00-1 

Miscellaneous Topics C12.00-1 



*GAC 4010 
2-74 



— CO-1 



APRIL 1975 



Jll\Utl Uf\LJ mrtll U L 



SECTION Cg - SHEAR' LAG IN FLAT PANELS 

Table of Contents 

Discussion C2.01-1 

Long Unreinforced Panel Bounded C2.02-1 thru -3 
by Constant Stress Edge Members 

Deep Beam Subjected to Concentrated C2.03-1 
Loads Along an Edge 

Deep Beam Subjected to Uniform Alternating C2.01+-1 
Load Along an Edge 

Long Reinforced Panel Bounded C2.05-1 thru -7 
by Constant Stress Edge Members 

Reinforced Plate Subjected to Opposing C2.06-1, -2 
•Edge Loads 

Reinforced Plate Subjected to Opposing C2.07-1, -2 
Interior Loads 



i ucxooer iyw «* * » «■* 1 u -* )T< *** n M " *- 



DISCUSSION 



The effect of shearing deformations upon stress distributions in continuous 
sheet structures iB commonly known as "shear lag" . The term was originated to 
describe the redistribution of bending stresses in box beamBj currently it is 
also applied to the diffusion of any concentrated load into sheet material. 

Exact Theory 

There are a few exact shear lag solutions available based upon the theory of 
elasticity. These are mainly for unreinforced flat plate and are usually not 
directly applicable in deBign, but can sometimes be useful as a guide in making 
approximations. Several cases are Included on the pages following this discussion. 
One 1b for a long plate bounded by constant stress edge members; the others are 
for deep beams. 

Approximate Shear lag Theory 

Several approximate shear lag theory solutions are available for reinforced 
flat panels: The simplifying assumption is that the panels are rigid in the 
transverse direction. This makes the peak shear stress values artificially high 
locally, but does not materially affect the direct, longitudinal stresses. 

A representative case from the HAS Data Sheets is included. It is for a 
long, reinforced panel bounded by constant stress edge members . Note that the 
accompanying discussion also covers approximate corrections for the post-buckling 
range. Titles of additional cases Included In the RAS Data Sheets are given in 
Section A of this manual. 

Another excellent reference for this class of problem is the book by P. Kuhn," 1 
which includes a summary of the work done on shear lag by the NASA. The methods 
outlined have been used to advantage on several Grumman wing designs where a digi- 
tal computer solution was not warranted. 

Redundant Structure Solutions 

A third approach to the analysis of shear lag is via the theory of redundant 
structures. Here the panel is idealized as consisting of a number of Interacting 
bars and shear panels, or other simple structural elements. 

When the idealization is very much simplified, the results may be presented 
in the form of design charts . Several are given In this section for reinforced 
plates subjected to opposing concentrated loads. 

When the application justifies it, a more refined redundant structure analy- 
sis may be performed. The results can be expected to approach an exact solution 
for a reasonably detailed analysis. See Structural Methods Memo. 13, "Shear lag 
in Unreinforced Flat Plates", 1959 and 1961. 



* Kuhn, P., "Stress in Aircraft and Shell Structures", McGraw-Hill, 1956 
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STRESS DISTRIBUTION HI AN ELASTIC FLAT PANEL BOUNDED 
BY CONSTANT STRESS EDGE MEMBERS 



rfree edge 




f - f @ I - * 
x e 



Sign 
Convention 

±* 



2 = Length of panel 

b = Width of panel 

P = Applied load 

A = Area of edge member at x = 0 
o 

A = Area of edge member at x 

t - Panel thickneBS 

f = StreBB in edge member 
e 

f x' V f s = Stress in ' saXLel - at y) 

The curves on the following two pages are based on an exact solution of the 
elasticity equations. These curves are valid for Jt/\> > 3 and A > bt/2. The 

solution assumes no transverse support exists at the edge member so that 
f = 0 along its entire length. 

EXAMPLE 

Given: 
Find: 



Solution: 



P = 33,200 lbs, b = 10 t = .036 in., A Q = 0.95 In. 2 , £ = 30 in. 
f x' V f s 81x4 A x at the P 010 * 2 '5) 
| = 3 f e =3i|9 = 3 5)0 oo psl | = o.5 £ = o. 25 



From figures 1,2, 3 and k on the next two pages, the following are 
determined: 



f f 

f£ = 0.5, ^ = 0.12, 

e e 

Then 



f A -A 

^ -0.28, = o.5* 

e 



w 



^ x - 17,500 psi f = 4,200 psi f = -9,800 psi A = 0.853 in. 2 

v " _ X 

Reference - Mansfield, E. H.; "The Stress Distribution in Panels Bounded By 

Constant Stress Edge Members", Aeronautical Research Council R & M. 
No. 2965, Jan. 195*. 
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BENDING STRESS HI A DEEP BEAM OF INFINITE LENGTH 
WITH ALTERNATING LOADS ALONG AN EDGE 



-4*1- 



Axifl Of 

Symmetry 



"P 



p = Applied load (lbs) 

^ = Distance between applied loads (in.) 

t = Beam thickness (in.) 

d = Beam depth (in.) 

td J / ks 

I = Beam moment of inertia, ^2 t in * ' 

f x <= Stress in the x direction at the axis of symmetry (lbs/in. ) 

The graph shown below is a plot of the stress distribution on a beam 

"Mc" 

section at the axis of symmetry. The stress f 0 is the y bending stress 

defined by equation (l) . These curves are based on a solution of the elasti- 
city equations for an elastic structure. The results are valid for P distributed 
over V10. For P distributed less than V 10 the curves are unconservative . For 
P distributed greater than Z/lO the curves are conservative. For the limiting 
case of P distributed over S> see the following page. 
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v « Uniform load (lbs/in.) 

& - Length of uniform load (in.) 

t = Beam thickness (in.) 

d » Beam depth (in.) ^ ^ 

I = Moment of inertia, ( irx * ) 

f x - Stress in the x direction at the axis of symmetry 



The graph shown "below is a plot of the stress distribution on a beam 

•p "Mc" 

section at the axis of symmetry. The stress ^o, is the bending stress 



defined by equation (l) . These curves are based on a 
city equations for an elastic structure. 
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INFORMATION ON THE USE OF DATA SHEETS 02.05. 

(Second Issue, July 1948) 
(Second Reprint, February 1961) 

1. Data Sheets 01.05 deal with the diffusion of loads into a flat uniform panel 
symmetrical about its centre line with equal stringers spaced uniformly across 
its width. The panel is'assumed to be built-in at one end and free to warp in 
its plane at the other end. The loads are applied to special members, such as 
spar flanges or fuselage longerons, bordering the longitudinal edges of the 
panel; from these members the loads are diffused into the panel. 

2. The data sheets arc based upon the following assumptions: 

(a) The lateral direct strains arc zero. 

(b) At any cross section the shear stress between adjacent stringers is 
constant ! thus the effective sheet area under direct stress is concentrated 
along the line of attachment to the stringer. 

These assumptions are known to give good accuracy in panels typical of aircraft 
structures, in particular the exact condition of lateral restraint is relatively 
unimportant. 

j. The sheets relate to two particular cases. In one the areas of section of the 
edge members are assumed to be constant. In the other the areas of the edge 
members are adjusted so that their strain is either uniform or varies linearly 
along their length. 

The loads which are diffused into the panel may be externally applied or may 
arise from a concentration of forces within the structure, due to openings or 
other sudden changes of section. The loading may be either symmetrical or 
anti-symmetrical about the centre line of the panel. Symmetrical load conditions 
arise for instance in the covers of rectangular doubly-symmetrical box beams 
under vertical lift loads. Anti-symmetrical load conditions occur in the cover 
when the box is under transverse (drag) loads or under torque. Other loadings 
may be represented by a combination of symmetrical and anti-symmetrical 
loadings, 

4. The sheets relating to edge members of constant area deal with three types of 
applied loading: — concentrated end loads, uniform edge loads, and linearly 
varying edge loads. In those relating to edge members with constant or linearly 
varying strain the loading applied to the panel is completely specified by that 
strain, and the correlation between applied loading and strain of the edge mem- 
bers must be achieved by appropriate variation of their areas of section, In alt 
these cases both symmetrical and. anti-symmetrical loadings are treated. Sheets 
are also given showing how to calculate the stresses in a panel under constant 
edge strain when both ends are free to warp. 

5. It is assumed that the ratio of the stiffness of the plate in shear to the stiffness 
of the stringers and sheet in tension or compression is constant over the whole 
panel. This assumption is strictly valid before buckling begins, and may be 
applied after buckling by the adoption of an average value of the stiffness ratio. 
Owing to the present limited knowledge of the stress distribution in a panel 
buckled under combined direct and shear stresses, in estimating the ratio of the 
two stiffnesses, the shear stiffness may be calculnted as if the sheet were buckled 
under pure shear, and the contribution of the sheet to the compression stiffness 
may be calculated as if the sheet were buckled under pure compression. In the 
example of each individual-data sheet a suitable procedure to obtain an average 
value of the stiffnesses is given. 

6. The data sheets deal specifically with rectangular panels but may also be applied 
to panels of moderate taper, say not more than For such cases the value 
of pi (see Data Sheet 02.05.01), the total load carried by the panel, and the 
edge shear stresses, can be calculated as for a rectangular panel of the same 
length and with crass-dimensions the same as those at the mid-section of the 
tapered panel. 

7. Curvature of the panel has no effect on the diffusion provided that the edge 
members are constrained to remain straight. When the panel forms part of a 
structure in bending, and is subjected to symmetrical loading, allowance for 
curvature can be made bv assuming an equivalent Rat panel having stringer 
areas increased in the ratio 

(■♦#'. 

where fi=mean distance of edges from the neutral axis of the structure 

e = maximum rise of panel (cover) above line joining edges. 
The edge shear stress is then obtained directly from the Rat panel data sheets, 
but 1 he average stringer stress as calculated for the equivalent panel must be 
increased by the factor 

8. In the regions of high shear stress, as in the sheet adjoining the points of 
application of concentrated loads, the relief afforded by buckling and yielding of 
the plate mav he supplemented by the give of the rivets or other forms of joint- 
ing. Special care must be taken in the design of the joints in these regions. 

Reference - Royal Aeronautical Society Data Sheets, Volume h, 
December 1963. Reproduced "by Royalty agreement , 
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COEFFICIENT OF DIFFUSION FOR A UNIFORM PARALLEL PANEL 



I m length of panel (in) 
sheet thickness (in) 
aodistance between centroids of transverse members (in) 
b ••distance between centroids of adjacent stringers (in) 
n— number of stringers 
unwidth of paneli>(n+ 1) i> (in) 
<4 t iarca of one stringer (in*) 
4. m area of one stringer plus effective sheet (in 1 ) 
Em Young's modulus of stringer (lbf/in*) 
Gm shear modulus of material of sheet (lbf/in 1 ) 
G,= secant shear modulus of sheet (lbf/in') 
rim coefficient of diffu»ion»()/ie){G,bt/(Ejl,))» (in- 1 ) 



The product jil is plotted against the ratio I/w for various values of the 
stiffness ratio £X./(C.bi). 

The coefficient of diffusion p determines the rate at which loads, acting 
along the length of the panel, arc spread by means of shear in the sheet 
as direct stresses across the width of the panel. 

It is assumed that the panel is of constant section along its length and 
has tt uniformly spaced stringers. 

As long as the sheet does not buckle A,=A,+bt and C,"C After 
buckling A, and C, wilt be reduced. Since the sheet between the stringers 
is buckling under direct and shear stresses which vary over the panel, 
A, and G, will likewise vary. However, to apply this sheet in cases where 
buckling occurs, average values of A. and G, have to be adopted. Owing 
to the present limited knowledge of the stress distribution in a panel buckled 
under combined direct and shear stresses, an average value of A, is calculated 
as if the sheet were buckled under pure compression. Accordingly, from 
Data Sheet os.oi.oj or oa.ot.03, 



where the appropriate value of f^, depends on the edge strains or edge 
loadings of the panel as specified in each particular data sheet. Similarly 
a value of G, is calculated from Data Sheet 02.03.10 as if the sheet were 
buckled under pure shear on the basis of an equivalent average shear stress us 
specified in each particular data sheet. 

It should be' noted that, on Data Sheets 01.01. 02 and 02.01.03, /••»»•» and 
are written /, and /.. 

Derivations 

Cox. Diffusion of Concentrated Loads into Monocoquc Structures, III, 
R, & M. i860, 1938. 

Hadji-Argvhis and Cox. Diffusion of Load into Flat Stiffened Panels of 
Varying Cross-section. R. & M. 1961), 1944. 

Hadji-Aroyris. Diffusion of Symmetrical Loads into Stiffened Parallel 
Panels with Constant Area Edge Members. R. & M. 3038, 1944. 

Hadji-Argyhis. Diffusion of Anti-Symmetrical Concentrated End Loads and 
Edge Loads into Parallel Stiffened Panels and Analysis of Parallel Panels 
under Transverse Loads. A.R.C. 9661, 1946. 

Example 

To find jil for a panel when 

1=90 in, (00 036 in, bn6-?5 in, n=7, 4,00-247 in*, 
E-iokio 1 lbf/in', G,-i-8skio* tbf/in*. 
Then m=(n+ i)bsjo in, //io=i-8o and £/l./(C,bI) l =S'9J' 
From diagram, /Jv*i-§. 



{Third Isiue, July 1947) 
{Stcond Reprint, July 1962) 



Notation 



Notes 



A,-A,+bt(f, 



.//—) 



Reference 

..LiisnsiLasi ■ 



- Royal Aeronautical Society Data Sheets, Volume 4, 
December I963. Reproduced by Royalty Agreement; 
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Reference - Royal Aeronautical Society Data Sheets, Volume h, 
December I963. Reproduced by Royalty Agreement. , 
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AVERAGE STRINGER STRESS FOR A UNIFORM PANEL WITH 
CONSTANT EDGE STRAIN 

(Third Issue, July 1947) 
(Second Rtprint, May 1961) 

Notation 

I —panel length (in) 

x— distance of cross section from free end of panel (in) 
t— sheet thickness (in) 

a— distance between ccntroids of trmnsverse members (in) 
b ••distance between oentroids of adjacent stringers (in) 
n— number of stringers 
w— width of panel— (n+ 1) b (in) 

area of one stringer (in*) 
it.— area of one stringer plus effective sheet (in 1 ) 
/—constant direct stress along edges of panel (lbf/in*) 
/.—average direct stress in stringers and effective sheet at section x 
(lbf/in') 

4.— equivalent average shear stress— nAJj(ih) (lbf/in 1 ) 

G— shear modulus of material of sheet (lbf/in*) 
G.— secant shear modulus of sheet (lbf/in 1 ) 

ji— coefficient of diffusion from Data Sheet 02.oj.01 (in -1 ) 

Nona 

The ratio /,// is plotted against the ratio x/1 for various values of jiL 
It is assumed that the panel is of constant section along its length and 
that the edge members are subjected to constant and equal strains correspond- 
ing to a stress /. The data sheet is based on a seven stringer panel, but may be 
applied to panels with four or more stringers with little toss of accuracy. The 
end section at x— o is unconstrained, and the other end section (at x— 1) is 
constrained to remain plane. This constraint may result from a symmetrical 
arrangement of the structure and its loading about the section at x— 1. 

The average value of A, may be found on the lines indicated in Data Sheet 
01.05.01 talcing /«„-/. An average value of G„ corresponding to tj„ may be 
found from Data Sheet 02.03.10 on the assumption that the shear stress at the 
edge is uniform and ordinary engineering theory applies at *— f. For large 
values of ftl, /, approaches /. 

Derivations 

Hadji-Akgyjus and Cox. Diffusion of Load into Flat Stiffened Panels of 
Varying Cross Section, R. & M. 1969 (1944). 

Cox. Diffusion of Concentrated Loads into Monocoque Structures, III, 
R. & M. i860 (193B). 

Example 

To find the average stringer stress in a panel at x ""075! when 
J 1=190 in, b— 6-25 in, a— IS in, 1=0-036 in, n— 11, A," 0-175 ' n *i 
A 1 — cros3*sectional area of edge member— i'i in' at x/1— 0-75, 
/(—second moment of area of edge member about an axis through its 
centroid normal to the panel -0-71 in* at x/I— 075, 
£-iox 10* lbf/in", G-3-Bsx 10* lbf/in 1 , /-35,ooo lbf/in*. 

To obtain id. A, and £?, must be known. 

From Data Sheet 02.01.03, A.—A.+bt (/.^.//^). 

Taking /*„—/— 35,000 lbf/in', for b/i— 174, from Data Sheet 02.01.03, 
,.= 11.300 Ibf /in*. 

Then bf (/„-«,//*„) -0-073 > a '< ani ^.-0-175 +0-073-0-248 in'. 

From Data Sheet 02.03.01 curve (4) for 6/0—0-42, q»- 1,860 lbf/in*. 

Continuing, u>— 12b— 75 in, 1/v— 1-2, and the equivalent average shear 

stress is 

q.—od J/(all)~ 11 x 0-248 x 35,000/(2 x 90 x 0-036)— 14,700 lbf/in 1 . 
Thui ?./fl.-7'9- 

From Data Sheet 02.03.10, for X,/iit=o-8, and Aifht" <i t /mt— 0-45, 
G,/G— 0-65, whence G.— a'sox 10' lbf/in*. and £X./(G.bt)-4'4t- 
The flange flexibility parameter Bqo oo]; therefore the effect of Range 

flexibility may be ignored. 
From Data Sheet 02.05.01, /J— 1-14, 
From diagram, by interpolation, 

/,//=o-66 and /.-o-66x 35,000-23,100 lbf/in*. 



Reference - Royal Aeronautical Society Data Sheets, Volume k, 
December 1963- Reproduced "by Royalty Agreement. 
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Reference - Royal Aeronautical Society Data Sheets, Volume h, Z 
December 1963. Reproduced by Royalty Agreement. 
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Notation 



EDGE SHEAR STRESSES IN A UNIFORM s STRINGER PANEL WITH 
CONSTANT EDGE STRAIN 

(Third Inue, July 1947) 
(Stcond Reprint, July 1961) 



I a panel length (in) 

x —distance of cross section from free end of panel (in) 
("Sheet thicknesi (in) 

aodiaUnce between centroids of transverse members (in) 
6— distance between centroids of adjacent stringers (in) 
width of panel (in) 

/i,=arca of one stringer (in*) 

X.marca of one stringer plus effective sheet (in') 
/■■constant direct stress along edges of panel (lbf/in') ' 
q -shear stress in sheet adjacent to edge members at section x (Ibf/in*) 

9. ^equivalent average shear stress=5/t.//(i;i) (Ibf/in 1 ) 

E— Young's modulus of stringer (Ibf/in*) 

C~ shear modulus of material of sheet (Ibf/in*) 

G,= secant shear modulus of sheet (lbf/in') 

fi- coefficient of diffusion from Data Sheet oa.05.ot (in -1 ) 



Notes 



The ratio (9//)(E61/(M.)}l is plotted against the ratio x/i lot various" values of ui, and can also be 
written in the form 

Mf) (G.IE) (jiw/a). 

It is assumed that the panel is of constant section along its length with 5 equally spaced stringers, and 
that the edge members are subjected to constant and equal strains corresponding to a stress /. The end 
section of the panel at *«o is unconstrained and the other end section (at x=l) is constrained to remain 
plane. This constraint may result from an arrangement of the structure and its loading symmetrical about 
the section at x«l. 

The shear stress varies antisymmetrically across the width of the panel and at any section is a maximum 
at the edges. The shear stress along the edge increases rapidly towards the free end of the panel, where 
in practice it may be relieved by buckling, yielding of the sheet, or give of the joint. 

An average value of A. may be found on the lines indicated in Data Sheet oj.05.01 taking /^-h/. An 
average value of C„ corresponding to q„ may be lound from Data Sheet 02.03.10 on the assumption that 
the shear stress at the edge is uniform and the ordinary engineering theory applies at xmU 

For shear stresses in panels with 10 or 30 stringers tee Data Sheets 01,05.04 and 01.05.05. 
Derivation 

Hadji-Argyws and Cox. Diffusion of Load into Flat Stiffened Panels of Varying Cross Section 
R. & M. .1969, 1944. 

Cox. Diffusion of Concentrated Loads into Monocoque Structures, III. R. & M. 1860, 1938. 
Example 

To find the edge shear stress in a 5 stringer panel at x=a/i when 

I-60 in, fc»6'i in, a-uin, (-0036 in, A,-o ij in', cross-sectional area of edge member-o^ in 1 

at x =0/2, 7,msecond moment of area of edge member about an pxis through its ccntroid normal to the 

panel-0069 ■<»* «" x-0/2, £-iomo« Ibf/in', GM3-85.K io* Ibf/in', /- 39,000 Ibf/ip*. 

To obtain fd, A, and G. must be known. 

From Data Sheet 01.01.03, A.-A.+bt (Z.^,//^). 

Taking /.<.,«■/■• 39,000 lbf/in*, for blt-170, from Data Sheet 01.01.03, /«»«,» ",500 lbf/in". 

Then bt(/„ -M ,// -J .)«.o , 07i in*, and A,-ot3+o-o7i =o-aoi in*. 

From Data Sheet 01.03.01, curve (4), for 6/t«i7o and b/o-o-s, ^1=12,030 lbf/in*. 

Continuing, x/Ino-i, u-6b— 36-6 in, l/u—1-64, 

and the equivalent average shear stress is 

?.=5'V/( J ")" , S* o *0' K39!°°°/(»x 60 x 0-036) ""9,070 lbf/in*. 

Thus v./«t»4-5. 

From Data Sheet 01.03.10, for =o G and A,/htmA,/wtio-jo, 

C./G-ooS, whence G,=2-6i k io* Ibf/in*, and 'EA t l{G,bt)"3'S- 
Flange flexibility parameter B -0 05, therefore the effect of flange flexibility may be ignored. 
From Data Sheet 02,05.01 , plm 1-77. 
From diagram, by interpolation, 

(?//)(EH/(C.4.)}l-fo 3 . 

Hence, since Ebt/(G r A,)a^if i 

fl//=o-si and q =0-51 x 39,000=19,900 Ibf/in*. 
If C, were calculated with the local value of q the corresponding result would be 

<J- 18,400 lbf/in*. 



Reference 



Royal Aeronautical Society Data Sheet b, Volume h t 
December 19^3. Reproduced by Royalty Agreement. 
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SHEAR LAG IN A FOUR BAY PANEL DUE TO OPPOSING EDGE LOADS 
True Structure Idealized Structure 



1 









a 5 



F 



UN Axis of 

\ Synmetry 

b 



-4 




* * * SU^ 

• * « 

b 
E 
G 



True stringer area (in. ) 

Effective stringer area; true area plus effective skin (in. ) 

Panel skin thickness (in.) 

Panel length (in.) 

Panel width (in.) 

Young's Modulus (lbs/ in. ) 

Shear Modulus (lbs/in. ) 



Axial load in members 1, 2 and 3 at the axis at symmetry (lbs) 

The graph on the following page is a plot of the ratio P^/P vs 0, where p 

is defined by equation (l). The ratios Pg/P and P^P are defined by equations 

(2) and (3). The curves are based on a redundant analysis which assumes 

the structure is in the elastic non-buckled state. Interaction effects between 

the longitudinal and transverse stringer stresses are small for this type of 

structure and are neglected. The curves are valid for 0.5 £ ^l/b < 2 and 
0.5 < djb < 2. 
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SHEAR LAG IN A FOUR BAY PANEL DUE TO OPPOSING EDGE LOADS 
Ratio of Stringer Loads vs £ 




80 100 



Determine the stress distribution at the axis of symmetry for the 
structure shown below. 
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Plot of Stress 
at Symmetry Axis 



Given: a L = a 3 = a g = e.^ = 0.5 in. 2 | = 2.6 
a^ = a,. = a 2 - 1.0 in. 2 
\ = t 2 = .070 in. 



*1 



b = 10 



Compute: 



3 + ■j- Stress 



10 



V V A 6 = V °' 5 * 5 (■°T°) oa 85In, 
\= A ? = A 2 = 1.0 + 10 (.070) = 1.70in, 

from (1) p = 50.9 
from curve, \ = Q ^ 

p p 
from (2) & (3) ^ = 0.12, ^ = -0.06 



2 
2 



then, f = 



1 



= 1.105P 



"2 
*2 



f « = T=- = .071P 



f = 



*3 



= -.071P 



Uunnuui. 
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SHEAR LAG IN A FOUR BAY PANEL DUE TO OPPOSING INTERIOR LOADS 



True Structure 
P 

^7 



Idealized Structure 
4P 





^ tl 
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a 5 



I 

f^-Axis of 

I Symmetry 
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i 




a, , ... a,, - True stringer area (in/) 

. . . - Effective stringer area; true area plus effective skin, 
t , tg - Panel skin thickness (in.) 
cL^, dg - Panel length (in.) 
b - Panel width (in.) 
E - Young's Modulus (lbs/in. ) 
G - Shear Modulus (lbs/in. ) 
P 1 J P 2 J P 3 " Axial load in members 1 » 2 ^ 3 at the a:xls o:f symmetry (lbs) 

The graph on the following page is a plot of the ratioj2/(l + tlj/d^Jp^F 

vs 0, where 3 is defined by equation (l). The ratios P 2 /P and P^/P are defined 

by equations (2) and (3). The curves are based upon a redundant analysis which 
assumes the structure is in the elastic non-buckled state. Interaction effects 
between the longitudinal and transverse stringer stresses are small for this 
type of structure and are neglected. The curves are .valid for 0.5 < d^/b < 2 

and 0.5<d 2 /b<2. 
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SHEAR LAG IN A FOUR BAY PANEL DUE TO OPPOSING INTERIOR LOADS 
Ratio of Stringer Loads vs p 



J. 

p 




100 



Example 

Compare the prediction of the present method with a solution of an 
infinite unreinforced plate given in Timoshenko's "Theory of Elasticity", 
1934 Ed.,. Page W. 



i 



Idealized Structure Geometry 
d^ = dg = b = c 



II lh II 



Idealized Structure 



|=2 t = 1.0 



T 

c 



= A„ = kr = 



ii 



L 1 
H li 




A 2 = \ = A 5 = C 
Solution: 

From (l) 3 = 25 



From graph = 0.11 
r 2 



Timoshenko 



P P 
From (2) & (3) ~ = O.78, J. = 0.11 



Then 



.22P 
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DIBCUSBIOK 



The determination of Btreee distribution* in Bemimonocoque structures consti- 
tutes one of the major problems in aerospace structural analysis. These Btructures 
are frequently highly redundant, and a wide variety of approaches 1b available for 
their solution. The one selected Bhould depend heavily upon the specific clrcum- 



Early in the design stage, rough analyses are usually adequate, and redundan- 
cies are partially or entirely removed by assumption. The most elaborate analysis 
possible cannot make a poor design into a good one - any time available at this 
stage might better be spent on improving the design.* 

During this period, fuselage stringer loads may be calculated based upon an 
assumed Mc/I stress distribution, modified by assumed effectiveness factors if 
necessary. From these, akin shearB can be obtained by equilibrium alone for single 
cell construction; for multi-cells, the redundant shears may be determined by as- 
suring compatibility of twist between the various cells. 

The loads acting upon the frames are now known, coming from adjacent shell 
structure and external applied loads, if any. The frames themselves are usually 
redundant structures, in the form of closed non-circular ringB. At this stage it 
is usually sufficient to assume locations for the inflection points; thereafter 
bending moment, shear and axial load distributions can be calculated by statics. 

Incidentally the circular ring bending moment curves given in this section 
may be helpful in picking the locations for zero bending. 

These calculations are described in the standard textB on aircraft stress 
analysis.** They can be carried out either by hand or by available computer pro- 
grams, depending upon circumstances. 

Large cutouts in semlmonocoque structures pose a special problem. A rapid 
technique suitable for early design is given In Section C3.06. 

There are analytical solutions available for cutouts in. circular shells, see 
references In Section C3.O6. Their treatment of the reinforcement required is 
necessarily somewhat restricted, and limits their general applicability. 

The design curves and procedures for uniform circular shells given in this 
section may prove useful In the early design stage. This will obviously be so if 
the shell structure in question is circular or nearly so, and reasonably uniform 
and continuous. In such cases the information available conceivably may be all 
that 1b required even for the final design. In the more usual situation however, 
where these conditions are not met, the design curves must be used with due caution. 



* Structures Section Memo, "Stress Analysis Procedures, 11 12 May I96U 

** Bruhn and Schmitt, "Analysis and Design of Aircraft Structures," 
TRI-State Offset Company, 1958 
Peery, "Aircraft Structures," McGraw-Hill, 1950 
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One way In which the curves, nevertheless, may "be useful is in indicating 
qualitatively whether or not frame flexibility will affect significantly the stree 
distribution in the structure. As is well known, when the frames are relatively 
flexible as compared to the shell, the Btress distribution in the shell will be 
profoundly different from Mc/l, VQ/l and T/2A in the neighborhood of concentrated 
applied loads. Also, the frame internal loads will be very different from those 
obtained assuming beam theory shell shears to hold. If frame flexibility is a 
factor with which to reckon, the curves will so indicate, and will give a rough 
-estimate of how much, as well. 

Detail .Design Stage 

Once the framing has been reasonably well established and preliminary section 
properties have been selected using the rough methods mentioned previously, a more 
detailed analysis is usually required. In cases where the entire structure or a 
part of it is reasonably continuous and has relatively stiff frames, a careful re- 
run of the previous rough calculations may suffice. Various computer programs are 
available for this purpose; see section G. Included is a very useful program 
which treats the frames as redundant structures subjected to known self-balancing 
shear flows and concentrated loads. 

When flexible frames and/ or significant discontinuities exist in a good sizec 
region of the structure, and the circular cross section shell analyses mentioned 
• previously do not apply, a comprehensive redundant analysis may be Justified. Iti 
execution is a rather formidable task and should not be undertaken lightly. In 
order to benefit from previous company experience, these analyses should be a Joir 
venture by the Structures Project Group and Structural Methods Group. 
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CIRCUIAR RING LOADS AND DISPLACEMENTS 
FOR VARIOUS LOADING CONDITIONS 

The curves on the following 2^ pages are based upon 
simple bending theory. Where required, balancing skin shears are 
distributed according to "VQ/I" and "T/2A". 



Reference — 



Bornscheuer: "Circular Ring Frame Bending Moments, 
Transverse and Axial Forces Under Various Loading 
Conditions", Peenemunde Army Proving Grounds, 
Germany, June 19W;. 
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CIRCULAR RING LOADS AND DISFLAC2MEHTS 
Loading Condition ( 1 ) 




Internal Loads 
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Sign Convention. 
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M(*) - M(-*)' 
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Q(*) = -Q(-«) 
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■CIRCULAR RING LOADS AND DISPLACEMENTS 
Loading Condition ( 2 ) 
P 




I Bin * I 



Internal Loads 



tP 




-0.2 



Sign Convention 
M . . Q Q M ' 



M (<t>) = M (-0) 
H (*) = N (-4 
Q (*) = -Q (-*) 



Displacements 
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Sign Convention 




w = + outward 



8 = + counter 

clockvrf.se 

w (0) = w (-0) 
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CIRCULAR RING LOADS AND DISPLACEMENTS 
Loading Condition '( 3 ) 

LP 




Internal Loads 




Sign Convention 



M 
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Sign Convention 
M , , Q Q M 



N 



M (tf) = M 
N (*) = N 
Q (*) = -Q (-*) 



Displacements 
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Sign Convention 




v = + outward 

8 = + counter 

clockwise 

v (<t>) = w {-<t>) 

9 (0) = -0 (-<*») 
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BENDIHG MOMENT IN A PRESSURIZED THIU RIHG 

M = Bending moment, positive when it produces tension in the inner fibers. 

R = Ring radius 

EI = Ring bending rigidity 

p = Internal pressure 

b = Ring width 



Bending Moment with an Applied Radial Load 
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Re ft Grumman Report ADR 04-03c-6l.l, August 196l 
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BENDING MOMENT IN A PRESSURIZED THIN RING 

M = Bending moment, positive when it produces tension in the inner fibers 

R = Ring radius 

EI = Ring bending rigidity 

p = Internal pressure 

b = Ring width 



Bending Moment with an Applied Couple load 
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Ref : Grumman Report ADR 0^-03c-6l.l, August 1961 
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Reference - Royal Aeronautical Society Data Sheets, Volume k, 
December 19&3. Reproduced by Royalty Agreement. 
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BENDING MOMENT IN ELLIPTICAL FRAMES DUE TO INTERNAL 

PRESSURE 
(Second Istut June, 1948) 

Notation 

aa —length of major axis of elliptical frame (in.). 
2b —length of minor axis of elliptical frame (in.), 

j- distance along 1 perimeter from minor axis (in.). 

S —quarter of perimeter (in.). 

y— distance of point on perimeter from major axis (in.), 
p- uniform normal internal loading on frame (lb./in.). 
/.=> moment of inertia of cross-section of frame at point 1 (in. 1 ), 
/.■•moment of inertia of cross>section of frame at minor axis (in. 1 ). 
Af,— bending moment at point 1 of frame with constant moment of inertia, 

positive if it produces tension on the inside of the frame (lb. in.). 
M, — constant correction to bending moment in frame with variable 

moment of inertia (lb.in,), 
Jlf,' = Af.+Jkf.— bending moment at point t of frame with variable moment 
of inertia (lb.in.). 

Noted 

The ratios M,/po* and yjb are plotted against the ratio tfS for various 
values of bja. 

The moments M, refer to bending moments in an elliptical frame with 
constant moment of inertia. The curves can also be used to obtain the 
bending moment in any elliptical frame of varying moment of inertia 
provided the major and minor axes are axes of symmetry, The effect of this 
variation of moment of inertia is simply to add a constant bending moment 
M„ where 

■ • 

W. \{MJI.)<U f j<U/I. (1) 

0 0 

No allowance is made for transverse shear deflection or circumferential 
extension of the frame centre line, but these effects are not important 
provided the depth of the section of the frame is less than one-tenth of 
the radius of curvature. 

The contribution of the skin to the stiffness of the frame must be taken 
into account. 

Derivation 

Timoihenko, Strength of materials, Part 11 (second edition) p. 90, 1941. 
Examples 

(1) Find the maximum bending moment in the frame of a fuselage of 
elliptical cro6s>scction with frames equally spaced at 15 in. pilch when the 
internal pressure is 10 lb./in.', a— 55 in., and (r =43 in.. 

Then, £ = 10x15 — 150 lb./in. and b/aK.0.78.1. 

From diagram the maximum bending moment occurs at sjS**i and by 
interpolation, 

MJpa' =0.103, he nc e Af,=o.ioj x 150 x.55* = 46,70o lb.in.. 
(3) Find the bending moment correction and the bending moments at the 
major and minor axes of an elliptical frame when 

11=61 in., 6—31 in., f>=uo lb./in. and the moment of inertia varies as 
in the following table: 

«/S o 0.1 o.a 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1,0 
7./J. 1 l.ol 1.04 1.09 1.16 1.35 1.36 1.40 1.64 1.^1 3.0 



Then 6/000.5. 

From diagram for 6/0-0.5 and from the above values of J,//, the 
following table is obtained: 

*J S o <>•' 0,3 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

M.fpa' -1158 -151 —136 -.110— 073 -014 '°30 -ooo .149 .197 .318 

i/C./J.) 1 .990 .961 .917 ,86a .800 .735 .671 .610 ,553 .5 

(M./f-a')/(f./J.) -.158—150-131 -101-063-019 .032 .000 .091 .109 .109 



Rewriting formula (1) in a non-dimensional form, 



( H'lS) 
\~QTT 

0 

and integrating by Simpson's rule, or otherwise, one finds, 

M-lpa'** — — —0.041, 

141.4 ^ J 

Thus 1Vf.ao.043x no x6a'= 19,800 lb.in.. 

From table and notation the bending moments ul I lie minor and major 
axes are respectively, 

Af,'= -0.158 x 130x61' + 19,800= - 53,000 lb.in.. 

and 

Af,'— 0.318 k 130X 63*+ 19,800- 1 jo. .100 lb.in.. 

Reference - Royal Aeronautical Society Data Sheets, Volume k, 
December I963. Reproduced by Royalty Agreement. 
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DISCUSSION 



As already noted In the discussion on page C3.01-1, the stress 
distributions and displacements in shell supported rings are strongly influenced 
by the relative stiffnesses of ring and supporting shell. If the ring is rela- 
tively rigid, the stress distributions and deflections on pages C3.02-1 thru 
-25 are applicable. For relatively more flexible rings, the design curves of 
this subsection are applicable. 

Three Important References 

There are three important references available in the literature on 
shell supported rings. They give exact analyses for Idealized structures of 
varying complexity and are summarized briefly in the next paragraphs. In situa- 
tions where the structure to be designed is sufficiently like one of the idealized 
structures treated, i.e., structural parameters lie within the range given and 
the desired structural proportions are covered, it is advantageous to go directly 
to the appropriate report. Otherwise, the approximate design procedure proposed 
in the third reference and described subsequently may be used. 

MCA TN 929 (Ref. 1, see page C3.O5.3-l) 

The structural idealization of thiB report is shown on the accompanying 
sketch. The analysis assumptions made are: 



Shell 

without rings 



Externally 
loaded ring 



i 



(1) The shell is cylindrical, uniform and of length L. 

(2) Only shell shearing deformations are considered, i.e., the Bkin can 
undergo shearing strain but not direct strain. 

(3) The ring has bending flexibility only and is uniform. Its neutral axis 
coincides with the shell skin line, to which it is continuously attached. 

(M The structure behaves linearly and is elastic. 
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The simplicity of the Idealization allows the analysis results to be 
presented as families of curves in a single parameter d, where d - GtR^/EIL. 
These curves are reproduced on pages C3. 05.5-2 thru -10, and show frame Internal 
loads and displacements for unit applied radial, tangential, and couple loads. 

The basic weakness of the approach as originally proposed 1b the un- 
certainty regarding the selection of length L. As originally defined, it is to 
be taken as the distance from the loaded frame to the nearest effective bulkhead 
or stiff frame where the locally Induced perturbations are negligible. This 
weakness has been largely overcome in NASA TN D-402 {to be discussed later) which 
gives a still approximate but somewhat more rational method for evaluating L. 

KACA TN 1310 (Ref. 2, page C3. 05^3-1) 

This report is an improvement over TN 929 In that the unrealistic 
assumption of zero direct strain in the skin is eliminated, and the reinforcing 
rings are accounted for in an entirely rational manner. Specifically, the as- 
sumptions are: 



I - 1 l - L ' l 



Uniform rings 
equally spaced 



00 



Externally 
loaded ring 

(1) The shell is cylindrical, uniform and extends to infinity on both Bides 
of the loaded ring. 

(2) The externally loaded ring and the reinforcing rings are identical. 
They are of uniform moment of inertia, uniformly spaced, and their 
neutral axes coincide with the shell skin. 

(3) Longerons are smeared out circumferentially creating an effective Bkin 
thickness t' which resiBts the longitudinal direct stresses. The true 
skin thickness t resists the shear stresses. This effective skin thus 

' acts as an orthotropic membrane. 

(h) The structure behaves linearly and is elastic. 

Due to the additional complexity of this idealisation the results mutit 
be presented aB families of curves in two parameters A and A/B, where A - t'RO/lIj 
and A/B = GtRVEEL. These curves show the loaded frame and adjacent frame internal 
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loads, and the axial stresses Induced In the skin. The assumption that the shell 
extends to infinity is not unduly restricting since the effect of the perturbation 
caused by the loaded ring is actually confined to a region extending only several 
diameters to either side. The range of parameters covered by the curves iB 

2 x 10 2 < A < 2 x 10 6 



0 < A/B < 00 

NASA TN D-U02 (Ref. 3, page C3.O5.3-l) 

The essential difference between the 'idealized structure of TN 1310 and 
that of this reference is the provision for the moment of Inertia of the loaded 
ring to be different from that of the reinforcing rings. The detailed assumptions 



are: 



Shell with 
smeared. out rings 



00 -*- 



00 



, Externally 
loaded ring 



(1) The shell is cylindrical, uniform and extends to infinity on both Bides 
of the loaded ring. 

(2) The externally loaded ring 1b of uniform moment of inertia, and its 
neutral axis .coincides with the shell skin. 

(3) Longerons are Bmeared out clrcumferentially, creating an effective skin 
thickness t e («t* of TN 1310) which resists the longitudinal direct 
stresses. The true skin thickness t resists the shear stresses. 

(If) The shell reinforcing rings are smeared out longitudinally creating an 
equivalent uniform skin moment of inertia. The Bhell Bkin thus acts as 
an orthotropic curved plate,- 

(5) The structure behaveB linearly and is elastic. 
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The analysis resultB are presented in tabular form as functions of the 
new parameters y , Ly, and L c , to be defined later. The coefficients given 
define the stress distribution in the frame and in the shell within a distance 
L c of the frame. The range of parameters covered is 

0.02 < t < 3 

0.2 <VL C <1 

The report also redefines the parameters d of TN 929 and A and A/B 
of TN 1310 in terms of 7 , Lj. and L , and shows how the predictions of the three 
reports for ring loads can be made to agree reasonably well. This permits the 
use of the relatively simple curves of TN 929 in a somewhat rational design pro- 
cedure, and is the ba B is for the discussion which follows. Recommended procedures 
are also given in TN D-402 and here for the usual situation in which the actual 
structure deviates from complete uniformity. 

Limitations of the Design Procedure 

The design procedure given In the next paragraph applies to structure 
which is reasonably circular, integral and uniform, such as is found in some 
missile tanks and aircraft fuselages. It does not account for the following 
features, which may be significant in some structures: 

(1) non-circular cross sections 

(2) shells where the cross sections vary longitudinally 

(3) presence of major discontinuities such as door cutouts, or large 
access holes, near the loaded ring 

(h) bending stiffness of longerons 

(5) axial and shear flexibility of rings 

The effects of (h) and (5) are generally small. Their omission yields 
ring loads which are conservative. For structures that are decidedly non-circular 
or non-uniform as indicated by items 1, 2 and 3, the predictions of the procedure 
are questionable. 

Use of the Design Curves 

The graphs on pages 3.04.5-2 through -10 show curves for ring Internal 
loads and displacements, arid supporting skin shears, for unit radial, tangential, 
and couple loads, as functions of the stiffness parameter d. On page 3.05.5-1 d 
is defined in terms of 1^, L c arid 7 . To enter this curve, L„, and 7 must 
be evaluated from formulas (l), (2) and (3): ^ c 
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L * 

c VT 



E . t R 
sk e 

Ep— 



2 V Gt 



(1) 



(2) 



00 



See page C3.05.U-l for explanation of symbols used. 

L c is the distance from the loaded ring within which the effect of the shell 
perturbations substantially die out. To approximate moderately non-uniform 
structure the Btlffness factors Gt, E gk t e> 6111(1 E^i should be averaged in the 
region of the loaded ring. The average of Gt, and E- k t e should be taken for a 
distance 1^/2 on both sides of the loaded frame. E f i can be evaluated from 

equations {h) t (5) and (6). 

V (V } fWd + (E f°aft (U) 



^d^ (5) 



where 



W » 1 - f or X<L 
L c 



W = 0 for X>L 

c 



X is the distance from the loaded ring to a reinforcing ring. Since L c is a 
function of E^i (note equation (l)), an initial estimate of L c is required to 
evaluate (h), (5) and (6), (see illustrative problem). For the situation where 
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a rigid "bulkhead or exceptionally stiff frame or the free end of the shell is 
within a distance L c of the loaded ring, TN D-U02 describes how to evaluate 7 , 
and L c . The use of the curves for ring internal loads is straightforward. Addi- 
tional comments concerning the application of the shear flow and the displacements 
curves are necessary, however. 



Shear Flow 



The ring shear flow q determined from pages 3-05.5-3, -6, and -9 can be 
considered to be composed of two parts: 

(1) Shears defined by VQ/I and T/2A. This distribution is shown by the 
curve for d *» 0. 

(2) Induced self -balancing shears due to ring-shell distortions. 

Shears defined by (l) are distributed in the shell as dictated by equilibrium. 
The induced shear flow is reacted on both sides of the loaded ring in proportion 
to the shell relative stiffness. . For reasonably non-uniform shells this distri- 
bution can be approximated by equations (7) and (8). 

4 a a 4sa ^f^fwd , V 
q induced fwd = (q, - q ) 

V d 0 (T) 

q induced aft = -r=,— (q - q ) 

V d 0 (8) 



Ring Displacements 



The displacements shown on pages 3.05.5-3, -h, -6, -J, -9 and -10, can 
also be considered to be composed of two parts: 

(1) Translation and rotation of the ring as a rigid body, due to shell skin 
shear deformations (note idealized structure sketch for TM 929), 

(2) Ring bending distortions. 

The value normally required for design purposes is the deflection due 
to ring bending distortions. For values of d > 300 the effects of (l) are 
relatively small and can be neglected. When d< 300 the effects of (l) can ap- 
proximately be eliminated by subtracting the corresponding value from the d = 0 
curve. This latter curve consists of ring translational displacement as a rigid 
body. 
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Illustrative Problem 

Given: A segment of a cylindrical semi-monocoque aluminum fuselage structure 

shown in the accompanying sketch with an externally applied radial load 
of 1000 pounds. All units are in incheB and pounds. 

Find: (l) The frame mnn"<™™ moment, axial load, and shear load, and their 
respective locations. 

(2) The maximum radial, rotational, and tangential displacements, and 
their respective locations. 

(3) Compare these results with those shown on page C3.02-2. 



2k equally spaced longerons 



fwd 



1000 




1000 



I m 3.0, frame spacing = 2k" 

I of frames fwd of the loaded frame - 2.0 

I of frames aft of the loaded frame «= 1.0 

Area of one longeron fwd of the loaded frame =0.30 

Area of one longeron aft of the loaded frame = 0.20 

Skin thickness fwd of the loaded frame a .0U0 

Skin thickness aft of the loaded frame » .030 

E B 10 7 , G = k x 10 6 
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Solution: 

Compute 

(Gt) 



G {\ft + t fwd) 



avg 



0.1k x 10 



then 



(Oft, - o.oko + ^LM .,-0.078 

e ™- 2 jt(30) 

(t ) „ - 0.030 + 0.056 
e art 2^(30) 



E Bk t g o (0.078 + O.056) - O.67 x 10 6 



Compute L 



To obtain a first approximation for L c assume, 
E f i » ^ (§5 h--^) = 0.625 x 106 
From equation (l), 

1/1* 



E . t R2 
sk e 



E f i 



c - Y6" 

From equations (5) and (6), 



■ 68.2 



" 68 



x 10 7 r 

8.2 [_ 



(1 



2k 

68.2 



) + (1- 



JQ 
68 



- 0.277 x 10 



(E f i) aft = (E ^ )fwd - 0.139 x 10 6 



E^i - 0.1tl6 x 10 



Recomputing L q from (l) 

L - 75.6 

c ' 



lummanz 



«* I It W v I M •» «- if I ant 11 w rt a. 



From equations (2) and (3) 



L = 32.8 
r 



1. 
y 



2.X 



From page C3.05.5-l 

a - 60 



From page C3.02-2 and the curves on pages C3 .,05*5-2 through C3.05.5- 1 * 
(for Btiffness parameter d - 50). the folloving table is obtained: 





Shell Supported Ring 


Relatively Stiff Ring 


Load or 
Deflection 


Location,^ 


Load or 
Deflection 


Location, <t> 


■ Moment, M 


5250 


0° 


T,200 


0° 


Axial Load, N 


-580 


15° 


-U35 


^5° 


Shear Load, Q 


-500 


0* 


-500 


0° 


Shear flow, q 


-21.6 


*3* 


- 11 


90° 


Radial Deflec., v 


•« a 2 


0° 




0° 


Rotational deflec, $ 


-.036 g- 2 


26° 


- 083 


35° 


Tangential deflec, v 


.0036 


1*3° 


.019 ff- 


1*0° 


Skin Axial StresB in 
Longitudinal Direction 


3^.4 psi 
(Comp.) 


0° 


0 





See TN D-i+02, tables 83 and 92 for 7 - .Vf6, — - .^00 
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LIST 07 SYMBOLS 

P applied load, either radial or tangential 

M 1 applied couple load; positive clockwise 

M frame internal "bending moment; positive when inner fibers are in tension 

N frame axial load; positive in tension 

Q frame shear load; positive when up on the left of an elemental cut 
(see page 3*°5.5-3) 

R radius of the shell 

v radial displacement; positive inward 

6 rotational displacement; positive clockwise 

v tangential displacement; positive clockwise 

q shear flow acting on frame; positive clockwise 

q shear flow acting on frame for d = 0 
o 

d stiffness parameter determined from page C3. 05-5-1 

E q Young's modulus of the loaded frame 

E f Young 1 s modulus of an unloaded frame 

E sk Young's modulus of the skin 

I moment of inertia of the loaded frame 
o 

I f moment of inertia of an unloaded frame 

1 cross-sectional moment of inertia of unloaded frames per unit length of 
shell 

G shear modulus of shell skin 

t effective shell skin thickness for shear loads 

t e weighted average of all bending material including skin and longerons 
assumed uniformly distributed around the circumference 
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2 l/h 



) the length from the loaded frame to where the shell 



stress deviation from the "Mc/l" and "VQ/l" distribution are small. 



■jg — j , ratio of the stiffness of the unloaded frames to the loaded 

o o 

frame 

parameter in TN 1310 
parameter in TIT 13 10 





distance from loaded frame to unloaded frame 
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SHELL SUPPORTED CIRCULAR FRAMES 



Chart to Determine Stiffness Parameter d 




5ocoio,ooo.-25;ooo 



Reference - MSA TK T>-k02 
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SHELL SUPPORTED CIRCULAR RINGS 



Shear Load For An Applied Radial Load 




STRUCTURES MANUAL 



1 October 




1 October I96U 



STRUCTURES MANUAL 



c3.05.5-5 



SHELL SUPPORTED CIRCULAR RINGS 
Bending Moment For An Applied Tangential Load 




0 30° 60° §cr 120 3 150^ 180° 

0- Degrees 

Axial Load For An Applied Tangential Load 
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0.10 



0.05 



SHELL SUPPORTED CIRCULAR RINGS 
Shear Load For An Applied- Tangential Load 



p 



-0.05 



-0.10 



-0.15 



-0.20 




30 60 90 120 150 180 

(f>- Degrees 

Skin Shear and Tangential Deflection Por An Applied Tangential Load 




90' 

0 - Degrees 
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SHELL SUPPORTED CIRCULAR RIHGS 



Radial Deflection For An Applied Tangential' Load 




Rotational Deflection For An Applied Tangential Load 
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SHELL SUPPORTED CIRCULAR RINGS 
Bending Moment For An Applied Couple Load 



M' 




120* 
<j>- Degrees 

Axial Load For An Applied Couple Load 
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180° 
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SHELL SUPPORTED CIHCUL&H EIKGS 
Shear Load For An Applied Moment 



-0.4 



-0.8 



OR 



-1.2 



-1.6 



•2.0 





































TO 






































































/o_ 












^^^sN Sign Convention 
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Shear Flow and Tangential -Deflection for an Applied Moment 
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SHELL SUPPORTED CIRCULAR RIEGS 
Padial Deflection For An Applied Moment 




90° 120° 
Degrees 



Rotation Deflection for an Applied Moment 
-1600 




60° 90 0 120° 

<t> - Degrees 
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SECTION Ck - DETERMINATION OF BEAM DEFLECTIONS AND MOMENTS 
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DEFLECTIONS OF BEAMS USING THE METHOD OF SEMI-GRAPHIC INTEGRATION 



Discussion: 



The method applies in cases where the consideration of bending 
energy can be assumed to give acceptable results. 

The deflections of beams, frames, and similar structures which resist 
bending moments are often obtained by methods of virtual work. It is 
assumed that the reader is familiar with the latter. Usually, the use of 
such methods requires the evaluation of the X^l ^2 ^ alon S & span(s) 
of structure. The quick evaluation of this integral is the subject of 

this section. 
Derivation:* 

In many practical problems the bending moment diagrams may be readily 
plotted, but they cannot be expressed as simple algebraic expressions. The 
integrals involving such bending moments may often be evaluated more readily 
by semigraphic methods than by direct integration. The expression 5% ^2 
in which either Mj_ or Mg is a linear function of x . will be evaluated. 
Assuming to be linear between two points a and b, it may be expressed as 
follows : 

Alt ~ Ma.+ z(Mb-Ma) (a) 

where L is the distance between a and b and and are the values of Mj_ 
at these points, as : shown in Figure 1. Substituting the. value of into 
the integral and expanding, the following values are obtained; 

Jo. L Jo. 



* Extracted from textbook "Aircraft Structures" by David J. Peery - McGraw 
Hill, 1950 
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The first integral on the right side represents the area of the diagram 
and will he designated as A. The second integral represents the moment of 
the Mg diagram about point a and will be designated as Ax, where x is the 
distance to the centroid of the diagram area, as shown in Figure 1. The 
integral becomes 




where the term in brackets may be compared with Eq. (a) and is seen to 
represent the value of at a point opposite the centroid of the area of 
the Mg diagram. This value is designated as 1^ in Figure 1. The integral 
is therefore evaluated by the following equation: 

r b : zr 

J a M t M t JjL - AH 



where the diagram is a straight line between a and b, A is the area of 
the diagram between a and b, and Mj_ is the value of M-^ opposite the 
centroid of the area of the M2 diagram. 




Figure 1 



Several commonly used values of 1 M-j_ Mg dx have been computed as 
definite integrals. These are presented in Table 1. 

Examples illustrating the use of this method are presented on pages 
CU.02-U thru -9. 
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The illustrative examples which follow are presented in an effort to 
highlight the versatility, simplicity, and accuracy of this method. 



Example 1: 

Cantilever beam - constant EI - uniform load W lbs/inch - length L. 
Find A and 9 by semi-graphic integration (This simple example is chosen only 
because the reader undoubtedly has access to formulas for A. and Q , 
thus the method is easily verified independently.) 




• Determine the bending moment diagram 
for a 1 lb. virtual load acting down 
at point b on the beam. This is the 

diagram. 

• Using case 8, the deflection A is determined from: 

r b 

ei A - J M, M z c/x : 
Ja, 




Calculation of Q : 



and. 



A. 



a Err 



Determine the bending moment diagram 1 
for a 1 inch-lb. virtual moment acting V 
clockwise at point b on the beam. This I 
is the diagram. 

Using case 1, the rotation © is determined from 

r b 



/ inch ,'c. 

— ;) 



A. 



en 




0 
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Example 2 



Single span simply supported beam - constant EI - length,^. Assume 
a 1 lb. transverse load Is applied. at any point "C" a distance "n" from 
the right support. Determine the deflection under the 1 lb. load, and 
thus the flexibility of the beam at point C. 




The bending moment diagram shown above is for the 1 lb . load applied at 
point C and will be designated as Mg. To determine the deflection under 
this load, we can place a 1 lb. virtual load at point C and proceed with 
semi-graphic integration. Obviously, the bending moment due to this virtual 
load is numerically identical to. Mg, however it will be designated as K^. 

The deflection under the 1 lb. load applied at point C will now be 
determined: 



Table 1 does not present a case which specifically covers the \ M. yu 
in whi ch we are presently interested. However, if the composite span ^ 

A-B-C is treated as two spans, A-C + C-B, then Case 2 can be used. The 
calculations are as follows: 



CL 



a. 



U J 



6 



Ac - 



L 



Examples 1 and 2 have been intentionally explained in greater detail than what 
might seem necessary. Actually, as the user of this method becomes familiar 
with it, such problems can be solved quickly with very little computation. 
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The following examples are intentionally explained in somewhat less 
detail than that noted in Examples 1 and 2. 



Example 3 

Beam on several supports - bending mome nt d iagram is known 
EI. Find the deflection of point B in span A-D. 



- constant 



J— ' 




Snellen-/- c/c/e -/& 



Since both moment diagrams are linear, either may he designated as 
and the other M^. 



_J 



$Pt9sJ B-C 



< 



The following two illustrative examples, k and 5, deal with structures 
having variable EI. 

Example 5 solves the typical "design problem" as opposed to the typical 
"textbook problem" and is offered to portray the versatility of this method. 
Many such problems occur during the course of designing typical aerospace 
component structures. 
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Example k 

Cantilever beam - uniform load "W~ 200 lbs/inch - I varies linearly 
from 2.0 in^ (at the fixed end) to 1.0 iir 1 - E is constant - L = 10 in. 
Determine the deflection Z^b 



Before starting the calculations, it is best to reflect on some 
fundamentals. 



The idealization of the structure is very important. Since we wish 
to save time, we should use the least number of segments (sub-spans) consistent 
with desired accuracy. Often, a small number of judiciously selected segments 
will give acceptable accuracy. It is not necessarily true that we should 
select segments which are all the same length. A reasonable approach is to 
plot both the % diagram and, in cases of variable EI, the &± diagram. An 
"eyeball" comparison of the two diagrams is valuable in Judging how the 
structure should be idealized. It is best to consult an experienced person 
when making this judgement. For the problem at hand, the Mj_ anii ^diagrams 
were plotted and then the five segments shown below were selected for the 
idealization. When we perform the semi-graphic integration we will be evaluating 
5fo'(<$)<& instead of ^A^A^as was the case for constant EI beams. The values 
in Table 1 still apply except that we substitute where M£ appears. 

A & 

/O " : *- 




UK. 



Making the assumption that the (s~r) diagram is linear along each of the five 
segments, we can use Cases 2 and 12 to solve for^ e 



Seamen J (7) 



( y 1 < ... ' ^ 

To check the accuracy of the answer, this problem was solved via an existing 
computer program which calculates the deflection using the Area-Moment method. 
The program assumes 1000 equal length segments. A B obtained via computer 
program = ll»0l86/E. Thus the semi-graphic integration of only 5 segments has 
yielded a 0.37% error compared to the more accurate solution. The computer 
solution, however, involves the usual punching of cards, checking of data etc. 
and consumes more total time. 
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Example 5 

This is an hypothetical design problem. It has been dec i^d that at point A 
the "^ deflection of the existing fuselage frame, shown below, must be 
Strained. Se ?rame supports the ultimate loads noted and is aluminum 
with E = 10.5 x 105 psi. ne following question has been asked: 

How much y load must be applied at point A to prevent displacement in 
the y direction, assuming no redesign of the frame? 

Solution 

In order to determine the required load ^at point A, we must determine 
^and*^, where 4^ is the y deflection due to the applied loads and 
where A M is the flexibility of the frame for y _load at. A. 

Since we have a variable EI beam, we plot the and the (^diagrams 
where Mi is due to ailb. Virtual load applied in the ty direction at point A 
2 where M ? is due to the applied loads. The diagrams have been-plotted • 
Song IS developed neutral Sis of the frame. Note that although gi^ 
diagram is linear, the six segments chosen enable us to assume linearity 
within any segment and we proceed with semi-graphic integration. 



-o 




7St*tO 



«2* 



/aiffv.10 




9 // ta 



-Ms 



f 



3 



zs 



V) 



.1 



'"° * ,v ' . s ' 

oa <- /zioi at '«,q-<- le/o/u/ o-c- _ ^ ^H£2*IQ ,- 
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Example 5 - continued 

To evaluate we must determine J^(£rJ<J / * along each of the six 

segments. Rather than plot the diagram, we will substitute the correct 
values directly into the appropriate formulas : 




1" 



Aft + /e^c/u =0 =■ ^IflS X/£>~ V /?u K/3 



i.8? *■ 



Id 




"7*' 









7o i/G-^j 7~ 
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PROCEDURES AND DATA WHICH CAB BE USED TO SAVE TIME WHEN SOLVING 
STRUCTURES BY THE METHOD OF MOMENT DISTRIBUTION. 



Summary 

This subject is presented in two sections. Section 1 contains a review 
of the moment distribution method and outlines a time saving approach to solving 
spans with linearly varying EI. Section 2 deals with spans having arbitrary EI. 
A computer program is available to reduce analysis time for such spans (Reference a) . 
Axially loaded members are not included in the material of Sections 1 and 2. 
Such structures are covered separately under the subject entitled "Beam Columns". 

Section 1 Moment Distribution for Structures with spans of Linearly Varying EI 

The intent of this writing is to present a compact review of the procedures 
used in moment distribution and to give the analyst data which can be used to 
save time when using the procedure. Comprehensive discussions of moment distribution 
are presented in many publications. For those who need more review than that 
offered herein, the following two references may be helpful: 

Peery, David J..: "Aircraft Structures", McGraw Hill Book Company, 
New York, 1950. 

Niles, A. S., and J. S. Newell: "Airplane Structures", Volume II, 
John Wiley and Sons, New York, 1955- 

Review 

The method is usually used to solve beams or frames having more than 
three redundants and in which the consideration of bending energy can be assumed 
to give acceptable results. It is not necessary to remove the redundant supports 
to obtain a statically determinate structure and then to write and solve the 
simultaneous equations which determine the redundants. Instead, the structure 
is imagined as comprising several interconnected single-span fixed-end beams. 
Fixed-end moments for each span are calculated. At the points where two or more 
spans interconnect, the fixed-end moments usually are not equal. By the moment 
distribution procedure, the net unbalanced moment at each such joint is successively 
altered until the conditions for the actual structure are obtained. 



Reference (a) SACP-5, G-l.01-1 and -2 of this manual. 
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Review continued: 

The application of this method is simplified if certain steps can be 
prescribed and followed automatically. Before going over these steps, a 
review of the following fundamentals may prove helpful. 

A. Sign convention: Unless an alternate convention is more convenient, 
the one which follows is recommended 

+*H — =— VAfe 

and Af/l are the bending moments a pplied to the beam span 
at its left and right ends respectively. 

B. Stiffness factor : The stiffness factor is defined as the magnitude 
of bending moment^equired to produce a unit angle Gj with the beam 
span supported as shown: ' ^ — " 




where 



Assuming all spans meeting at a given joint rotate* thru a commom 
angle &f the total joint moment AJ^* is then distributed to each 
span according to: 

Afj' =* Jti&j +-*Z ^ K^&j - &j -£A£ 

j etc. are the stiffness factors for the individual spans. 
Stiffness factors can be obtained quickly from the curve of Figure 1. 

C. Distribution factor: The distribution factor for a given span is 
defined as the fraction of the total joint moment which is resisted 
by that span. 

Distribution Factor = jgj^ ~ DF 

D. Carry-over factor: For a span of beam supported as shown below, 
the carry-over factor is defined as the ratio of /fe to * Carry- 
over factors can be obtained quickly from the curve of Figure 2. 



Ml 



Carry-over factor 




An outline of the steps to follow when performing moment distribution is 
presented on page 3. Two illustrative examples are presented on pagesCU. 03-11 
thru -15. The first example is treated in deeper detail than the second for 
the benefit of those who may profit from same. 
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Review continued: 

The Moment Distribution Procedure: 

The steps outlined below should be followed in sequence. To clarify 
the operations, Illustrative Example 1 is presented in a manner such that 
each step is cross referenced. 

Step 1: Calculate the fixed-end moments for each loaded span. Figure 3 & Tables 1 
thru 5 can be used for quick computation of same if spans are of 
linearly varying EI*. 
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Step 2: Compute the stiffness factors K_ and YL for each span. Use Figure 1 
.for beams of linearly varying EI*. 

Step 3: Using the stiffness factors determined in Step 2, calculate the 

distribution factors KfrrtX} for the members meeting at each joint. 
A£ is the stiffness factor for any individual member at a given 
joint and £.K# is "the sum of all individual stiffness factors at 
that joint. 

Step k: Determine the carry-over factors Cj, and Cr for each span. Use 
Figure 2 for beams of linearly varying EI.* 

Step 5: Calculate the unbalanced moment at each joint. This is simply the 
algebraic sum of the fixed -end moments at a joint. 

Step 6: Balance the moments at each joint by multiplying the unbalanced 

moment by. the distribution factor for each span, changing the sign , 
and recording the balancing moment below each fixed-end moment. If 
a support" is fixed against rotation, the unbalanced moment is resisted 
by the support and the balancing moment is zero because the joint is 
not free to rotate in the balancing process. ITow draw a horizontal 
line below the balancing moments. 

Step 7: Calculate the carry-over moments at the opposite ends of each 
individual span indicating the carry-over process by diagonal 
arrows. The carry-over moments have the same sign as the corresponding 
balancing moments and have magnitudes determined by the carry-over 
factors determined in Step k. 

Step 8: Repeat the process of balance and carry-over" of moments for as many 
cycles as desired. The final moment at the end of each span is the 
algebraic sura of all moments in the table at the point in question. 
The sum of the final moments for all spans meeting at a given joint 
must be either zero or equal to the externally applied moment at 
the joint. 
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* See Section 2 for lorobleras involving spans of arbitrary EI. 
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Tllustrative Example 1; 

For the beam sketched below, determine the internal bending moments 
at the supports. Also determine the external reactions. Solve the structure 
via moment distribution. (This is a three redundant structure which the 
analyst would not necessarily elect to solve by moment distribution, however 
it provides a good illustration of the procedure.) 
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•5/=>Gr> /VB: AxA/e^s / ^ J?. 

Ma - <3, = C-.oVTt/eX&ooXiTo) =-390001 

A/GT = -288/ a^, - 

5..^L..=f ~ ' - 7S-] f>= = Ao; -us- - */^. 

= <3 S » (--079/0) /<* fvo)*- = —/2c-±> _^ . f= 

^ £• if--*-,- ~ -.s 

= <3 3 p *- = (-■ /<S3-Z7)C 2.ooa) 3& - ZSjzO^-* 
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Illustrative Example 2: 



The structure sketched "below is initially unloaded. When joint B is 
displaced downward a distance of .500 inches by load P B , the structure becomes 
loaded. Determine Eg and the external reactions. 

Note that the fixed-end moments for spans CD and CE are zero by inspection. 
The fixed-end moments for spans AB and BC have been determined from Figure 3. ''* 
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Section 2: Moment Distribution for Structures with Spans of Arbitrary EI. 



The same fundamentals defined on page 2 and the same 8 steps outlined 
on page 3 apply to structures with spans of arbitrary EI. 

The calculations indicated in Steps 1 thru 4, page Ck, 03-13 can be 
accomplished quickly if use is made of the computer program described in 
Reference (a). Instructions for access to and use of this program are 
described in the Reference. 



No illustrative examples are presented herein for problems involving structures 
with spans of arbitrary EI. The procedure is sufficiently covered in Section 1 
and the paragraphs above. 
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SECTION Cg - LOAD DISTRIBUTIONS IN MULTIPLE FASTENER JOINTS 



Table of Contents Page 

Load Distribution in Single Shear Multiple C 5. 02-1 

Fastener Lap Joints 



GRUMMAN 



June 197^ 



STRUCTURES MANUAL C5 . 02t i 



LOAD DISTRIBUTION IN SINGLE SHEAR MULTIPLE 
FASTENER LAP JOINTS 



Discussion 

The load distribution in the members of several basic structural 
connections has- been determined and the significant results presented 
on pages C5.02-4 thru C5.02-10. The structural configurations consist 
of axially loaded members joined by multiple mechanical type fasteners 
loaded in single shear. Two cases of overall joint load were considered: 
(I) end loaded, and (II) shear loaded. The most significant observation 
for the end loaded case is that the load distribution to the fasteners 
is not uniform since the distribution is wholly controlled by the 
relative flexibility of the fastener to the axial load member. The 
load on the critical fastener exceeds the average load by significant 
amounts. As expected, no significant load concentrations are developed 
in the shear load case. This is illustrated on pages C 5. 02-1+ and 
C5.02-5- 

The load distributions were determined by linear-elastic analyses 
which predict the most conservative fastener load concentration because 
the nonlinear effects of the fastener load deflection curve are not 
accounted for. The results therefore are only directly applicable to 
joints where the load levels at the fastener are within the linear 
portions of the fastener load deflection curve which should be the 
case for fatigue critical joints. If the determination of total static 
strength is the problem, then an analysis such as described in Reference 
(a) is required. 

SACP-19 (S M Pages Gl.01-1 and -2) was the primary elastic analysis 
method used for the load calculations. Use was also made of an adaptation 
Kuhn's shear-lag equation, Reference (b), for the calculation of load 
distributions of page C 5. 02-8. A version of this approach is also 
described in Reference (c). The modification required to the Kuhn 
equations is in the shear-lag parameter, K, where it is necessary to 
replace the terms that are a function of the shear web stiffness with 
a set that are a function of the fastener stiffness. This method is 
most effective for constant area members, and is not readily adaptable 
to cases involving members of varying section other than the specific 
case of a constant stress edge member. 

Symbols and Definitions 



P - member axial load, pounds 
N - number of fasteners 

T - taper ratio measured as an area ratio (or thickness ratio for 
constant width members) with dimensions taken at the end 
fasteners 

A - cross-section area of axial load members, square inches 
L - total or overall length of joint that is significant to load 
distribution, inches 
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S ymbols and Definitions (Continued) 

r - ratio of fastener flexibility to axial member flexibility 

q - applied shear load, pounds/ inch 

t - member thickness, inches 

E - Youngk modulus, pounds/square inch 

K - Kuna's shear lag parameter, 1/ inches 

0 - length of axial member between fastener centerlmes. nor 

evenly spaced fasteners the value will approach L/N, inches 
<y - axial stress, pounds/square inch 

Subscripts 

L - pertaining to primary member 
D - pertaining to doubler 

Definitions 

Fastener flexibility is the inverse of the slope of the load 
deflection curve obtained experimentally for appropriate specimens. 
The conventional test specimen used is the single shear, single ^stener, 
lap ioint configuration. For the most conservative estimate of fastener 
load concentration, the initial or straight line portion of the curve is 
usually taken. Data of this type is available from References {d) and 
( e ). Member axial flexibility is defined as l/AE, inches/p ound^ 
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1970. 

(e) Page B2.50-1 thru B2.50-7 
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LOAD DISTRIBUTION IK AN AXIALLY LOADED MEMBER 
REINFORCED WITH A MULTI-THICKNESS DOUBLER 



The load distribution for an axially loaded member reinforced 
with a multi- thickness doubler is shown on pages C5.Q2-k and C5.02-5 
for six doubler configurations for each of the two loading cases. The 
joint configuration is shown in the following sketch. The load 
distribution is given for only the first nine fasteners of a 
continuing line. The total length of the members and the number of 
fasteners in each joint are such that the stresses in both members 
become equal. The value plotted is the load in the doubler, Pq, 
normalized with respect to the total applied load. From this information 
the fastener loads and load in reinforced member is easily obtained. 

Loading Conditions: The doubler load is shown for two loading cases: 
Case I is when the total load exists in the primary member before 
the doubler, and Case II is when the total load is applied to the primary 
member as a uniformly distributed load over the length the structure 
as shown. The doubler load is introduced by shear loads in the joining 
fasteners from the primary member. The load distributions for the two 
cases may be superposed. This permits analysis for any case of linear 
load variation in. the reinforced member. 



JOINT CONFIGURATION: 



hH "TIP- /-DOUBLER 



L 



Pr. 



PRIMARY MEMBER 



(R - 2.5 TO 4.0) 



Note: This configuration is limited to like materials in both members. 
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LORD DISTRIBUTION IN RN RXIRLLY LORDED MEMBER 
WITH R MULT I -THICKNESS DDUBLER 



0.5 



or 



p dA l 



r 



.1+25 



(I) 

.1+62 ,^ -^9 



.200 



, .220 _T ' 



J344J 



'.466 



P 

(Case I) 







— 1 — I — 1 — 1 — 1 — h~ 


* 

1 ^-1^-1 


LLLLi^LL 



1 JLi^ 



q*L 



(Case II) 



(I) 



p d/ 



or 



P D />L I 



.190 i 



.398 I — 



M9 i ' U7k M7 M3 ' k97 ' k9& 



, .088 r 15 

-Qk2_l 



-328 
-273 J 

,j ?1 - 5J ~Ti« 



.427 



.466 



(Casel) I _ I 



r 



5 



P CO 
cULCu) 



(Case II) 



0.5 



or 



p o/ q ' L 

0 



(Case I) 



♦419 r 



(I) 

.U60 f hM^Jm- 



• 278 I ,25z_l 
-203_T> 



jP4o_ 



_iPl 3 _r 



130JT 



(ii)- 



. — 1 1 1 


1 1 1 




M — ■+■ -M ' ! 


t 1 f 

' i 




^-1^-1 




t 



°1 (Case H3 
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LORD DISTRIBUTION IN RN RXIRLLY LORDED MEMBER 
WITH R MULT 1 -TH 1 CKNE55 DOUBLER 



0.5 

or 

p dA l 



(I) ,i 4 ^ >67 . . Mfr AW 
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(Case II) 
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0 
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LOAD DISTRIBUTION IN SINGLE SHEAR LAP 
JOINTS WITH MULTIPLE FASTENERS 



The following figures present the critical fastener load in a 
single shear lap splice for both constant area and linear tapering area 
members. The plotted value is the critical fastener load normalized 
with respect to the total splice load. The fastener load is plotted 
as a function of R, the ratio of fastener flexibility to axial member 
flexibility. In the case of the splice with tapered members, this 
ratio is determined at the end fastener relative to the thinner member. 
Ttfe member area is average between the. two end fasteners.. The flexibility 
for the intermediate fasteners was adjusted from this value to reflect the 
effect of the thickness change of the axial members. 



CRITICAL FASTENER LOAD IN LAP 
SPLICE WITH TAPERED MEMBERS 




20 



0 4 8 12 16 

R * BOLT FLEXIBILITY/ BAR FLEXIBILITY 

Note: This configuration is limited to like materials in both members. 
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CRITICAL FASTENER LOAD IN SINGLE SHEAR 
LAP SPLICE WITH CONSTANT AREA MEMBERS 



02 



OJ 



For dissimilar materials in member 1 and 2, use rat^of S/S 
in place of AjA 2 . ' See page B2. 5 0-2 for fastener data in ULl 
■materials. cu 



4 8 .12 16 20 

R*B0LT FLEXIBILITY/ BAR A 2 FLEXIBILITY 




8 12 16 20 

BOLT FLEXIBILITY/ BAR A z FLEXIBILITY 
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AXIAL LOAD MEMBER WITH SINGLE SHEAR 
LAP DOUBLER AND MULTIPLE FASTENERS 



The following figure and pages C5.02-9 and -10 present the load distribution 
data for several configurations of an axially loaded member of constant 
area reinforced with a constant area doubler. The critical fastener load . 
is normalized with respect to the total load and is shown below. The 
doubler effectiveness measured as the ratio of doubler stress to primary 
member stress at the doubler mid-length is given on page C5.02-9 and 
C5. 02-10. Both variables are plotted as a function of R, the ratio 
of fastener flexibility to axial member flexibility. 



CRITICAL B0XT~C0"AI5" 




: 6 4 ■ : & .. :i: 12 IG 20 

i R - BOLT FLEXIBILITY/ DOUBLER FUEXlSlLlT Y : : j I 

Note : For dissimilar materials in member D and L 
use EqAd/ElAl in place of A D /A L . See page B2.50-2 

for fastener data in mixed materials. GRUMMAN 
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AXIAL-. LOAD MEMBER WITH; SINGLE .SHEAR 
.LAP...D.0.U.5LER AND MULTIPLE FASTENERS.; 



DOUBLER EFFECTIVENESS 6<^dM3 



_. „i_. 




0 4 6 12 16 20 

R = BOLT FLEXIBILITY/ DOUBLER FLEXIBILITY 




06 



For dissim 
in member 



ratio of EgAjj/Ej-Ak in 
place of Ap 



0 4 8 , 12 16 20 

t R = BOLT FLEXIBILITY/ DOUBLER FLEXIBILITY 
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WEIGHT OPTIMIZATION PROCEDURE FOR STIFFNESS DESIGN STRUCTURES 



Practical Application 

This procedure can be used when a structure has been .sized for strength 
but has a stiffness requirement which can only be satisfied by adding material. 
The procedure determines where to add material so as to obtain a specified 
stiffness at minimum weight. This method applies to statically determinate 
structures and to redundant structure where the internal load distribution * * 
is not significantly sensitive to stiffness changes in selected structural elements. 

Assumptions : 

• The structure is idealized as an appropriate assemblage of bars, panels, 
truss members, etc. 

• Each structural member is sized for strength or is minimum gage. 



Each structural member has a weight U£ 0 and contributes a deflection ^ie^ 
to the stiffness parameter being optimized; WjLo*Sj.o- constant - j^LT^ i.eT 
if the weight of a member is doubled, then its contribution to tn'e* total 
deflection will be halved. 



\ 



Procedure : 



Since VV* S ■ 





K. , then — - 



optimize points in ") 
shaded zone first \ 

These are the W x S = K curves 
for individual structural members 



\ 



\ 



See illustrative 
example on pages 
Cll.02-2 to -5 



Points a, b, and c represent the baseline (sized for strength) structure. 



iceasively bring the low jg) values for individual members up to higher values «dy 
itinue until the desired stiffness is achieved. / 



Succ 

continue 

• Use a table similar to the one provided in the illustrative example 



/ 



• Obtain revised S s from the equation: £ 




• Obtain revised from the equation: 14/.,.,, / - jl. r 
An illustrative example follows. 
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Illustrative Example: 

The structure is in the XY. plane. The member sizes noted in Figure 1 
are those resulting from strength or minimum gage requirements associated with 
the single design condition shown. The ,! X ,f deflection at point 1, hereafter 
referred to asAijt, is 3.716 inches. Impose the design requirement thatAjx. 
be limited to 3.333 inches, under the same loads, and determine the optimum 
weight structure for this requirement. 



Figure 1 




1. The structure is idealized, for this problem, as comprising twelve axially 
loaded bars plus two shear panels. (See Figure 1 and Table 1) 

• The contribution, Sjuo> of eaca of tne above noted structural elements 
to the total deflection has been determined by virtual work and is 
recorded in Table 1. 



2. The structural weight, W io , of each individual element, as sized for 
strength/minimum-gage, has been determined and is recorded in Table 1. 




have been computed and are recorded 



3. The optimization procedure starts at this point. Figure 2 has been prepared 
only to assist the reader in understanding the fundamentals of this method. 
It is not necessary or recommended that time be spent plotting curves such 
as those in Figure 2 if the method is understood. 
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mustrative Example (Continued) 

o Members whose "(j)" values are low are the first to be stiffened. 
This is simply because the rate of change of Ai* with structural weight 
is highest for such member s7 (Although it does not occur in this problem 
there can exist negative values of "(^) ". When this occurs, it is 
because the members with such values have a negative influence on the 
deflection in question. We are not at liberty to decrease the stiffness 
of these members to obtain our goal since this would violate either 
strength or minimum gage requirements.) 

h. From this point on, common sense must be the guide. The revised values 
of (^) for individual members are selected on a trial-and-error basis. 
Table 1 and Figure 2 speak for themselves in this respect. 

Concluding Remarks: 

At a cost of U. 38 lbs, the deflection A it has been reduced from 3.716 inches 
to the required 3.333 inches. Without this method, one might have decided to 
arbitrarily ratio up all member sizes by (3 . 716^ to obtain the requiredAi^. This 



Figure 3 shows a comparison of the initial and final member sizes for this 
problem. Only the members whose sizes have been changed from those noted in 
' Figure 1 are recorded below. 



would have cost 7.1*5 lbs. 




Figure 3 



-t. = initial area of bar (in. ) 
j- «=■ final area of bar (in. 2 ) 
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VERTICAL COMPRESSION DJ RIB DUE TO WIHG BEHD3UG DEFLECTION 
Case I - Single Stringer or Capstrip In Wing 



Stringer 




Pi = El 2 " El i 



where 

P jL = vertical load exerted by one capstrip or stringer 
M = external bending moment 
b = rib spacing 

I = bending inertia of entire wing section 

= distance from neutral axis to centroid of capstrip or stringer 
f = flexural stress in capstrip or stringer 
A^ = area of capstrip or stringer 
E = Young's modulus 

Case II - Beam Composed of a Web Plus Two Flanges 



M^b „ f 2 Ab 



r ~ EBi " Eh 
where 

h = distance between centroids of flanges 
Case III - Full Wing Section 




P = SP_. — 

e: 



i _ ^ EI 



where 

P = total vertical force exerted by all top surface capstrips 
and stringers 

Q = static moment of all bending area above neutral axis 
= total load in top surface bending material 

NOTE: The force P is balanced by an equal force applied by the lower 
wing surface. 



it March 1953 STRUCTURES MANUAL 012.10-9 



10. The matrix form for the shear flows q & , q^, 
CI. 20-5 could he rearranged; 



q as given on page 
c 



.01079 .01956 .08570 

-.05572 .03200 .02063 

.00606 .OO6O6 -.OO6O6 



It is seen that the order of multiplication of the matrices on 
the right hand side is now reversed; also, the rows and columns 
of each matrix are interchanged. The latter defines the 
"transpose" of a matrix. The transpose is designated by a 
prime ('). For example, 



.01079 .01956 .08570 
-.05572 .03200 .02063 
.00606 .OO606 -.00606 



In general, it may be noted that 



. 01079 - • 05572 .OO606 
.OI956 .03200 .OO606 
.08570 .02063 -.00606 



but instead, as illustrated above, 



[b] ■ [a] 



11. The numbers in any individual row of the first three rows of the 
table on page Cl.20-6 are of different order of magnitude. This 
can be a disadvantage in the calculations which follow. 

We have already pointed out that all numbers in the table 
(except for those entering the original equations) are carried 
out to the same number of decimal places; in this way we are 
able to add up each row and obtain a running check on the smaller 
numbers as well as the larger ones. An undesirable feature is 
thereby introduced; in order to obtain a solution which is 
accurate to three or four significant figures, we must deal with 
numbers containing as many as eight significant figures in the 
intermediate stages of the calculation. 
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3. The shears for the two design conditions can be given "by the 
equations : 



Cond. 1 



A al 



d bl 



^1 



Cond. 2 



*a2 



d b2 



i c2 



.01079 x 10000 - .05572 x 500 - .00606 x 30000 
.01956 x 10000 + .03200 x 500 - .00606 x 30000 
.08570 x 10000 + .02063 x 500 + .OO606 x 30000 

.01079 x 7000 - .05572 x 2000 + .00606 x 10000 
.01956 x 7000 + .03200 x 2000 + .OO606 x 10000 
.08570 x 7000 + .02063 x 2000 - .OO606 x 10000 



h. When these six equations are written in matrix form, they become 
a single matrix equation: 



q al q a2 



q bl q b2 



q cl q c2 



(Product Matrix) 



.01079 -.05572 .OO606 



.01956 .03200 .00606 



.08570- .02063 -.00606 



(Premultiplier) 



10000 7000 
500 2000 

-30000 10000 

(Postmultiplier.) 



utm/nam 
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5. Each of the three arrays of numbers is a matrix, and the two matrices . 
on the right are to he multiplied together. The rule for multiplying 
matrices together is as follows: An element in the product matrix is 
found by multiplying the elements in the corresponding row of the pre- 
multiplier by the elements in the corresponding column of the post- 
multiplier and then adding these products together. Thus, q^ is 
found by multiplying each element in the second row of the unit load 
matrix (.OI956 .03200 .OO606) by the corresponding element in the 

/ 7000 \ 

second column of the net load matrix 2000 and adding. This is 

10000/ 

seen to be identical to the equation for q^ in section 3« The rule 
can be indicated schematically, thus: 




6. A matrix multiplication can be checked without repeating all of the 
individual steps, simply by adding a check row to the pre-multiplier. 
The elements of this additional row are the sums of the columns above. 
The columns of the post-multiplier are now multiplied by this row, 
yielding an additional row in the product matrix. . 



.01079 


-.05572 


.00606 




10000 


7000 




-101.8 


2^.7 


.01956 


.03200 


.00606 




500 


2000 




29.8 


261.5 


. 08570 


.02063 


-.00606 




-30000 


10000 




10^9-1 


580.6 


.11605 


-.00309 


.00606 






977.2 


866.8 



If the matrix multiplication has been carried through without error, 
it will be found upon checking that the elements in the additional 
row in the product matrix are equal to the sums of the columns above. 
Certain uncommon types of errors are not detected by this check, but 
are found if a check column is also added to the post-multiplier. 
Both check row and check column should be used in all matrix multi- 
plications, even if the work is done by I.B.M. machines. 
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USE OP MATRIX METHODS HI STRUCTURES PROBLEMS (Cont.) 

7. The unit loads shown in (2) con be obtained by means of the three 
equilibrium equations: 



zv 


= 0: 


6 *a 


+ k % 


+ 10q c = V 


2D 


= 0: 


-12^ 


+ U % 


- q^-d 


SM 


= 0: 


50q a 


+ 60 % 


- 55<l c = -3V -2D +T 



about point A 




12 



These three equations can also be put into matrix form, thus : 



6 


k 


10 








1 


0 


0 




V 


-12 


11 


-1 




% 




0 


1 


0 




D 


50 


60 


-55 








-3 


-2 


1 




T 



8. The three equations in three unknowns given above may be solved by 
the method of successive eliminations, which is the same whether the 
equations are in algebraic or in matrix form. These equations are 
solved in a compact table on page CI. 20-6; the following points may 
be noted about this solution: 

a. The instruction column tells what row is to be multi- 
plied by what constant, or which rows are to be added 
together. For example, the instructions for obtaining 
row k are -(l) x (2.l)/(l.l). The interpretation is: 
multiply row 1 by 

number in second row, first column _ -12. _ p 
number in first row, first column 6 



<m 
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b. The 2 column provides a running check so that most of 
the numerical errors may be picked up as soon as they 
are made. In each of the first three rows the 2 number 
is the sum of the numbers in that row. In the fourth 
row and thereafter, the 2 number is obtained by the 
same procedure as the other numbers of the row. The 
check consists of adding the numbers in any row and 
comparing the sum with the corresponding 2 number. 

If they are identical, a ( >/ ) mark is put in the check 
column. If they are different, the difference is re- 
corded. 

Notice that all of the numbers in the table except for 
those entering the original equations are carried out- 
to the same number of decimal places. This is essential 
in order that the smaller numbers (as well as the larger 
ones) actually receive a check. 

c. The result is given on lines 16. ..18 of the table. It 
may be written in the matrix form: 







.01079 


-.05572 


.00606 




V 






.01956 


.03200 


.00606 




D 


%_ 




.08570 


.02063 


-.00606 




•T 



The solution of a set of simultaneous equations may be 
checked by substituting it back into the original 
equations : 



6 


k 


10 




.01079 


-12 


11 


-1 




.01956 


50 


60 


-55 




.08570 



■.05572 .00606 
.03200 .00606 
.02063 -.00606 



1 0 
0 1 
-3 -2 





V 




D 




T 



The result of multiplying the first and second matrices on the 
left hand side of the preceding equation is given at the 
bottom of page Cl.20-6. Since the elements of this matrix 
are identical to those of the right hand side of the preceding 
equation except for round-off errors, the solution is correct. 
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9. The notion of the "inverse" of a matrix is sometimes useful. The 
solution of the simple algebraic equation a x y = b may be written 
y = a -1 x b. As an extension of this, the solution of the equations 
on page Cl^O- 1 !- may be written 



^a 
% 
1* 



6 


k 


10 


-12 


11 


-1 


50 


60 


-55 



-1 














1 


0 


0 




V 


0 


1 


0 




D 


-3 


-2 


1 




T 







6 


k 




10 




in which 


-12 


11 




-1 






50 


60 




-55 








6 




k 




10 


the matrix 




-12 




11 




-1 






50 




60 




55 



is the symbol for the inverse of 



The inverse may be found by the following trick. The matrix equation 



~ 6 


If 


10 




q a 


-12 


11 


-1 




q b 


50 


60 


-55 




%_ 



10 0 
0 10 
0 0 1 



X 

a 

*b 

x. 



is really a set of simultaneous algebraic equations. Its solution 

-1 10 0 

0 10 
0 0 1 

is just the solution of these simultaneous equations. Because of 
the property of the "unit matrix" fl 0 0~"l that 

0 10 
0 0 lj 



q a 




6 


h 


10 


% 




-12 


XL 


-1 






50 


60 


-55 





X 




a 




*b 




*c_ 



10 0 
0 10 
0 0 1 





X 




X 




a 




a 












X 




X 




c 




c 



, The preceding solution may be 
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simplified to 



6 


k 


10 


-1 


X 

a 


-12 


11 


-1 






50 


60 


-55 




X 

c 



When the equations are solved by the method of successive eliminations 
(page CI. 20-6), the coefficients on the right hand side thus constitute 
the inverse of the original matrix. 

It should he noted that only a square matrix can have an inverse. If 
you are unable to find the inverse of a matrix, it may not actually 
exist because there is something wrong with the original equations. 

The solution of the original equations is now obtained when we multi- 
ply the inverse by the matrix representing the right hand side of the 
original equations. 

Use of the inverse in solving simultaneous equations is only advantageous 
under the following circumstances: 

a. When the number of applied loads is considerably larger 
than the number of equations, or more generally, when 
the number of known quantities is considerably larger 
than the number of unknowns. 

b. If there is a possibility that in the future, additional 
applied loads (or known quantities) may need to be considered. 

When these conditions do not hold, the equations should be solved 
directly by the simpler method of page CI. 20-6. 



In general, it should be noted that 

-1 



where JjE^j is merely 



-1 



■ H H - DO 



1 0 
0 1 
0 0 



0. 

0 
1 



The unit matrix I has the property that QTJ = Jj\~J 
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10. The matrix form for the shear flows q & , q^, 
CI. 20-5 could he rearranged; 



q as given on page 
c 



.01079 .01956 .08570 

-.05572 .03200 .02063 

.00606 .OO6O6 -.OO6O6 



It is seen that the order of multiplication of the matrices on 
the right hand side is now reversed; also, the rows and columns 
of each matrix are interchanged. The latter defines the 
"transpose" of a matrix. The transpose is designated by a 
prime ('). For example, 



.01079 .01956 .08570 
-.05572 .03200 .02063 
.00606 .OO606 -.00606 



In general, it may be noted that 



. 01079 - • 05572 .OO606 
.OI956 .03200 .OO606 
.08570 .02063 -.00606 



but instead, as illustrated above, 



[b] ■ [a] 



11. The numbers in any individual row of the first three rows of the 
table on page Cl.20-6 are of different order of magnitude. This 
can be a disadvantage in the calculations which follow. 

We have already pointed out that all numbers in the table 
(except for those entering the original equations) are carried 
out to the same number of decimal places; in this way we are 
able to add up each row and obtain a running check on the smaller 
numbers as well as the larger ones. An undesirable feature is 
thereby introduced; in order to obtain a solution which is 
accurate to three or four significant figures, we must deal with 
numbers containing as many as eight significant figures in the 
intermediate stages of the calculation. 
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The tendency just described can usually he minimized by a proper 
choice of units for the applied loads. In order to illustrate 
this, suppose we multiply all of the numbers of columns (h) and 
(5) by 10, and all of the numbers of column (6) by 100. It is 
seen that now the solutionrwill be sufficiently accurate -using 
only three decimal places throughout instead of five. 

To show that the preceding is equivalent to a change in the 
units of the applied loads, re-write the equilibrium equations 
of page C1.20-S- in the following way: 

6 k 10 
-12 11 -1 
50 60 -55 

10 0 0 
0 10 0 
-30 -20 100 



q a 




(1x10) 


(0x10) 


(0x100) 




(v 


x 10 ) 


% 




(0x10) 


(1x10) 


(0x100)' 




(D 




% 




(-3x10) 


(-2x10) 


(1x100) 




(T 


1 , 

x ioo ) 



V 
D' 
T* 



where V = £ , D' = ^ , T« - ^ . 

The new vertical shear V and drag shear D' are measured in units 
of 10 lb., while the new torsion T f is measured in units of 100 
in. lb. 
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STANDARD ATMOSPHERE PROPERTIES 



(Ref. NACA TR 837) 



Altitude 
h 

ft. 



Pressure 
P 

psf psl 



Temperature 
t T 
("F) (Tabs) 



Density- 
Ratio 
«= p/p. 



1/* 

(2) 



Speed of Sound 
True Equiv. 
kts. kts. 



0 

1,000 
2,000 
3,000 
4,000 
5,000 

6,000 

7,000 
8,000 
9,000 

10,000 
11,000 
12,000 
13,000 
14,000 
15,000 
16,000 
17,000 
18,000 
19,000 

20,000 
21,000 
22,000 
23,000 
24,000 
25,000 
26,000 
27,000 
28,000 
29,000 

30,000 
31,000 
32,000 
33,000 
34,000 
35,000 
36,000 
37,000 
38,000 
39,000 

'tO, 000 
4l,000 
42,000 . 

4 3, ooo 

44,000 

45,000 
46,000 
47,000 

48,000 

49,000 

50,000 
51,000 

52,000 
53,000 
54,000 
55,000 
56,000 
57,000 
58,000 
59,000 
60,000 



2116 
2041 
1968 
I896 
1828 
1760 
1696 
1633 
1572 
1512 

1455 
1399 
1346 
1293 
1243 
1194 
1146 
1101 
1056 
1014 

972.1 
932.0 
893-3 
855.9 
8I9. 8 
784.9 
751.2 
718.7 
687.4 
657.1 

628.0 
599-9 
572.9 
546.8 
521-7 
497.6 
474.4 
452.2 
431.1 
411.0 

391.9 
373.6 
356.2 
339-6 
323-7 
308.6 
294.2 
280.5 
267.4 
255-0 

243.1 
231.7 
220.9 
210.6 
200.8 
191.4 
182.5 
174.0 
165.9 
158.1 
150.8 



14.69 
14.17 
13.67 
13.17 
12.69 
12.22 
11.78 
11.34 
10.92 
10.50 

10.10 
9-72 
9-35 
8.98 
8.63 
8.29 
7.96 
7.65 
7-33 
7.04 

6.751 
6.472 
6.203 
5.944 
5.693 
5.451 
5-217 
4.991 
4.774 
4.563 

4.361 
4.166 
3.978 
3-797 
3.623 
3.456 
3.294 
3-140 
2.994 
2.854 



2.722 
2.594 
474 
358 
248 
143 
043 
1.948 
1.857 
1.771 



1.688 
I.609 
1.534 
1.462 
1.394 
1.329 
1.267 
1.208 
1.152 
I.098 
1.047 



1.000 
.982 
.964 
.946 

.929 
.912 
•895 
.878 
.862 
.845 

.829 
-813 
.798 
.782 
.766 
•751 
•736 
.721 
.706 
.692 

.67B 
.664 
.650 
.636 
.622 
.609 
.596 

• 583 

• 570 

• 557 

.545 

• 533 
.520 
.508 
A96 
.485 

• 473 
.462 
.451 
.441 

.430 

.420 

.4io 
.401 

• 391 

• 382 

• 373 
.364 

• 356 
.347 

•339 

• 331 
.323 
.315 
.308 
.301 
.294 
.287 
.280 

• 273 
.267 



59-0 
55.4 
51.8 

48.3 
44.7 

4l.2 
37-6 
34.0 
30.5 
26.9 

23-3 
19.8 
16.2 
12.6 
9.1 
5.5 
1-9 
-1.6 
-5.2 
-8.8 

-12.3 
-15-9 
-19.5 
-23.0 
-26.6 
-30.2 
-33-7 
-37-3 
-40.9 
-44.4 

-48.0 
-51.6 
-55.1 
-58.7 
-62.2 
-65.6 
-67.0 
-67.0 
-67.O 
-67.O 

-67.O 
-67.O 
„-67.0 
-67.0 
-67.O 
-67.0 
-67.O 
-67.O 
-67.O 
-67.O 

-67.O 
-67.0 
-67.O 
-67.O 
-67.0 
-67.O 
-67.O 
-67.0 
-67.0 
-67.O 
-67.O 



518.4 
514.8 
5U.2 

507.7 
504.1 

500.6 
497.0 
493.4 
439.9 
486.3 



482.7 
479.2 
475 
472 
468 
464 
461 
457.8 
454.2 
450.6 



447.1 
443.5 
439.? 
436.4 

432.8 
429.2 
425-7 
422.1 
418.5 
415.0 

411.4 
407.8 
4o4.3 
400.7 
397-2 
393.6 
392.4 

392-4 
392.4 
392.4 

392.4 
392.4 
392.4 
392.4 
392.4 
392.4 
392-4 
392.4 
392.4 
392.4 

392.4 
392.4 
392.4 
392.4 
392.4 
392.4 
392-4 
392.4 
392.4 
392.4 
392.4 



1.0000 

• 9710 
.9428 
.9151 
.8881 
.8616 

• B358 
.8106 

• 7859 
.7619 

. .7384 
.7154 
.6931 
.6712 
•6499 
.6291 
.6088 
.5891 
.5698 
•5509 

• 5327 

• 5148 
.4974 
.4805 
.4640 
.4480 

■ 4323 
A171 

.4023 

• 3879 

• 3740 
.3603 
.3472 
.3343 
.3218 
.3098 
■2963 
.2824 
.2692 
.2567 

.2448 

• 2333 
.2225 
.2120 
.2021 
.1927 
.1838 
.1752 
.1670 

• 1592 

.1518 
.l447 

• 1379 
•1315 
.1254 
.1195 
.ll4o 
.1087 
.1036 
.0988 
.0942 



1.0000 

1.015 
1.030 
1.045 



,061 

077 

,094 
■ 111 
,128 
,146 



1.164 
1.182 
1.201 
1.220 
1.240 
1.261 
1.2B2 
1.303 
1-325 
1.347 

1-370 
1-394 
1.4i8 
1.443 
1.468 
1A94 
1.521 
1.548 
1-577 
.1.606 

1.635 



666 
697 
730 
763 
797 
837 
1.881 
1.927 
1.974 



.021 
.070 
.120 

• 172 
.224 
.278 

• 333 
2.389 
2.447 
2.506 

2.567 
2.629 
2.692 
2.758 
2.824 
2.893 
2.962 
3.033 
3.107 
3.182 
3.259 



660.8 
658.5 
656.2 
653.9 
651.6 
64 9 .3 
647.0 
644.6 
642.3 
64o.o 

637.7 

635.3 

632.9 

630.5 

628.2 

625.8 

623.3 ■ 

620.9 

618.5 

616.0 

613.6 
6U.2 
608.7 
606.2 
603.8 
601.3 
598.8 
596.2 
593-7 
591.2 

588.7 
586.1 
583-6 
581.0 
578.3 
575-7 
574.9 
574 .9 
574.9 
574-9 

574.9 
574.9 
574.9 
574.9 
574.9 
574.9 
574.9 
574.9 
574.9 
574.9 

574.9 
574.9 
574.9 
574.9 
574.9 
574 .9 
574 .9 
574.9 
574 .9 
574.9 
574.9 



660.8 
648.8 
637.1 
625.7 
614.1 

602.9 
591.4 
580.2 
569.4 
558-5 

547.9 
537-5 
527-0 
516-8 
506.6 
496.3 
486.2 
476.5 
466.8 
457.3 

447.9 
■438.4 

429-3 
420.1 
411.3 
402.5 
393-7 
385-1 
376.5 
368.1 

360.1 
351.8 
343.9 
335-8 
328.0 
320.4 
313.0 
305.6 
298.3 
291.2 

284.5 

277-7 
271.2 
264.7 

258-5 
252.4 
246.4 
24o.6 
234 
229 



224.0 
218-7 
213-6 
208.4 
203.6 
198.7 
194.1 
189- 5 
185.0 
180.7 
176.4 



(1) V e variation with altitude at constant Mach No. 

(2) Ratio between true airspeed and equivalent airspeed. 



Va means design maneuvering speed. 
V a means design speed for maximum 

gust intensity. / 
V c means design cruising speed. • 
Vd means design diving speed. 
Vdf/Mdf means demonstrated flight 

diving speed. 
Vf means design flap speed. 
Vfc/Mfc means maximum speed for 

stability characteristics. 
Vfs means maximum flap extended 
speed. 

V H means maximum speed in level 
flight with maximum continuous 
power. 

We means maximum landing gear ex- 
tended speed. 
Vlo means maximum landing gear op- 
erating speed. 
Vlof means lift-off speed. 
Vmc means minimum control speed 

with the critical engine inoperative. 
VmoJMmo means maximum operating 
limit speed. 
. V M u means minimum unstick speed. 

Vsc means never-exceed speed. 
.. Vso means maximum structural cruis- 
ing speed. 
'.. V H means rotation speed. 

V s means the stalling speed or the 
minimum steady flight speed at 
which the airplane is controllable. 

Vso means the stalling speed or the 
minimum steady flight speed in the 
landing configuration. 

V st means the stalling speed or the 
minimum steady flight speed ob- 
tained in a specific configuration. 
Vross means takeoff safety speed for 
Category A rotorcraf t. 

Vx means speed for best angle of 
climb, 

Vr means speed for best rate of climb. 

V, means takeoff decision speed (for- 
merly denoted as critical engine fail- 
ure speed). 

V 2 means takeoff safety speed. 

Vt min means minimum takeoff safety 
speed. 

"VFR" means visual flight rules. 
"VHP" means very high frequency. 
"VOR" means very high frequency 
omnirange station. 
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AIRSPEED NOMENCLATURE 



The following axe not exact definitions "but are intended to provide a 
physical picture of the relationships between the various airspeeds. For a 
complete discussion, see MCA TR No. Q37(l°k6). 



Vi 



Vc 



Ve 



V Not Shown 



(LI 

in 
in 
<U 
Ih 
Ph 



0) 

u 
EJ 

in 
<U 
Cm 



Pitot Total Pressure 
Compressibility Corr. 
Actual Total 



Actual Static 
Position & Instrument 
Error 

Pitot Static 



Vi = Indicated Airspeed 
= Uncorrected instru- 
ment reading. 



Vc = Calibrated Airspeed 
= Vi corrected for 
position and instru- 
ment errors. 



Ve = Equivalent Airspeed 
= Vc corrected for 

Compressibility error. 



V = True speed 

= Ve corrected for ' 
density; (identical 
to ground speed in 
still air . ) 



To convert from Vc to V and to obtain Mach number, use page D2.03-1. 

To convert from V to Ve, use page D2-03-2. Ve is used principally in 
structural design. 
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INTRODUCTION 

General 

In the analysis of linear elastic systems excited by dynamic forces, two 
general mathematical representations are available. The more common, the 
"lumped parameter" idealization, breaks the structure up into a finite number 
of concentrated masses, connected by weightless rods or springs which provide 
restoring and dissipative forces. The resulting equations of motion are 
ordinary differential equations. The "distributed parameters" idealization 
treats the structure as a continuous elastic body which is homogeneous, iso- 
tropic, and follows Hooke's law. The motion equations in this case are 
partial differential equations. The following material is based primarily 
upon the lumped parameter idealization. 

Use of Section 

The intent of this section is to provide an outline of the basic dynamic 
load techniques required by structures personnel. Emphasis is placed upon 
the fundamental single degree of freedom system, this being useful in its own 
right as well as being a prerequisite to handling more complex systems. 
Tables and charts are provided which give the important response characteristics 
of the simple system. In addition, considerable space has been allotted to 
random vibrations, since this subject has not been included in structural 
engineering curricula until recently. For more details of the general theory 
or of Structures Section practice, see the references below. 

References 

a. Karman and Biot, "Mathematical Methods in Engineering," 
McGraw-Hill, 1940 

b. Yen and Abrams, "Principles of Mechanics of Solids and Fluids" 
Vol. 1. Particle and Rigid-Body Mechanics, McGraw-Hill, i960 

c. Crandall, "Random Vibration" Tech. Press, MIT, 1958 

d. Grumman. Structures Manual: _ 
Section A: List of Structural Methods Publications " ' 
Section G: List of Computer Programs 
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SINGLE DEGREE OF FREEDOM SYSTEM 



General 

A single degree of freedom system is one whose response can be completely 
described by one coordinate. Simple examples would include a "black box" on 
vibration isolators subjected to uniaxial motion, or a mass at the tip of a 
weightless cantilever beam. The latter case is sometimes used to simulate a 
landing gear in preliminary spin up and spring back load calculations. The 
structure is idealized as a concentrated mass, a linear spring, and a dissi- 
pative linear dashpot. , Two versions of the model are of interest, described 
by (a) a fixed base with force applied to the mass, and (b) a free base 
subjected to a motion input. 



(a) 



(b) 



where 



Force input - fixed base 

m x + ex + kx = f(t) 
or 

2 

x + 27u)X + ux 
n n 




Motion input - free base 

m x + c (x - y) + k (x - y) 
or 

mz + cz + kz = -m y(t) 
where z = x - y 

z + 2 7 Wn i + = -y(t) 



= 0 



m 



model mass, [mass] 

spring rate, [force/unit displacement] 
viscous damping rate, [force/unit velocity] 
critical damping rate - 2 a> n m 

y = ratio of damping to critical damping = c/c 



m = 
k = 
c - 



c = 
cr 



cr 



- natural undamped circular frequency, [radians/sec] = Vtym 



x 
z 

f(t) 

y(t),y(t) 



damped circular frequency = 
displacement of mass from static equilibrium position 
relative displacement of base = x - y, tension position 
applied force 

input displacement, acceleration of free base 
initial conditions on displacements and velocities 
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While the single degree of freedom system is a somewhat restricted case, 
it is often useful in supplying preliminary design load data, and in predicting 
the degree of dynamic magnification of rigid body load levels. In addition, 
more complex systems can often be treated as a superposition of single degree 
systems using normal mode techniques. The solutions to various types of 
excitation are discussed in the following paragraphs. 

Steady State Vibration 

Frequently the response to a single sinusoid is desirable. This is 
described in detail below. In general, any periodic excitation can be broken 
up into a sum of sinusoidal terms using a Fourier series approach. In this 
case the total response of the linear system is simply the sum of the responses 
to the individual terms. 

If we let the excitation f(t) = F Q sin ut for the fixed base model, the 
general solution for the response x(t) consists of two terms: a particular 
(steady state) solution at the same frequency as the excitation," and a comple- 
mentary (transient) solution at the damped natural frequency of the system. 
The transient motion is soon damped out and is consequently ignored in the 
steady state response analysis. 

Amplification Factor: The amplification factor (magnification factor) is 
defined as the ratio of the steady state response amplitude to the static 
response . Thus 

where x q is the static displacement corresponding to a static force F . 

Transmissibility: The transmissibility is the ratio of force transmitted 
through the flexible supports to the force transmitted with rigid supports. 

The AF and TR charts have been plotted on the following page. While these 
have been developed for the fixed base model they can be used for the base 
motion model with the proper interpretation. For base motion input, use 



F 

TR = I tr max 
F o 



max 



max 



= TR, 



and 



max 



max 



ft) 



■Uunnmn. 



1 October 19& 



STRUCTURES MANUAL 



E2-3" 



Steady State Vibration*: Amplification Factor and Transmissibllity Curves 
for a Linear Single Degree of Freedom System 



Force Input : F(t) = F Q Bin wt 




x Q - F^k 

= | x max|/ X o 
TR= |(ci+kx) max |/F o 




Motion Input : y(t) = Y Q sin wt 

lie \/'i n = TR 
I maxl' o 

y Q | = ( W /« n ) 2 AF 



max 



y o = -y„< 




fy(t), y(t) 



z a x - y 



* Curves reproduced from "Theory of Mechanical Vibration", by K. H. Tong, 

John Wiley and Sons, Inc., New York, I960; with permission of the publishers 
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VIBRATION HOMOGRAPH FOR SIMPLE HARMONIC MOTION 



LU 

X 
o 
z 



UJ 

o 
3 



a. 
2 
< 



m 

O 
Q 





O.OOI 



THIS NOMOGRAPH DERIVED FROM THE EQUATION: 
g = .OSlIDf 1 

WHERE: g = acceleration 

D = double amplitude (inches) 
f = frequency (cycles per second) 



200 



100 — : 



:r 6 



:r- 4 



Example: Given D = 2 inches and. f = 10 cps.' Then 
the acceleration equals 10 g's (single 
amplitude) . 
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Transient Response to Analytic Functions 

The response to non-harmonic functions is useful in many applications, 
e.g., aircraft landing shock. If the forcing functions are analytic, the 
response can "be readily obtained In closed form using techniques such as 
the Laplace transform. The results for several forcing functions are 
presented based upon Grumman Report GE-90A. 

The single degree of freedom system models and the notation used here 
are consistent vith the previous discussions. In addition 

a = characteristic time parameter of forcing function 

T n = natural undamped period of system 

TR = transmits ibllity = |F t max|/F Q for force input 



= Ik* I/Y for motion input 
I max I' o 



F. = (ex + kx) for force Input = x for motion input 
I. Transmlsslbillty Curves 



A. Ramp-Step 
Force 



2.0 



TR 



1.0 



jtth: 
7=0 
— .1 
5 




7=0 
— .1 
— .5 



n 



C. Ramp Pulse F Q - 



1.0 2.0 3.0 

a/T 




B. Step Pulse F Q 



a t 



2.0 

TR 

1.0 



3 



7=0 



7=.l 



7=1.5 



1.0 2.0 

a/T 
' n 

F 



D. Isosceles 
Triangular 
Pulse 



3.0 




a 2a t 
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Transient Response to Non-Analytic Functions 

In general, the response to arbitrary forcing functions muBt be obtained 
by numerical methods. While various methods are available these are usually 
quite tedious for hand solution and should be handled by computer. However, 
the function can often be approximated adequately by smooth analytic functions 
in the area of interest, depending on the system's characteristics and nature 
of the function. 

One graphical approach provides a reasonable hand solution in addition 
to shedding some insight into the problem. This is the phase plane technique. 
While it is applied here to a linear system without damping, it can be ex- 
tended to non- linear damped systems. The added complexity is usually not 
warranted, however, where computer facilities are readily available. 

The construction is Bimply a plot of the system's displacement vs 
velocity. The forcing function is approximated by a series of step pulses. 
The response to each pulse is a circular arc which is a function of the pulse 
magnitude and the initial conditions at the start of the pulse. In mathema- 

"fctl 

tical terms, for the i pulse 

MX + kx = F ± 

where F ± is the step magnitude. The initial conditions are x(0) = x i and 
x(o) = x ± , the values at the end of the preceeding pulse. All parameters 
are expressed in displacements units, i.e., 



x i 

-5- + x = — , where k = M J 



The solution for this pulse in the interval At. is 



This represents a circular arc with its center at ( , 0) , a radius equal 

it 

to the square root of the right hand side, and a central angle given by Q 

= to At^. The displacement and velocity can be projected onto time axes to 

give the desired time histories. The acceleration can then be obtained 
directly by 



1 




x 

"2 




U) 



The method is illustrated on the next page. 
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MULTI-DEGREE OF FREEDOM SYSTEMS 

General 

Many typical dynamic load problems are too complex to be handled by 
the elementary techniques of the preceeding paragraphs. The details of the 
procedures for the more, complex systems are too lengthly to be included 
here. However, many standard procedures have been routinized for various 
classes- of problems; references to these are listed in Sections A and G of 
this manual. 

In many applications a quick means of estimating the natural 
frequencies (normal modes) of structural elements is desirable. The mode 
shapes for several simple beam configurations are shown below. On the 
following pages, tables are presented listing the frequencies for various 
beams, plates, and ring elements. 

Mode Shapes for Simple Beams 
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VIBRATION FREQUENCY TABIDS FOR BEAMS, PLATES AND RINGS 

These tables provide a quick means for estimating the natural fre- 
quencies of simple structural elements. They are for steel at room temper- 
ature; see page E3-8 for other materials and other temperatures . References 
are given for the frequencies of less common structural elements. 



table i 

FREQUENCY CONSTANT C-flf/r FOR UNIFORM STEEL BEAMS 

(•NATURAL FREQUENCY, cri 
(.■BEAM LENGTH, Inch*. 
"RADIUS OF GYRATION IS/A 



C/l0"-(ft!/f)/)0* 



BEAMS 


MODE NUMBER 


1 


2 


3 


4 


5 


( i 1 1 

CLAMPED - CLAMPED FREE-FREE 


71.95 


19829 


388.73 


64&60 


959.94 


\ 1 

CLAMPED — FREE 


11.30 


70.85 


198.30 


388.73 


642.60 


' ± L - ^ 

CLAMPED - HINGED FREE- HINGED 


49.57 


160.65 


335.17 


57320 


874.65 


\ i 1 I 

CLAMPED - GUIDED FREE-GUIDED 


17.98 


97.18 


23938 


44625 


715.98 


k i I 1 1 

HINGED • HINGED GUIDED - GUIDED 


31.73 


126.93 


285J60 


507.73 


793.33 


HINGED* GUIDED 


7.93 


71.40 


198-33 


38873 


642.60 
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TABLE 2 

FREQUENCY CONSTANT C-f l5/r FOR VARIABLE SECTION STEEL BEAMS ' 

f. NATURAL FREQUENCY, C>« 

U- BEAM LENGTH, Inetot 

r> RADIUS OF GYRATION • 17* Inchti 



C/IC(*=(flf/r)/IO* 



VARIABLE SECTION BEAMS 


b/b„ 


h/h 0 


1 


MODE 
2 


3 


M 1 


1 


x/L 


17.09 


48.69 


96.57 




x/L 


x/L 


26.06 


68.08 


123.64 




(x/L) 1 " 


x/L 


22.30 


58,18 


109.90 




To 


e x/L 


1 


15.23 


77.78 


20607 






1 


x/L 


21.21 
35.05 


56.97 


SYMMETRIC 
UfTI STMMCHIK 




x/L 


x/L 


32.73 
49.50 


76.57 


SYMMETRIC 

iNraTMMcmc 






x/L 


25.66 
42.02 


66.06 


(TMMCTRIC 
IHTOrMWTRK 



TABLE 3 

FREQUENCY FUNCTION-f LFOR LONGITUDINAL VIBRATION OF STEEL BEAMS 

f • NATURAL FREQUENCY, cpi 
L> LENGTH OFBEAM.Inehai 



fL/IO 4 



BEAMS 


n* NUMBER OF HALF WAVES ALONG LENGTH 
0 1 2 3 4 5 


\ 


CLAMPEO-FREE 


5.05 


15.15 


25.25 


3535 


45.46 


55.56 




CLAMFEO-CLAMPED ^ 




to.io 


20.20 


30.30 


40.41 


50.51 
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TABLE 4 

FREQUENCY CONSTANT C-f if/r FOR CONTINUOUS STEEL BEAM OF k EQUAL SPANS 
EXTREME ENDS SIMPLY SUPPORTED 

(•NATURAL FREQUENCY.cp* 

L"SPAN LENGTH, IncJttt 

r- RADIUS OF GYRATION-l/lS" iochu 

c/toMfi!/f)/io 4 



UNIFORM BEAM 
EXTREME ENDS 

SIMPLY SUPPORTED 


NUMBER 

OF 
SPANS 
• k 


MODE NUMBERS 
12 3 4 5 






31.73 


1 26.94 


285.61 


50T.76 


793.37 


2 


31.73 


49.59 


126.94 


160.66 


285.61 


O 


31.73 


40.52' 


59.56 


126.94 


(43.98 


( — — E — «- — t — *- — 1 — 1 — t 


4 


31.73 


37.02 


49.59 


63.99 i 126.94 


K 

-J 


31.73 


34.99 


44.19 


55.29 


66.72 


6 


31.73 


34.32 


40.52 


49.59 


59.56 


7 


31.73 


33.67 


38.40 


45.70 


53.63 


8 


31.73 


33.02 


37.02 


42.70 


49.59 


9 


31.73 


33.02 


35.66 


40.52 


46.46 


10 


31.73 


33.02 


34.99 


39.10 


44.19 


1 1 


31.73 


32.37 


34.32 


37.70 


41.97 


12 


31.73 


32.37 


34.32 


37.02 j 40.52 



TABLE 5 

FREQUENCY CONSTANT C»fl!/r FOR CONTINUOUS STEEL BEAM OF k EQUAL SPANS 

EXTREME ENDS CLAMPED 

I • NATURAL FREQUENCY. et>« 

L- SPAN LENGTH, inch* 

r-RAOIUS OF GYRATION •/TrtT incho 

C/IO -fflf/rl/IO" 



UNIFORM BEAM 
EXTREME ENDS 
CLAMPED 


NUMBER 

OF 
SPANS 

•k 


MODE NUMBERS 
1 2 3 4 S 




I 


72.36 


198.34 


388.75 


642.63 


959.98 


2 


49.59 


72.36 


160.66 


198.34 


335.20 


3 


40.52 


59.56 


72.36 


143.98 


178.25 


\~ t -■+- L — T- L — +— L- —H 


4 


37.02 


49.59 


63.99 


72.36 


137.30 


5 


34.99 


44.19 


55.29 


66.72 


72.36 


6 


34.32 


40.52 


49.59 


59.56 


67.65 


7 


33.67 


38.40 


45.70 


53.63 


62.20 


8 


33.02 


37.02 


42.70 


49.59 


56.98 


9 


33.02 


35.66 


40.52 


46.46 


52.81 


10 


33.02 


34.99 


39.10 


44.19 


49.59 


II 


32.37 


34.32 


37.70 


41.97 


47.23 


12 


32.37 


34.32 


37.02 


40.52 


44.94 
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TABLE 6 

FREQUENCY CONSTANT C«f£/r FOR CONTINUOUS STEEL BEAM OF k EQUAL 
SPANS. EXTREME ENDS CLAMPED - SUPPORTED. 

f ■ NATURAL FREQUENCY, cp» 

L- SPAN LENOTH, InehM 

• •RADIUS OF GYRATION ''ftHT incb» 

C/ltfWffrri/IO* 



UNIFORM BEAM 
EXTREME ENDS 
CLAMPED- SUPPORTED 


NUMBER 

OF 
SPANS 
«K 


MODE NUMBI 
1 2 3 


£RS 

4 


5 




1 


49.S9 


160.66 


33S.2 






2 


37.02 


63.99 


137.30 


185.85 


301.05 


3 


34.32 


49.59 


67.65 


132.07 


160.66 


^ rrfrrr rfoi ifor 
(— L — +— L— *— t— t— L — H 


4 


33.02 


42.70 


56.98 


69.51 


1 29.49 


5 


33.02 


39.10 


49.59 


61. 31 


rU.*ra 


c 


32.37 


37.02 


44.94 


54.46 


63.99 


7 


3237 


3S.66 


41.97 


49.99 


57. B4 


8 


32.37 


34.99 


39.81 


45.70 


53.63 


9 


31.73 


3432 


38.40 


43,44 


49.59 


10 


31.73 


33.67 


37.02 


41.24 


46.46 


tl 


31.73 


33,67 


36.33 


39.81 


44.19 


12 


31.73 


33.02 


35.66 


39.10 


42.70 



TABLE 7 

FREQUENCY CONSTANT C-frJ'h FOR CIRCULAR STEEL PLATES 

f ■ NATURAL FREQUENCY, cpl 
r-RAOIUS OF PLATE, Incht* 
►.•THICKNESS OF PLATE, lncht» 

C/l0 4 =ffr s /h)/10* 



CIRCULAR PLATE CLAMPED AT BOUNDARY 



m«NUMBER 
OF NODAL 
CIRCLES 



it 



D 



n- NUMBER OF NODAL DIAMETERS 
n* 0 t 2 3 



9.936 



3B.713 



86.516 



20.651 



33.906 



CIRCULAR PLATE WITH FREE BOUNDARY 




m'NUMBER 
OF NODAL 
CIRCLES 



n'NUMBER OF NODAL DIAMETERS 
n-0 I 2 3_ 



6.832 



37.487 



19.970 



58.255 



5.110 



34.295 51.491 



11.902 



CIRCULAR PLATE CLAMPED AT ITS CENTER 



Er 




fn« NUMBER OF NODAL CIRCLES 
0 I 2 3_ 











3.649 


20.349 


59.053 


116.490 



,/rnmmnn 
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TABLE 8 

FREQUENCY CONSTANT C "fifth FOR SQUARE STEEL PLATES 



f •NATURAL FREQUENCY, Cpl 
r*S>OC Of PLATE, IwtiM 
h-PLATC THICKNESS, Inch* 



F«FREE 

S'SUPTOATED 

C-CLAUPEO 



SQUARE PLATES 



C/I0«(fcfrh)/I0+ 



MODE NUMBERS 



3.40 



6.77 



13.72 



19.20 



23.01 



28.16 



8.32 



23.43 



19.99 



48.00 



50.28 



53.26 



35.01 



71.42 



20.86 



26.07 



23.26 



76.82 



57.06 



67.4-4 



105.36 



26.71 



46.75 



34.98 



96.01 



83.79 



92.02 



128.03 



30.32 



61.44 



39.93 



124.82 



97.58 



99.43 



128.71 



63.47 



163.25 



110.13 



125.60 



160.72 



TABLE 9 

FREQUENCY CONSTANT C » fa'/h FOR CANTILEVER STEEL PLATES 



(•NATURAL FREQUENCY, cpi 
o-SID£ OF PLATE,lnehM 
h- PLATE THICKNESS, InchM 



RECTANGULAR CANTILEVER PLATE 



1 * — 1 


T 




F 


c 


F 


lb 






i 



SKEWED CANTILEVER PLATE 




a/b 



1/2 



SKEW 
ANGLE 8 
DEGREES 



15* 



30* 
45* 



F» FREE 
C> CLAMPED 



C/l0V(fa r /h)/l0* 



MODE NUMBER 

J 2 5 4_ 



3.41 



3.40 



3.38 



3.3 6 



5.23 



8.32 



14.52 



33.79 



21.36 



20.86 



21.02 



20.94 



9.98 



26.71 



91.92 



548.60 



3.50 



3.85 



4.69 



MODE NUMBER 
2 3 4 



8.63 



9.91 



13.38 



24.18 



30.32 



47.39 



t03.03 
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TABLE 10 

FREQUENCY CONSTANT C»fo*/hFOR RECTANGULAR STEEL PLATES 

f • NATURAL FREQUENCY ,cp» F • FREE 

a* SIDE OF PLATE, inchu S'SUPPORTEO 

((•PLATE THICKNESS,lnch« O CLAMPED 



C/IO*«(fa*/h)/l0 4 



RECTANGULAR PLATES 


FIRST MODE 




a 




b/a 


1.0 


1.5 


2.0 


2.5 


3.0 


INFINITE 




C/IO* 


19,20 


13.87 


12.00 


11.14 


10.67 


9.60 


S 

s s 
s 




b 






















a 




b/a 


1.0 


1.5 


2.0 






INFINITE 




C/IO* 


23.01 


18.39 


16.86 


16.18 


15.82 


15.01 




5 

c s 
s 




b 


a/b 


1.0 


1.5 


2.0 


2.5 


3.0 


INFINITE 








C/IO* 


23.01 


15.15 


12.57 


11.43 


10.84 


9.60 








b/a 


1.0 


1.5 


2.0 


2.5 


3.0 


INFINITE 




C/IO* 


28.16 


24.37 


23.17 


22.64 


22.37 


21.76 


s 

c c 
s 


f 


a/b 


1.0 


1.5 


2.0 


2.5 


3.0 


INFINITE 








C/IO* 


28.16 


16.90 


13.32 


11.80 


11.05 


9.60 




o 




b/a 


1.0 


1.5 


2.0 


2.5 


30 


INFINITE 




C/10* 


35.00 


26.27 


23.90 


23.12 


22.56 


21.76 


e 

c c 
c 




b 





















TABLE II 

FREQUENCY FUNCTION ■- «r/{s/h]^ FOR CIRCULAR STEEL MEMBRANES 

{•NATURAL FREQUENCY, cpi 
r • MEMBRANE RADIUS, incliH 
• 'TENSION. Ib/i« AT PERIPHERY 
h -MEMBRANE THICKNESS. ino!« 



fr/ls/h) 



CIRCULAR 

MEMBRANE 


ma NUMBER 
OF NOOAL 
CIRCLES 


t1 s NUMBER OF NODAL DIAMETERS 
0 12 3 4 5 




1 


14.09 


22.49 


30.12 


37.46 


44.56 


51.55 




( ) 


2 


32.41 


4122 


49.44 


57.30 


64.94 


7222 


3 


50.79 


59.71 


64.94 


76.45 


84.55 


92.18 


4 


69.28 


78.09 


8630 


95.12 


I03J34 


111.56 






5 


87.48 


96.88 


105.68 


113.91 


122.13 


130.35 




6 


10627 


115.08 


I23.B9 


132.69 


140.91 


149.13 




7. 


124.47 


133.87 


142.68 


150.90 


159.70 


167.92 


8 


14326 


152.07 


160.88 


169.68 


178.49 


186.71 



.Aummnn 
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TABLE 12 

FREQUENCY CONSTANT C»f rVh FOR STEEL RING VIBRATING IN ITS OWN PLANE 

f -NATURAL FREQUENCY, CP I 
r.MEAN RADIUS, Inclwi 
h'RiNR THICKNESS, inch.! 



C/l0 4 «(frMi)/l0 4 



CIRCULAR RING 


n» NUMBER OF FULL WAVES AROUND PERIPHERY 
2 3 4 5 6 T 


Zr 


(Q 


54.21 


153.33 


240.00 


475.46 


697.48 





Table 13 Loaded Uniform Beams - First Vibration Mode 
Notation - See Table 2 r = ratio of load to beam weight 



Beam Structure 



r — 0 



C/10 4 = (f_L2/r)/io^ 



10 



100 



Cantilever 
End Load 



11.30 



6M9 



5.02 



2 * ^I'^l" 



1.75 



.56 



w 



SerLoad 31 ' 73 £2 ^ ^ 9-55 6. 9 1 2.2k 



f — E 



Clamped Ends 
Center Load 



71.95 k8.1 



38.1 



19.35 13.92 



k.k9 



Other Materials and Non-Room Temperatures 

The tables provided are accurate to within % for aluminum, magnesium, 
nickel, and titanium at room temperatures. For other temperatures or other 
materials the frequency obtained is multiplied by a correction factor, k, where 

E = Youngs modulus for the material at the 
operating temperature 



K 



yE /u 
v s' s 



to = material densitj 
E s = 30 x 10» ibs/in2, for steel 
u s = .284 lbs/in3, for steel 



Other Structural Element ; 



Similar tables are available in the references below for continuous beams, 
longitudinal vibrations of beams, circular membranes, curved rectangular plates, 
and cylindrical shells. 

1. "Vibration Frequency Charts", Macduff and Felgar, Machine Design, Vol. 29, 
2/7/5T. 

2. "The Natural Frequency of Vibration of Curved Rectangular Plates", Palmer, 
Aero. Quarterly, Vol. V, July 195k. 

3- "Tables for Frequencies and Modes of Free Vibration of Infinitely Long 
Thin Cylindrical Shells", Baron and Bleich, J. App. Mech., June 195k. 
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RANDOM VIBRATION 



Introduction 



In various modern applications the vibrational energy in the 
excitation is distributed in a random manner over a vide range of frequencies. 
This is characteristic of the environments associated with rocket and jet noise, 
atmospheric turbulence, aerodynamic noise, and rough terrain. The instantane- 
ous value of the resulting random displacement, acceleration, stress, etc., 
can be specified only in terms of the probability that the value vill be in a 
given range during a given time interval. 

The intent of this section is to briefly discuss the basic concepts 
involved in the analysis of random phenomena. The basic statistical concepts 
are covered in Section F of this manual and are not repeated here. To simplify 
the discussion, the mathematical relationships have been deleted wherever possi- 
ble; two simple examples have been included to illustrate the discussion. 

Discussion 



Inspection of a typical random time history, such as the force in- 
put of figure 1, reveals a completely irregular wave pattern with no apparent . 
amplitude, frequency, or phase relationships. Equal duration samples of this 
history will vary considerably in their instantaneous values; howeverythe 
average characteristics will be equal. Such a time history can only be de- 
scribed in terms of statistical and probabilistic parameters. The mathematical 
model used for this is the Gaussian random process subjected to various mathe- 
matical restrictions. As used here it is applicable only to linear structural 
systems. Having assumed a Gaussian or normal probability distribution, the only 
other parameter needed to completely define the random process is its spectral 
density . 

While there are many other types of probability distributions, the 
Gaussian mathematical model is commonly used in many physical problems. This 
is due not only to its wide applicability, but also to its relatively simple 
mathematical formulation. One should consequently be aware that it is sometimes 
used where the justification Is questionable merely because of its ease of 
handling. 

Average Values : For the random functions considered here the mean 
value is zero. The mean- square value Is the main average of Interest. Literally, 
it is simply the average of the function squared evaluated for the sample time 
duration T. The root-mean-square (rms) value Is merely the positive square root 
of the mean square value. Since the mean value is zero here, the mean-square 
is equivalent to the variance cr , and the rms value is equivalent to the stan- 
dard deviation a. Thus for the random function x(t): 



^ - rr 2 

x - - cr 



hi x^ (t) dt, and x = a = / x 2 . In random 

T J Q > rms V 



vibration applications the mean- square is obtained* by computing the area under 
the spectral density curve as described later. 
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Gaussian Probability Density : The Gaussian or normal probability 
density function is the familiar bell shaped curve , symmetrical about its mean 
value. This is described in detail in Section F. Briefly, the area under the 
density curve equals the probability. Specifically, the probability that a value 
of a random function x will occur between two limits and Xg, is the area under 
the density curve bounded by x^ and x 2 . For example, -che probability of |x| 
exceeding its rms value (or standard deviation) is 31.756, of exceeding twice its 
rms value is 4,6$, and of exceeding 3 times the rms value is only 0.3$. Since 
the mean value is zero, the probability density depends only on the standard 
deviation which equals the rms value. Knowing the density function, the. relative 
frequency of occurrence of the various amplitudes of x are completely known. 
Note that the probability density function deals only with amplitudes and has 
nothing to do with the harmonic content of the random function. 

Based upon the normal distribution, various relationships useful in 
fatigue analysis have been derived. Knowing the relative frequency of occur- 
rences of the instantaneous amplitudes of x, the frequency of occurrences of the 
peak values of x can be obtained, delating this to the conventional SN curves, 
an estimate of the time to failure can be calculated. For lightly damped, 
single degree of freedom systems, the envelope of the peak values is described 
by the Rayleigh probability density function (derived from the Gaussian distri- 
bution); this is often used in acoustic fatigue analyses. 

Spectral Density : The spectral density function may be interpreted 
as the measure of the energy distribution in a variable as a function of fre- 
quency. In practice it may be measured by passing a signal corresponding to 
the sample time history through a tuneable narrow band pass filter 1 cycle wide, 
and measuring the mean-square response at each frequency over the entire fre- 
quency range. Dimensionally the response is in mean-square unlt/cps. Actually 
the band pass" is not 1 cycle wide so each response point must be divided by the 
actual band width at that point. 

For most random excitations the spectral density must be obtained by 
test procedures. However, there are some special cases where the spectral den- 
sity has been expressed analytically, e.g., for atmospheric turbulence in gust 
load analyses. In such cases, however, t."hese are empirical expressions based 
upon exhaustive test data. One important special case is that of a constant or 
uniform spectral density corresponding to "white noise". Here every frequency 
component from 0 to « is present with equal amplitude. (This is impossible 
physically, implying infinite power.) A uniform spectral density is often called 
out in random vibration specifications, where a specific frequency range is 
used, e.g., 20 to 20,000 cps. 

Mathematically the spectral density is defined in terms of the Fourier 
Integral, an extension of the Fourier series. The Fourier series is used to ex-' 
press a periodic function in terms of discrete frequency components. The Fourier 
Integral extends this procedure to nonperiodic functions and leads to a continu- 
ous functional relationship between amplitude and frequency. In practice the 
mean-square value of the original time variable is equal to the total area under 
the spectral density curve. 

The term power spectral density is often used, a carry-over from its 
original electrical engineering applications. "Power" is applicable in a 
generalized sense. For example the power generated in a resistance is propor- 
tional to the mean-square of the current through the resistor. Similarly, the 
power dissipated In a viscous dashpot is proportional to the mean-square of the 
velocity across the dashpot. 
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Note that the spectral density describes only the average energy or 
mean-square amplitude at each frequency component. It says nothing about the 
individual magnitudes of the time history waveform. Thus the spectral density 
and probability density functions are complementary; between them they completely 
define the random function characteristics. 

Transfer Function: In random motion analysis the characteristics of 
the physical structure are described by the system transfer function. This can 
be loosely defined as the ratio of the response of a linear system to the applied 
excitation, where the excitation is simple harmonic motion. The response and 
excitation correspond to specific points of the structure. The terms impedance, 
mobility, admittance, etc. are simply special types of transfer functions. For 
a single degree of freedom system the transfer function is directly proportional 
to the steady state amplification factor or transmissibility. 

The transfer function is used to relate the spectral density of the 
response to the spectral density of the excitation. Since the spectral densi- 
ties are in terms of mean-square units, the squared absolute value of the trans- 
fer function is used. Thus 



S x ( u ) = |h (u) I 2 S f (u>) 



where H (w) is the transfer function relating the excitation S f (ui) to the 
response spectral density S x (uj). In general the transfer function can be obtained 
both analytically and by test. 

Notched Beam Fatigue - Example 

The following example, based upon NASA Memo 1<~12-59L, illustrates much 
of the preceding discussion. This study investigated the fatigue life of a 
cantilever beam notched near the root and excited at the tip by a lateral ran- 
dom force. The stress response measured at the root acts like a very lightly 
damped single degree of freedom system. 

Sample time histories of the force input and stress response are shown 
in Fig. 1. Note that the force input appears completely irregular with no 
apparent periodicities or phase relationships, while the response appears to be 
a sine wave with random amplitude and phase. The beam thus acts like a narrow 
band filter tuned to its natural frequency. This is also illustrated in the 
spectral density curves ( figures 2 and 3) obtained by test from the correspond- 
ing time histories; note that the force has frequency components from 0-350 cps 
while the response has a narrow band of frequencies about its natural frequency 
of 119 cps. 

To check the probability distribution of the stress response, the 
number of times/second that various stress levels were crossed with positive 
slope were electronically measured. The results were plotted in Fig. k along 
with the theoreti'car'numbe'r''for 'a" Gaussian distribution. The test data was 
considered close enough to the theoretical curves; consequently the process was 
treated as a Gaussian phenomena. This assumption seems open to question here, 
since the deviation from the theoretical curve is fairly large percentagewise. 



STRUCTURES MANUAL 



1 October 



Having the stress response spectral density (measured directly) 
and the probability distribution of the stress levels (assumed Gaussian with 
calculated parameter, a), the response has been completely specified. The 
probable time to failure for this random loading was calculated based upon 
Miner's rule for cumulative fatigue damage in the form 



( 



fl(x) dx 
M f U) 



where T f = time to failure in seconds, 

N (x) « number of cycles to failure for stress reversals with constant 
amplitude x, (from standard SW curve), 

N (x) dx = probable number of stress reversals /second with amplitudes 
between x and x + dx. 

Typical results are shown in Figure 5. The difference between the test and 
theoretical curves may be due to the fact that the Gaussian assumption was not 
very good. 
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Figure 1. Sample time histories cu i'orce input and stress output. 
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Response to Uniform Spectral Density - Example 

The random concepts can be further illustrated using the example of a 
uniform spectral density applied to a linear damped oscillator. This could 
represent the acceleration response of a black box on vibration isolators , 
where the base is excited by a random acceleration. 



Referring to the free base, single degree of freedom model of Section 2 
(Page E2-2), let the base motion y(t) be a random Gaussian function with a con- 
stant spectral density, Sy- (w) = S Q . The transfer function for the accelera- 
tion response is equivalent to the transmissibility , i.e., 



|H(«)| - 



I x max! 
IV max] 



= TR = 



1 + kr Z f^] 



l - I—' 



(f)"J 



The response spectral density is given by 

2 



S.. («) = s n |HM| d , 



x 1 o 
and the mean square acceleration is: 



..2 1 

x = — 

2ir 



S..(w) dw 

x 



Sy(«) 



Ih(«)J : 



S..(w) 

x v ' 



n 



0 w 



n 



-U) 



= S 



2 * J 



1 + ^ (i) 



n 2 



1 • (i) 



du 



+ hr 



2 /OI 



"2 „ 

x = S 



[s#] 



and "x" 



rms 



Since the response is Gaussian, we know that *x*(t) will exceed 2x^3 

b.6& of the time, 3*x about .3$ of the time, etc. This solution assumes 
' ' J rms ^ ' 
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a narrow band width (light damping) and constant excitation density. Actually, 
if the spectral density is flat near the system natural frequency, the above 
results still hold, replacing S Q by (" n ). This same procedure can be 
applied to multi-degree of freedom systems using a normal mode approach, pro- 
viding again that the system is lightly damped. 

In most cases the integration above would be performed numerically. 
However in this case of a uniform spectral density excitation, it can be in- 
tegrated analytically (by the method of residues) . The value of the integral 
is the same if the integrand is equal to either |TR| or |AF| , i.e., 



It is also applicable to other transfer functions which are proportional to 
either AF or TR. For example, the displacement response of the fixed base 
model to a random force input having a constant spectral density S 0 can be 
found immediately. Thus: 




|H(«)| = 



max 



I x max 




F 



k x. 



o 



and 
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IHTRODUCTION 

General 

This section has been added to the Structures Manual in response to 
the increased importance of statistical techniques in structural design. 
The current trend toward probabilistic design criteria will undoubtedly 
continue, resulting in more contractual specifications based upon statis- 
tical procedures. It is anticipated that this section will be frequently 
revised to reflect new applications as they arise. 

The intent here is to outline the basic statistical concepts and to 
define the terminology and parameters which are currently of general 
interest. The statistical terminology is quite specialized; consequently 
familiarity with it is essential to its proper usage. Since this area is 
relatively new to many structures personnel, more details are presented 
here than is usual for a manual of this type. However, due to the very 
specialized nature of the subject matter, the coverage is of necessity 
limited to fundamental applications. The material is supplemented by an 
extensive reference list, covering both general and specific statistical 
practice. 

In a broad sense statistics deals with the collection, analysis, 
interpretation, and presentation of numerical data. Statistical methods 
may be divided into two general classes - descriptive and inductive. 
Descriptive methods are used to summarize or describe large bodies of data. 
Inductive methods are used to generalize from a small body of data to a 
larger body of similar data. This manual is concerned mainly with induc- 
tive statistical methods. 

The inductive generalizations about characteristics of a population 
are termed statistical inferences. These take two forms: estimates of the 
magnitudes of population characteristics, and tests of hypotheses. 
Emphasis in this section centers on the former. The high degree of specia- 
lization makes the latter category largely beyond the scope of this manual. 




Pl-2 



Two facets of statistical usage should be noted. First, the recent 
popularization of statistical techniques in "practical" engineering 
problems has led to many questionable practices, particularly in regard 
to the inherent assumptions and limitations of the statistical model. 
Second, but on the positive side, the simple fact that the statistical 
processes are precise and reproducible is often enough to Justify their 
application. The knowledge that results of different tests have been 
analyzed in the same way may permit rational modification of the inferences 
from one set of results in the light of experience with previous sets of 
results. 
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REFERENCES 
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Schaum Publ. Co., Hew York, 1961. Strong on illustrative 
examples . 

3. Natrella, "Experimental Statistics," NBS Handbook 91, I966 
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7. Kelsey, "Statistical Analysis of Suspended Tests - Statistical 
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D. Gust Loads and Power Spectral Density Techniques 
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Symbol List 

The symbols are grouped according to their most common usage. 
Standard notation is used wherever possible, although this leads to some 
duplication of notation. 

Population parameters: 

u. mean value 

o 

variance 

standard deviation 



a 
cr 
N 



size of a finite population (populations usually assumed 
infinite ) 



Sample statistics: 

x the bar denotes the mean value (of the random variable x) 



x. 



V 
n 

Distributions: 
f . 



f(x) 
F(x) 



k^* 1 percentile of probability distribution of x, e.g., 
x 10 is the 10 th percentile 

variance 

standard deviation; when used with sampling distribution 
called standard error 

coefficient of variation (also applicable to populations) 
sample size 



frequency (number of occurrences ) of the i value of ji 
discrete variable; frequency of the variable in the i 
interval for a continuous variable 

probability density function for random variable x 

cumulative probability distribution function 



Normal Distribution 
\i, a 



mean, standard deviation; the two parameters completely 
defining a normal distribution 

standard normal deviate (Table l) = (x-u.)/a, where x is 
normally distributed 
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X L ,X A' X B one - Glded - lower tolerance limits; the A and B limits are 
the strength allowables of MIL-HDBK-5 

K one-sided tolerance factor (Table 6) 
Log-normal Distribution: 

N cycles to failure (for fatigue data) 

N geometric mean of random variable N 

g geometric dispersion 

Weibull Distribution: 

x Q origin of distribution 

8 characteristic value 

m Weibull slope or shape parameter 
Binomial Distribution: 

p probability of a single random event 

q. compliment to p a l-p 

n number of independent trials 

r number of occurrences in n trials 

p n ( r ) probability of r occurrences in n trials; binomial 
probability density function. 

Poisson Distribution: 

r number of occurrences (per unit time) 

m expected number of occurrences 

P(r) probability of exactly r occurrences; Poisson probability 

density function. 

Confidence Levels: 

Y confidence level 

or significance level 

f degrees of freedom 

x^, x u lover, upper confidence limit of statistic x 
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The t Distribution - sampling distribution of the sample means: 

t t percentile at a significance level for f degrees of 

a ' freedom 

The x 2 Distribution - sampling distribution of the sample variances: 

2 x 2 percentile at the a significance level for f degrees 



x c*,f 



of freedom 



th 

expected frequency in i class or interval 
0. observed frequency in i class or interval 



1 

Probability: 



P{A} probability of occurrence of event A 

P[A|B} conditional probability, probability of occurrence of 
event A given the occurrence of event B 

E{x}, expected value of the random variable x, of the function 
E{g(x)] g(x); equivalent to mean value 

R reliability, probability of non-failure; for structures, 

the probability that the strength exceeds the applied load 



Miscellaneous : 



C r combinations of n things taken r at a time 

n 

P r permutations of n things taken r at a time 



n 



X) 



n factorial « n(n-l)(n-2).. .3.2.1 

Greek capital sigma, denotes summation, i.e., 
k 



x 1 + x 2 + ... + x k-1 + x k 



2>i = 

• i=l 

"J"J" Greek capital pi, denotes multiplication, I.e., 



k 

TT 

i=l 



x i " x l x 2*3 * ' ' X k-l x k 
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DISCUSSION 



Terminology and Definitions 

In many engineering applications data is obtainable for only a 
limited number of any particular component. Statistics provides a mathe- 
matical basis for inferring the characteristics of the entire theoretical 
population of such components and for setting probabilistic limits to 
the accuracy of these predicted characteristics. Proper use of the 
statistical techniques requires a familiarity with the basic terminology; 
a brief discussion of the more important terms follows. 

The population or universe is an entire class of objects having 
some common observable characteristics; such characteristics are called 
the population parameters . Populations can be either discrete or continuous 
depending on whether they contain enumerated or measured data. A set 
of items chosen from the population is called a sample . The sample is 
generally considered large if it contains 30 or more data points , small 
If it contains less than 30 points. If all the members of the population 
have an equal chance of being selected, the set is a random sample; if 
some members are more likely to be selected, the sample is said to be 
biased . Two random samples or random variables are independent if the 
selection of one has no effect on the characteristics of the other. A 
statistic is a characteristic calculated from the sample; it is used as 
an estimate of the corresponding population parameter. 

The frequency of the data is the number of observations falling 
within some specified measurement interval. A frequency diagram, 
histogram , or bar diagram -is a block representation of the data showing 
the frequency of the data measurements within some class interval. A 
probability density function can be pictured as a continuous relative 
frequency diagram showing the expected relative frequency of the data 
per unit measurement interval. The area under a portion of the probability 
density curve bounded by two abscissa values is the probability (or 
relative frequency) of occurrence of the variable between those limits. 
The cumulative probability distribution function is the total probability 
of occurrence of all the values of the variable up to and Including the 
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specific value in question. Numerous probability density and distribution 
functions have been evaluated and tabulated; the most common and useful 
of these is the Gaussian or Normal probability density function . 

Consideration of one, two, or more characteristics of an individual 
leads to a univariate, bivariate, or multivariate distribution in the 
population. Unless specifically stated to the contrary, further discussion 
is restricted to univariate distributions. 
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Measures of Central Tendency and Scatter - The "basic statistical 
measures deal with the central values and the scatter of the data. Greek 
letters are conventionally used to denote population parameters and 
Latin letters are used for the sample statistics. 

The mean value is the simple arithmetic average of the data 
points. It corresponds physically to the coordinate of the center of 
gravity of the area under the probability density curve . The population 
mean (i and the sample mean x are given by 



n 



i=l 



1=1 



where N and n are the number of discrete points in the population and 
sample respectively. When multiple values of occur, the weighted 
mean is more convenient. Letting be the frequency of x ± gives 

k k 
x = £^ where i = 1, 2, k, and n =^ f^_ 



i=l 



i=l 



The geometric mean value of a sample of size n is the n** 1 root of 

V 

the product of the n data points, 



MM"" 



This is equivalent to the antilog of the mean value of the logarithms of 
the data points. Thus 



n 



log 



^ = \ log x 1 = log x ± 



i=l 



(This Is commonly used in the analysis of fatigue data with the assumption 
of a log-normal distribution. ) 
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The median is the halfway point in the sample readings when they 
are ordered by size. It is the 50th percentile, dividing the area under 

th 

the probability density curve into two equal parts. In general, the k 
percentile divides the data into two parts with k$ being below and (l00-k)$ 
above the percentile. For a discrete sample of size n, the median equals 

x (n+l)/2 for 11 and ec l uals ^ x n /2 + x n/2+l^ for n even * 

The mode is the most frequent value in a set of observations. For 
symmetrical distributions having a single mode, the mean, median, and 
mode coincide. 

The mldrange of a sample is the arithmetic average of the smallest 
and largest values in the sample. The range is the difference between 
the largest and smallest values. 

The most useful measure of the data spread or scatter about the 
central value is the standard deviation . For a population of N points 
this is given by 



the square root of the average of the squared deviations from the mean. 

2 

The population variance . a , is the square of the standard deviation; 

it is physically equivalent to the moment of inertia about the mean value . 

Variances are calculated for various statistics or functions of statistics, 

p 

where the variance of the function F is commonly denoted by Var F, a (F), 

2 2 
or Op. The sample standard deviation and variance, denoted by s and s , 

are defined by 




inl 



n 



i=i 
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Rearranging, 

The latter form is more convenient for computation. As defined above 

2 2 
with (n-l) rather than (n), s is an unbiased estimate of a . Care must 

"be taken in using the formulas involving s 2 as some authors define the 

sample variance with (n) rather than (n-l); this must be reflected in all 

equations using s 2 . 

The terms mean-square and root-mean-square value (rms) are often 
used in random vibration applications. They are similar to the variance 
and standard deviation except that the deviations are taken relative to 
the zero value rather than the mean. In the case where the mean value 
is zero the terms become equivalent. 

The coefficient of variation , V, shows the relative scatter between 
different sets of data. It is defined as the ratio of the standard 
deviation to the mean value, thus 



V = 2., or V = 2 

The expectation is used (by the theorist ) in referring to the various 
averages of probability distributions. The expected value of a random 
variable x, denoted E[x], is identical to the mean value of x. Thus 

E(x} = n 

For the case of discrete data 



i i i 

where f^N = f(x ;j .) is the relative frequency of x^, or equivalently, the 

probability density function of x. The expected value is merely the 

summation of all values of the variable weighted by the corresponding 
probabilities . 
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For a continuous random variable x, vith' probability density function 
f(x), the expected value of x is defined by 

Co 

E£x] = y* f(x)xdx 

—00 

Similarly, the expected value of any real -valued function of x, say 
g(x), is given by 



oo 

E[g(x)] = J f(x) g(x)dx. 



The variance, for example, is given by 



to 

c 2 = E{(x-n) 2 } = J f(x) (x-n) 2 dx 

—00 

Since E[ ] is a linear operator, this can be simplified. Thus 



ct 2 = Eftx-n) 2 ] = E{x 2 -2ux+u. 2 3 = E[x 2 ] - E{2ux} + Efii 2 } 
= E£x 2 ] - 2u. E{x} + n 2 
= E[x 2 } - £ 



-r 



August 1968 



STRUCTURES MANUAL 



F2.1-T 



Combination of Independent Random Variables - Several fundamental relationships 
for the mean value and variance 'follow: 

a. coded values. To simplify computation, coded values are often used which 
allow the use of smaller numbers, whole numbers rather than decimals, etc. 
The set of measurements x i are evaluated in terms of the coded values y^ 
and the results are then transformed back into the Specifically: 

1. Let y jL = (Xj, - a)/b, where a and b are any convenient constants. 

2 

2. Compute y and s . 

v 

2 2 2 

3. Then x = a + by and s = b s . 

Note that this procedure is very useful for hand calculations, but 
becomes of marginal value with a desk calculator. 

b. Linear combination of independent random variables . Let represent several 
independent random variables with means and variances denoted by ft ± and a ^ 
The individual frequency distributions are .unspecified. Let y be some linear 
combination of these variables, i.e., 

y = 2 c i z i ' where the c^'s are constants. 

i 2 
The combined population is also a random variable with parameters n y and <r y , 

where 



c. 



*V = £ c i h ana a y 2 = ? °i 2 a ± 



in the special case where the z^s are normally distributed, y will also be 
normally distributed. 

General (non-linear) function of independent random variables. 

Let z. represent several independent random variables with means and variances 
denoted by ^ and . If Z is some function of the z ±/ z = Z (z^), then the 
mean and variance of Z are given approximately by 



Z = Z(fi ± ) + i E a ± 



2 a 1 z 
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where the partial derivatives are evaluated at the means values of the z . 
, i 
(Assumes Z is reasonable smooth within ± 3 <r. for each z ). 

1 1' 

Sampling Distribution 

Consider an infinite population with parameters m and <r and with an arbitrary- 
probability distribution. Take all possible samples of size n from this population. 
Calculate the mean value x for each sample. The distribution, of the resulting x's 
is known as the sampling distribution for the means. The mean value and standard 
deviation (often called standard error) for this new distribution are denoted u- 
and <r -. The sampling distribution for the means is the t-distribution. it ' 
approaches the normal distribution for large samples. In the special case where 
the original population is normally distributed, the sampling distribution for the 
means is also normally distributed. 

Similarly there are sampling distributions for all the other major statistics. 

p 

The most important after the t-distribution is the X -distribution, the sampling 
distribution for the variances. 

The mean value for these sampling distributions is the statistic itself, e.g., 
ix- = n . Several common standard errors are listed below. 

Mean: a _ = cr//n 

Variance: a * = c 2 y 2 /(n-l) 

Std. Dev: c s = a//2(n-l) 

Median: <j , , „ 

med = I.25 a//iT 



Degrees of Freedom 

The number of independent measurements available for calculating a statistic 
is called the degrees of freedom for that statistic. For example, in estimating 
the variance from a sample of size n, 1 degree has been used in calculating the mean. 
There are (n-1) degrees left for the variance. In general, if k independent linear 
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relations are imposed on a sample of n values, there are (n-k) degrees of freedom 
left for a further estimate. Several statistical tables refer to degrees of 
freedom rather than sample size. 

Confidence Level 

The sample statistics as defined in the previous section represent best point 
estimates of the true, but unknown population parameters. While estimates calculat- 
ed from other samples will differ, one would expect these differences to become 
smaller as the samples become larger, approaching the true value in the limit. If 
an estimate is unbiased, it should overestimate the true parameter 50$ of the time' 
and underestimate it 50$ of the time. 

To be meaningful the accuracy of the estimate must accompany the statistic. 
This is done by computing a confidence interval about the statistic. This Interval 
depends on the desired confidence level and on the sample size. The confidence 
level ( y ) defines the probability that the true population parameter will be 
within the computed interval. More generally, we may define the confidence level 
as the probability that the accompanying statistical statement is true. 

The confidence level commonly used in engineering practice is '95$. This is 
reasonable providing the sample is sufficiently large. For very small samples a 
smaller level, such as 85/0, is more reasonable; otherwise the interval becomes too 
large to be of practical use. In the typical case of estimating a mean value, 
a confidence level of $% says that we are 95$ confident that the true population 
mean lies in the calculated interval. In other words, if we took a large number of 
samples of size n from' the given population, in 95$ of these samples the true mean 
would lie in the calculated interval; in 5$ of the samples the interval would not 
contain M . This possible error of 5$ is called the significance level (a ). 

The confidence interval is obtained by using tables based upon the sampling 
distribution of the particular statistic together with the standard error of the 
statistic. The confidence level corresponds to the area under the probability 
density curve of the sampling distribution bounded by the confidence limits defining 
the interval. These limits may be symmetrical about the statistic or one-sided 
depending on the particular case. 
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The most common confidence interval is that associated vith a mean value. For 
a population with unknown parameters n and «r, the population mean value would be 
estimated as 



p. = X ± t - S_ a X±t „ 7^ 

^ a,f x a,f /n 



where x = sample mean value 

s- = the standard error of the sample means =s//n 
s = sample standard deviation 
t „ = t -distribution value for a significance level of a , i.e., a confidence 
level of (l-a), and for f = n-1 degrees of freedom (from Table 3). 

This represents a two-sided symmetrical confidence interval about the mean 
value. Hote that a, the signficance level, represents the total area under the 
t -distribution curve outside the interval, with a/2 being the area under each ex- 
cluded tail. 



*/2 



y= Confidence Level = l-a 



.t a +t a = Significance Level 

x 



Thus for a single-sided confidence limit (upper or lower), a /2 represents the total 
significance level; the tabular t-value must be selected accordingly. This is 
illustrated in the section labelled "Calculation of Sample Statistics." 

Referring to the sketch above, the limiting cases are instructive. For a 100$ 
confidence level, or= 0, and the confidence interval extends to infinity on both 
sides of the sample mean. On the opposite extreme a = 100$, and the confidence 
interval shrinks to zero. Thus in predicting the population mean using the sample 
mean alone, the associated confidence level is 0$. While somewhat ambiguous, this 
merely says that the probability of the population mean being exactly equal to the 
sample mean is zero. It is more meaningful to consider a single sided interval, 
say the lower bound. For a 100$ confidence level, we can say the population mean is 
no less than - «. As the confidence level is lowered the interval decreases, until 
at a 50$ confidence level (t = 0), we can say the population mean is no less than 
the sample mean at the 50$ confidence level. Similarly we can say the population 
mean is no more than the sample mean at the 50$ confidence level. In other words, 
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point estimates derived from sample data can be interpreted as "median" values, 
which will overestimate the true value 50$ of the time and underestimate the true 
value 50$ of the time. 

Sample Size as a Function of Confidence Level: Since the confidence interval 
depends on sample size, the problem can he reversed as follows. Given a maximum 
allowable error in a mean value estimate at a specific confidence level, what is 
the minimum sample size required to produce this Interval? Letting 2R be the 
length of the symmetrical interval, the minimum size is found by rearranging the 
last equation. 

s 



2R = 2 



M - x 



= 2 t -7= 
* Xf 



so n = 



t _s 
ft>f 



(rounded up to next 'integer) . 



R 

If .ff is known the required sample size can be immediately calculated. For a unknown, 

1. Using a best estimate (guess) for <r , calculate n . . 

est 

2. Choose n- < n . , say about .5n , , depending on expected accuracy of n , . 

3. Perform required measurements on sample of size 1^. Calculate s^. 
k* Compute required value of n using new estimate s^. 

5. Complete tests on balance of required sample. 

In some cases the population standard deviation may be known from prior 
(extensive) data. As expected, this results in a smaller confidence interval. A 
known standard deviation allows the use of the normal distribution rather than the 
t -distribution, giving for the symmetrical interval.. 

" = 5 ± \/2 'x = 5 ± \/2 ff / /n 
where is the value of the normal deviate at the 0./2 percentile. 
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Confidence intervals for the variance (and thus the standard deviation) make 
use of the chi-squared distribution (Table 5). For a two-sided interval at the 
100(l-2a)$ confidence level, the limits are given by 



2^. 2 ^ f 2 
s < o < _____ s . 



Confidence intervals can in general be constructed about any statistic. 
Tables derived from the sampling distributions are available for the more important 
cases, e.g., variance, standard deviation, proportions, etc. (Reference 3). In 
addition, but of less importance, confidence bands can be constructed for sample 
distributions (Ref. 3, ^, 13). 

For the general case of a statistic vhich is some function of one (or more) 
random variable (s), confidence intervals can also be constructed, again using the 
t-distribution. Let G u ^ (x) be the upper and lower confidence limits for the 
function G (x). Then 

V (X) = G W * V S G(x) 



where s 



Q( x y is the standard error of G (x) (See page 2-7), 
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Tolerance Limits - Design Allowables - Tolerance limits enclose at least p$ of the 
population at a specified confidence level. The percentage p is variously referred 
to as the population coverage, proportion, or conformance level. Tables are 
available for both symmetrical (Ref . 3) and one-sided limits (Table 6) based on . 
the normal distribution. The tableB give a K-factor as a function of the 
confidence level, proportion, and sample size. For one-sided limits at least P$ 
of the population will lie above x - Ks with the given confidence. 

The "A" and "B" design allowable strength levels of MIL-HDBK-5 are common 
one-sided (lower) tolerance limits. They are defined as follows: 

"A" level - that strength which would be exceeded by at least 99$ of the 
entire population with a confidence of 

"B" level - that strength which would be exceeded by at least 90$ of the 
population with a confidence of S%. 
This is illustrated in the sample problem section. 

The difference between confidence limits, statistical tolerance limits, and 
engineering tolerance limits should be noted. Confidence limits bound a point 
statistical estimate. Statistical tolerance limits bound a stated proportion of 
a population. Engineering tolerance limits are outer limits of acceptability 
usually prescribed by a design engineer. 

Note that these tolerance limits are applicable only to normal distributions. 
For other type distributions one can use distribution-free tolerance limits (Ref- 
erence 3). However, unless a large sample is available, these of necessity lead 
to fairly broad limits. 

Reliability - In general, reliability is the probability of the successful 
operation of a device for a specific time under specific conditions of use and 
environment. As applied to structural elements, the reliability is the probability 
that the strength will exceed the applied load under specific service usage. In 
general, both load and strength levels are represented by probability density 
functions. See sample problem section. 
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Design of Experiments - An experiment is generally conducted to determine if a 
suspected effect exists, and if so, to determine the magnitude of the effect. 
When only the effect of one factor upon another is of interest the experiment is 
usually simple. When several factors are involved the design of the experiment 
can "become important. The classical method restricts attention to one variable at 
a time, the other factors being held fixed. While appearing simple, this procedure 
is generally inefficient and restricts the conclusions that can be drawn from the 
data. 

Recent statistical techniques have been developed to optimize the design of 
experiments from the viewpoint of obtaining a maximum amount of information with 
a minimum of experimental cost. These techniques allow several factors to vary 
simultaneously in a specific integrated experimental design. This permits the 
determination of not only the main effects (as in the classical approach) but also 
provides information about the interactions present, the existence of unsuspected 
factors, and the experimental error. 

Various statistical procedures are available for analyzing the data obtained 
from a multi-factor designed experiment. One of the more important of these 
techniques is called the analysis of variance. This consists essentially of 
dividing the total variance of the test results into components which can be 
associated with the various main effects, interactions, and residual effects. The 
variance ratio test (F test) is -used to determine the significance of the various 
results . 

A detailed discussion of this subject can be found in References 3, 12 and Ik. 
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■Probability Tilstributions 

One of the simplest ways to reveal the general nature of a population 
distribution is to construct a histogram or bar diagram. Suppose we had a large 
number of material strength measurements. We would first divide the range of the 
strength data into equal-sized intervals and tabulate the number of times (i.e., 
frequency) that the data fell into each interval. A bar diagram is then drawn 
where the height of each rectangle equals the frequency of the data in that 
interval (see sketch). The frequency is usually divided by the total sample size, 

giving a relative frequency ordinate. 
The area in each rectangle iB then the 
proportion of the total sample having 
values in that particular interval. 
As the sample size is increased and 
interval width decreased, the histogram 
will approach a continuous curve (dash- 
ed curve). The probability density 
function is such a curve where the area 
under the curve between two abcissa's 
represents the probability that a ran- 
dom value of the variable will fall 
between those values. Since the total probability must be unity, the ordinate scale 
is normalized so that the total area under the curve equals unity. The sketch above 
is typical of symmetrical unimodal probability density functions, and is the most 
common shape for physical applications. Other possible shapes are sketched below. 




Strength »- 

Figure 2.2-1 Typical Histogram, 

Symmetrical Probability 
Density Function (Dashed) 



Positive Skewness Negative Multimodal 



Exponential ^ tQ Right) Uniform 



Skewness 







Figure 2.2-2 Probability Density Functions of Various Shapes 
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The two modes in the last sketch usually indicate a mixed sample, containing data 
from two different populations. These shapes are for continuous density functions. 
The same general shapes can apply to discrete functions, but the curves would be 
discontinuous as in the histogram. 

Note that the density function is not a direct measure of the probability; 
however, the area under the density curve is. The cumulative probability distribu- 
tion is the direct measure of probability, being the integral of the density func- 
tion from - 00 to a specific value of the variable. While the density function 
shows the general nature of the function, the distribution is more useful. 

Analytic expressions have been found which fit many common physical 
distributions. To simplify treatment, special probability paper has been designed 
for many of these. This is discussed in Section F3« Several of the more important 
distributions are discussed in the following paragraphs. 

Gaussian Probability Density Function 

The most useful probability density function in applied statistics is the 
Gaussian or Normal function. This provides a good approximation to many actual 
physical distributions, and is the basis for many applications such as tests of 
significance, quality control work, etc. Because of its mathematical simplicity, 
transformations are often made upon non-normal data so that the transformed data 
is normal. For example, material static strength is usually normally distributed, 
whereas fatigue life frequently has a log-normal distribution, i.e., the log (life) 
is normally distributed. 

The Gaussian probability density function, f(x), is given by 



is the familiar bell-shaped curve symmetrical about its mean value, as shown in 
Fig. 2.2-3a. 

The area under the curve represents the probability of occurrence or the 
relative frequency of the variable x. The total area under f (x) between ± to is 
unity by definition. Note that 68.2$ of the distribution lies within ± 1 cr of the 
mean, 95. k$ within ±2 <r's, and 99.7$ within ± 3 ^'s. 




where m and a are the mean and standard deviation of the random variable x. This 






Figure 2.2-3b Cumulative Normal Distribution Function 
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The cumulative normal probability distribution function, F(x), is a direct 
measure of the probability, being the total area under the density curve from-m 
to the point x (Figure 2.2-3b). 



Both the density and cumulative distribution functions are commonly expressed in 



where now the mean is zero and standard deviation unity. These standard normal 
functions are readily available in tabulated form (Tables 1 & 2) . 

.In practice, sample data is often plotted on normal probability paper. This 
paper has been designed so that the cumulative distribution will plot as a 
straight line rather than the curve of Figure 2.2-3b. This application is 
illustrated later. 

Log Normal Distribution - The logarithmic transformation is the most common type 
of transformation made upon data to allow use of the normal distribution; it is 
used primarily as a first approximation to fatigue failure distributions. The 
equations and discussion for the normal distribution apply directly, where x is 
now interpreted as the logarithm of the random variable. The log -normal 
distribution is positively skewed (tail to the right), with a zero origin rising 
steeply to its maximum, and then tailing off to infinity. For the log distribution 
the (arithmetic) mean, mode and median coincide. In terms of the original data, 
the geometric mean and median coincide. In fatigue applications x = log N, H 
being the cycles to failure. All statistics are calculated with the log data, 
i.e., in terms of x, and the results then transformed back into the original data, 
N. 




—00 



standardized form in terms of the standard normal deviate z, where z = (x-\i)/a . 
The resulting standardized functions then become: 

z 
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The "basic parameters for the log-normal distribution in terms of the original 
data are the geometric mean and geometric dispersion, where: 

Geometric mean = N = antilog x 

Geometric dispersion = g = antilog s 

The percentage of the population in the interval 

Kg < K < N g 
is identical to that of the normal distribution for the interval 

H - Z<X < X <^ +ZCT 

where z is the standard normal deviate for both cases. For example , 95 of a 
normal population falls within ± 2 a of the mean value. For a log-normal population, 
95. kfy falls between'^ g" 2 and '9' g^. See reference 16 for several applications of 
the log-normal distribution to fatigue data. 

Weibull Distribution - This is an "extreme value" type distribution adaptable to a 

wide spectrum of probability density functions, ranging from exponential to highly 

skewed shapes. It is often applicable to material strength and fatigue. The 

cumulative distribution function is given by: 

/ X " X o\ m 
F(x) =1 - e'^fl^rj 

where F(x) = fraction at or below the strength x, where x > x q . 

x q = origin of distribution, often equal to zero in 
structures applications. 

9 = "characteristic strength y the measure of central 
tendency, where F(6) = .632 independent of the 
other parameters. 

m = "Weibull slope," the shape parameter, m > 0. 

The wide range of possible shapes for the density function is illustrated in the 
following fetches: 



.Jt/tmm/rn 
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Exponential 



Skewed Right 
l<m<3.57 




Symmetrical 
Approx Normal 



m = 3.57 



Skewed Left 
n > 3.57 




x x x 

Figure 2.2-U Typical Weibull Probability Density Curves 



Because of the analytic complexity, Weibull distributions are always handled 
graphically on special Weibull probability paper. A unique feature of the 
graphical treatment is the fact that samples containing multiple failure mecha- 
nisms are immediately apparent when the data is plotted. 

A detailed discussion of this distribution is available in Reference 8. 

Rayleigh Distribution - Also called the radial normal or the two-dimensional 
error distribution. As used in acoustic fatigue applications t it represents the 
distribution of the response peaks (or envelope) of a lightly damped single -degree • 
of -freedom system to random Gaussian excitation. It is a special case of the 
Weibull distribution with a zero origin and Weibull slope of 2. The distribution 
function is given by: 

F(x) = 1 - e x l<L 
where x = ratio of peak response to rms response, x > 0. 

F(x) = probability of a random value being equal to or less than x 

M = 1.257 j mear. value 

a x 2 = .^29, variance 
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Binomial Distribution - This is one of the most common discrete distributions in 

applied statistics. It applies where each sample member is judged on some go - no 

go basis, such as heads or tails, a good or defective item, etc. It is derived 

from the binomial expansion: 

,n n n-1 n(n-l) 2 n-2 , , n 

(q + p ) a = q° + apq x + ; pq +....+P 



E„n r n-r 
c r p q 

r=0 



where C Q = number of combinations of a things taken r at a time 
r 

ni 



rJ(n-r)J 



If p is the probability of a single random event occurring and q = 1 - p is the 
probability that the event does not occur, then the probability that the eveat will 
occur exactly r times in n independent trials is given by P Q (r), where 

„ , \ _n'r n-r 
P n (r) = C r P q 

This is the binomial probability density function for the Integers r running from 
0 to n. The cumulative distribution is the sum of successive terms starting with 
r = 0. Thus the probability that the event will occur k times or less in n trials 

_ , . „ „n r a-r 

S P J r > = £ C r p q 
r=0 r=0 

2 

The mean and variance of the binomial distribution are given by n = np and a = npq,. 

Tables are available for the density function, distribution function and for 
several confidence levels, Reference h. Special probability paper is also available 
to simplify computation, Reference 12. 

For large samples or forp«q, the binomial distribution can be approximated by 
the normal distribution. For large samples and very small p, it can be approximated 
by the Poisson distribution. 
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Poisson Distribution - This is used when the number of occurrences of an isolated 
event in some specific period is, known and when non-occurrences may he meaningless. 
For example, it could represent the number of meteorites striking a specific area 
of the moon per month, or the number of auto fatalities in New York City per year. 
It assumes the conditions of the experiment are invariant with time, the number of 
occurrences is proportional to the time interval, and non-overlapping time intervals 
are independent. 

The Poisson density function is given by 
P(r) B JLS 

where p(r) = probability of exactly r occurrences (per unit time) 

m = expected or average number of occurrences (per unit time) 

k 

The cumulative distribution for k or less occurrences is £ P(r) . 

r=C 

p 

The mean and variance are equal, i.e., (i = a = m. Tables and charts are 
available for the distribution functions (Ref. h, 12). 

The Poisson distribution can be used to approximate the Binomial distribution 
when the sample is large and probability of success small. In this case the 
expected value of the Poisson distribution is equated to the mean value of the 
Binomial distribution, i.e., m = np. 
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Graphical Treatment - probability Paper 



Sample data should always be plotted. In some cases approximate graphical 
results may be adequate in themselves; more important, the plot immediately gives 
information as to the nature of the distribution. 

The simplest type of plot is the basic histogram, discussed on page 72.2-1, 
which approximates the probability density function. The shape of the distribution 
is readily apparent - the degree of symmetry or type of skewness, single or multi- 
modal nature, etc.; one can also get a rough estimate of the mode, median and mean 
values. However, little useful numerical data can be obtained from the histogram. 

The preferred procedure is to plot the cumulative distribution directly on 
probability graph paper. Special probability paper has been developed for most of 
the common distributions, the most useful for structural applications being normal, 
log-normal, and Weibull paper. The advantageous feature of this graph paper is the 
fact that an exact probability distribution will plot as a straight line. Having 
such a straight line plot, the basic statistics and percentiles of the distribution 
can be read directly from the graph. A general discussion of the application of 
probability paper is found in Reference 9; additional discussion of Weibull paper 
is contained in Reference 8. Further discussion in this section is restricted to 
normal probability paper unless otherwise stated. 

A sample sheet of normal probability paper is reproduced on Page 13.2-3. Note 
that the right hand probability scale F(x) represents the cumulative frequency or 
percentiles of the distribution, and runs between .01$ to 99»99f>* This is 
interpreted as the probability that a random value of the normal variable is equal 
to or less than x. The left hand scale is the complimentary probability, 1 - F(x), 
i.e., the probability of a random value being greater than x. The bottom linear 
scale is for the random variable x. 

In practice, the sample data is plotted against its assigned cumulative 
frequency and a best fit curve is drawn thru the points. If a reasonably satis- 
factory straight line fit exists 1 ' 2 , normalcy is assumed and the desired statistics 
or percentiles can be read directly from the graph. For example, the mean value 
(equal to the median) is at the 50th percentile; the standard deviation is the 
difference between the mean value and the abcissa corresponding to the 8k. 13 (or 
15.87) percentile point. If a straight line fit does not exist, one could then 
plot the data on some other type of probability paper. Note, however, that per- 
centiles (but not statistics) can still be read off the curved line within the 
range of the data. 
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Two cases arise in the assignment of cumulative frequencies to the data 
points. For large samples (over 30 points), the data is grouped into equal 
length intervals, with one more significant figure being assigned to the 
boundaries than the data. While somewhat arbitrary, the number of intervals 
which provides the best fit depends on the sample size. The recommended 
number of intervals Is 6 for 30-^5 data points, 7 for 46-100 points, 8 for 
100-200 points, and 9 for 200-400 points. The interval's are arranged in 
ascending order, and the frequency and cumulative frequency of the data 
tabulated for each interval. The cumulative frequencies are then plotted 
against the upper boundary of each interval. 

For small samples the data is arranged in ascending order and a cumu- 
lative frequency assigned to each point. Either median ranks or mean ranks 
are satisfactory. The former are theoretically better, but the latter are 
simpler to use. Tables are available for the median ranks (Ref. 12). 
Where j is the order of the sample point in a sample of n points, the median 
rank is given by ( j-.3)/(n+.4) and the mean rank by j/(n+l). 

Confidence bands are often drawn about the plotted data. Various approx- 
mate methods appear in the engineering literature; these are not recom- 
mended in general. Non-parametric bands can be drawn if desired; these give 
a good indication of the extent of information possible from the sample 
(See Refs. 3, 12, and Ik). 

Cumulative frequencies are occasionally plotted on semi- log paper 
rather than on probability paper. This is done vhen the type of distri- 
is of no interest, and when it is desirable to expand the scale of one 
tail of the distribution. Load exceedance curves are typical. 



1 See Section F2.4 for a Goodness-of-Fit statistical test. 

2 The ideal best straight line fit would be the linear regression line of 
F(x) on x, equivalent to obtaining the straight line which minimizes the 
squared deviations of the percentiles from the line. The additional effort 
required to obtain this is usually not warranted. A "practical" best fit 
line can be obtained as follows: 

1. Draw a good "eyeball" straight line thru the data. 

2. Place the pencil point on the line across from the smallest plotted 
value; rotate a straight edge about this point so as to divide the 
points above the 50th percentile into 2 equal parts, i.e., half 
above and half below the line. Draw the new line. 

3. Place the pencil point on the new line across from the top data 
point; repeat (2) for the points below the 50th percentile. Repeat 
steps 2 and 3 until convergence. 
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Statistical Decision Making 

Tests of Slgnif icance - (Tests of 'Statistical Hypotheses) - Statistical 
decision making conventionally uses tests of . significance. These tests are 
applicable to a wide variety of problems involving the evaluation of different 
processes. This is accomplished in various uays - by comparing the primary 
statistics, by comparing multiple categories of data, or by comparing an entire 
sample distribution to some standard distribution. Unfortunately, there are 
many such tests and many variations upon them, all of which are highly specialized. 
Consequently, proper usage becomes rather difficult. Because of the broad scope 
.of the subject, the following discussion is restricted to general philosophy with 
one particular test described in detail. An alternative and much simpler approach 
to one type of these tests is discussed in the following section. 

Suppose we wish to compare a new (presumably superior) manufacturing process 
to a standard process. The statistician adopts a Null ftypothesis. I.e., he assumes 
there is no real difference between the processes. He also tentatively assumes the 
new sample could have come from the standard population by chance and calculates the 
probability' of this happening. If the probability of occurrence is reasonably high, 
he accepts the null hypothesis and concludes there is no real difference between the 
processes. On the other hand, if the probability of obtaining the sample from the 
population is very low, say under %, he would reject the null hypothesis at the 
5^ significance level as being an unlikely explanation. The significance level (a), 
selected in advance for the rejection of the hypothesis, represents an error of the 
first kind , that is, there is a % chance of rejecting the null hypothesis when it 
is true. 

Failure to reject the null hypothesis when it is false is called an error of 
the second kind. This type error is summarized in the Operating Characteristic 
(OC) curve for the specific test as a function of the significance level and 
sample size. The particular application dictates the optimum compromise between 
the two type errors and associated sample size. 

All of the standard texts describe such tests in considerable detail; Refer- 
ence 3 is particularly recommended. Reference l6 gives several examples in 
comparing the means and variances of two" samples of fatigue data. --- - 
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The Chl-squared f x ) Goodness of Fit fattt - This is used to test the devia- 
tion of measured or enumerated data from some hypothesized model. For example, we 
might wish to determine if a sample of data was normally distributed, or whether 
the number of rejections in a production lot was excessive compared to the 
theoretical rejection rate. The x 2 statistic is a measure of the deviation, where 



x 2 = E 



* <V E i )2 

E. 



1=1 a i 
0^ = observed frequency 
E 

i . = expected (theoretical) frequency, (must be > 5) 

k = number of classes or intervals of the data'. 

The maximum values of x 2 ^ f that can be expected with probability a for f degrees 
of freedom are tabulated (Table 5) . The degrees of freedom is given by f = (k-1) - 
j, where j is the number of parameters in the theoretical model which had to be 
estimated from the sample data. 

There are two restrictions. The expected frequency in each class or interval 
should be at least 5; intervals may be combined to satisfy this requirement. This 
implies a reasonably large sample ~ the test accuracy falls off rapidly for 
samples under 30 in size. Second, an adjusted x 2 statistic must be used where 
there is only one degree of freedom to correct for bias. In this case, use 

k 

X 2 (adjusted) =y ( l°i~ E ll--5) 

i=l . 

If the expectation in one of the two classes is less than 5, even for large samples, 
the accuracy of the test decreases. This might occur for a large sample with only 
one degree of freedom. However, the test may be performed and if the calculated 
is sufficiently different from the tabulated value (say less than half or greater 
than twice) the test conclusions are reasonable. Otherwise the test should not be 
used. — 
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Suppose we have a sample of strength data which appears normally distributed. 
We want to determine if the assumption of normalcy is valid at a 5$ significance 
level. Procedure: 

1. Calculate x and s from sample. Assume sample comes from a population with 
M = x and <r = s . 

2. Divide data range into intervals in terms of normal deviate z. Since at least 
5 points are required in each interval, the z boundary values must be at least 
10 percentiles apart, i.e., at least 10fa of the population must be in each 
interval. Choose convenient z's satisfying this requirement, (in general the 
maximum number of intervals is desirable.) 

3. Calculate expected and observed frequencies in each interval. 

2 

k. Calculate x statistic. • 

o 

5. Find x * from table, for a = .05 and f = (8-1) -2 = 5 degrees of freedom. 

a, I 

2 2 

6. If X < Xq, £ the assumption of normalcy is valid at the 5$ significance 

' 2- 2 

level. If x > X „ r > reject assumption. 

t 

Confidence Level Approach - An alternate method of statistical decision making uses 
the confidence interval; because of its simplicity is should.be used whenever 
applicable (in preference to tests of significance). Suppose a sample of data 
from a new manufacturing process is to be compared to the standard process. 
Assuming that the mean value is the parameter of interest, we could calculate a 
confidence interval about the new mean, say at a 95$ confidence level. If this 
interval lies completely above the standard mean value, we are justified in conclud- 
ing that the new process is, on the ' average , better than the standard, with only a 
5$ risk of error. Depending on the application, a lower confidence level, e.g. , 
90$ or 85$, giving a smaller interval might be satisfactory. In any case the size 
of the interval gives an indication of how large the difference is between the 
two processes. 

Whenever the decision can be evaluated in terms of a confidence level, this 
approach is recommended in preference to the test -of -significance approach because 
of its basic simplicity. Refer to Section F2.1 of this manual for a discussion of 
confidence levels. 
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Random Sampling 

In order to make accurate predictions of population characteristics from 
sample data, the sample must be selected at random . Simple random sampling 
is defined by the requirement that each member of the population have an equal 
chance of being the first member of the sample; each of the remaining members 
has an equal chance of being drawn second, etc. It is necessary that each 
possible sample from the population have an equal chance of being selected. 

This is not quite as simple as it seems. Randomness is a property of the 
sampling scheme and not of the sample itself. It is virtually impossible to 
unconsciously draw a sample at random; a sample drawn haphazardly, without 
any conscious plan, seldom is a valid random sample. Consequently, some 
mechanical randomization scheme is required. 

The simplest random sampling scheme makes use of random number tables; 
two such tables are included for illustration in Section F^ in excerpted form. 
(Much larger tables should be used for any large problem; repeated use of the 
same portion of a random number table destroys the randomness.) Referring to 
Table 7, page F^-7, note that the random number table consists of rows and 
columns of two-digited numbers. These can be treated as decimals or whole 
numbers using as many digits (significant figures) as required. One enters 
the table at some arbitrary point and reads down a column consecutively the 
desired number of random numbers. Note that 0 can be interpreted as the 
first or last number in a population of 10; similarly 00 can be interpreted 
as 0 or 100 in a population of 100, etc. 

For example, if we have a finite population of 750 members, we would 
assign one number (from 1 - 750) to each member. To obtain a random sample 
of 20 members, we would enter the table .at some arbitrary point, and read 
off 20 consecutive 3 dlglted numbers falling between 001 and 750. Numbers 
outside the range and duplicated numbers would be skipped over. 

Under some circumstances it might be desirable to divide a large popu- 
lation into intervals with 1 number assigned to each interval. In this case 
the intervals must be selected so that each has the same probability of 
occurrence. 
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In the case of sampling from a normal population one would use the Table of 
Random Normal Deviates, page PU-8. The selection procedure is the same as above 
except that each tabulated value (the standard normal deviate z ) must be trans- 
formed into corresponding values of the actual random normal variable x , using 
x. = x + z.s. 
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Basic Probability Relationships 

Probability Laws - The fundamental probability laws, necessary for many statis- • 
tical applications, are summarized below. 

Definition : If K events are possible, and n A is the number having an attribute A, 
then the probability of A occurring in any single trial is denoted by P{a), where 

p ( A t =ir 

The events must be mutually exclusive and equally likely. 
Laws : 

1. Multiplication: If A and B are independent events, the probability of 
both events occurring is 

P(A and B} « P{AB> = P{a) P{b} 

Similarly 

P{A A ...A } = n P{A.) 
x r i=l 

2 . Addition 

a) If A and B are independent and mutually exclusive, i.e., 
P{AB } = 0, the probability of either A or B occurring is 

P{A or B) P{A) + P{B} . 

Similarly P{A 1 or A 2 ... or A r } ^ 2 p(a ± ) 

b) For A and B independent but not mutually exclusive, the probability 
of at least one occurring is P { A and/or b} •■• p{a} + p{b} - p{ab) 

Similarly p{a and/or B and/or C) = P{a} + p{b} + P{c} - p{ab} - 

P.{BC} - P{AC} + P(ABC}' 

This can be extended to any number of terms where terms having an odd number 
of events are positive, an even number negative. 

3. Conditional Probability - If an event B is contingent upon the prior 
occurrence of an event A, the probability of B occurring is called a conditional 
probability, denoted PfBjA}. The probability of the combined event is 

P{AB} « P{A} P{b|a} 
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h. Bayes* theorum on Inverse Probability - If event A is dependent on one 
of several mutually exclusive events B. , B„ . .., B , and if A has occurred, then 
the probability that B^ has occurred is 

p (\) p ( A l B k) 

Permutations and Combinations - The solution of problems based on an a priori 
probability involves the determination of the number of events whose -probability 
is to be found and the total number of events possible for the particular situa- 
tion. The calculation of the number of events is facilitated by recourse to the 
rules of permutations and combinations. In a sample of discrete items from a 
large population, the sample represents a combination of items drawn, while the 
order of drawing is a permutation of the items. 

Definition: A permutation is an arrangement of items where the order of 
selection is noted - usually restricted to items taken without replacement. A 
combination is a group of items where order is not regarded. 

Basic Formulae 

1. The number of arrangements of n different things taken r at a time, with 
replacement, is n r , where l^r^n. 

2. The number of arrangements of n different things taken r at a time, with- 
out replacement, is P^J , where 

r = (n-r)i 

3. The number of permutations of n things taken all at one time, where there 
are n^ of one kind, n^ of another kind, . . . , up to n^, and where 2 n^ = n, is 

nl 

h. The number of combinations of n things taken r at a time is 
n nj 



c r " r!(n-r)i 



r Uwisriasiz 
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5. Factorials n ! = n(n-l) (n-2)(n-3) ... 2.1 

11 = 1 and 01 = 1 

Tables are readily available for factorials, their reciprocals, and their 
logs. For large values of 11, the factorial cap he approximated by Stirllngs 
formula: 

— -n n+g 
ni ~ /2tT e n 

For n = 10 the error is less than 1$; the error approaches zero as n increases. 
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EXAMPLES 



Calculation of Sample Statistics 

The calculation of the more common statistics is illustrated using a small 
sample of test data. These procedures, discussed in Section 12. 1, apply in gen- 



putational convenience;, in this case the weighted versions of the formulae are 
used. 

Example #1 

Given Ultimate tensile strength data for' 6 specimens of an 0.C40 sheet titanium 
sheet alloy: 182.50, 181.30, 183-5P, 18^.75* 189-90, and I87.75 KBI. 

Calculate l) median 



eral, For large samples (over 30 data points) the data may be grouped for com- 



2) 



mean value 



3) 



variance, standard deviation 



two-sided 95$ confidence limits about mean value 



5) 



one-sided lower 95$ confidence limit on mean value 



6) 



sample size required for a lower confidence limit on the mean, no 



more than 1$ below sample mean at 95$ confidence level. 



7) 



"A" and "B" strength levels 




.Jtnmrr\nrt 
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Procedure: 

Tabulate data In rank order (ascending values). Circled numbers identify 
columns used in the various calculations. Alternate methods are used in several 
cases for illustration. Definition of terms can be located on pages -within 
parenthesis. 



® 


/ — \ 

© 


/-N 

(D 


O 


© 


© 


© 


Rank 


F tu' ksl 












i 


X i 




(x r x) 2 


2 


y i 


2 


1 


181.30 


-3.63 


13.1769 


3.286969 x 10^ 


-IX 


51+ .76 


2 


182.50 


-2 A3 


5-901*9 


3.330625 


-5.0 


25.00 


3 


I83.5O 


-1.^3 


2.0^9 


3.367225 


-3.0 


9.00 


. k 


18^.75 


- .18 


.0321*- 


3- *H3256 


- .5 


.25 


5 


187.75 


+2.52 


7-952^ 


3.525006 


+5.5 


30.25 


6 


I89.8O 


+U.87 


23.7169 


3.602UCA 


+9.6 


92.16 


Sums : 


1109.60 




52.8281+ 


20.525U85 x 10* 4 " 


1 'T' 

- .8 


2ii.te 



1. Median = \ (x^ + x^) = 18U.13 ksi (F2.1-4),© 

2. Mean Value (by direct use of definition, Page 12. 1-3),^^ 

1 6 

x = 2 x -1109.60/6 = I8U.93 ksi 
i=i 

3- Variance and Standard Deviation (by direct use of definition, page I2.1-h) ,(3) 
and® 

= -7177 E ( V^ )2 = 52.8284/5 = 10.566 
i 

s = (10.566) 2 = 3.25 ksi 



Utm/iianz 
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3. Variance and Standard Deviation - Alternate Method (page F2.1- 5)® 
s 2 = [j> 2 - rix 2 ] = f [20.5255 x 10* - 6(l84.93) 2 ] 

„ j^L [20.525485 - 20.520202] = 52.83/5 = 10.566 

s = 3.25ksi 

Note that this latter method is much quicker, assuming the use of a desk 
calculator. 

2.&3. Mean, Variance and Standard Deviation by coded values (F2.1-7). Useful 
only for hand calculations. © and © 



(x 1 -a)/b, where a and b are any convenient constants chosen to 



simplify the calculation. 



= ( XjL -l85)/.5 



y = T^ v ± = "* 8/6 = '- 1333 

s 2 = _JL [£ y 2 _ n7 2 J = 1/5 [211.U2 - 6(.1333) 2 ]= 211.313/5 
= 42.263 

x = a+by = I85 + .5(--1333) = l84.93ksi 

s 2 = b 2 s 2 = hi = U2.263A =10.566 
x y y 

s = 3-25ksi . 
• x 

4. Symmetrical 95$ confidence interval about the mean value (F2.1-9). For 
a confidence level of 95$, the significance level a is .05. The 
population mean is then estimated by 



From Table 3 for a = 



.05 and f = n-1 = 5, ^05,5 = 2 -5T06, giving 

H = 184.93 + 2.5706 (3.25)/ >/5" 
= 184.93 ± 3.41 



.*umm/tn 
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The symmetrical (two-sided) 95$ confidence interval is then 

181.52 < u < 188.3^ ksi 
5. The 95$ lower confidence limit on the mean is given by 

. where now the 5$ significance level corresponds to the area under the 
lower tail (see sketch Table 3), i.e.,a/2, The t-table is thus entered 
with an 0 of 10$, giving t <10 5 - £.015. The lower bound on the mean is 

M£ = 1.84.93 - 2.015 (3.25 = 184.93 - 2.67 

- 182.26 ksi minimum 

Thus 182.26 < m at the 95$ confidence level. 



6. The required sample size so that the lower limit at the 95$ confidence 
level is no more than 1$ below the sample mean (F2.1-U). Rearranging 
the equation in calculation 5 above, 

t 

.01(184.93) > 3.25^2- 

or ^-g- ' - 1-81193 (=H) 
The required sample size, n, is found by trial and error, as below. 



Note: For the single tail test, a 

confidence level of 95$ corresponds to 
a/2 «= .05, or a = .10. Table 3 is thus 
entered with t 



n 


f 


t .10,f 


R 


7 


6 


1.9^3 


2.38 


9 


8 


I.869 


2.01 


10 


9 


1.833 


1.885 


11 


10 


1.813 


1.775 



.10,f* 



The necessary value of n is 11. 
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7. "A" and. "B" strength levels: 

Referring to one-sided tolerance tables (Table 6) for a confidence of 
95$, a sample size of 6, and a proportion of .99* the K-factor is 5.062; 
for a proportion of .90, the K-factor Is 3.OO6. The lower tolerance 
limit is given by x - Ks (F2.1-13). 

"A" level: x - Ks = 18^.93-16.^5 = 168.W KSI 
"B" level: x - Ks = 18^.93-9.77 «* 175.16 KSI 

For a confidence level of 95#> at least 99$ °£ specimens will have 
an ultimate strength greater than 168.48 ksi., and at least 90$ will he 
over 175.16 ksi. Note that the tolerance limits are based on the as- 
sumption that the parent population is normal. With this sample of only- 
six points the assumption cannot be justified from a statistical view- 
point; however, past data shows that strength values are usually normally 
distributed. It follows that the extrapolation to the A and B values is 
only as good as the assumption of normalcy. In the event that such 
calculations are required, these reservations should be carefully noted. 

Example $2 

Given: Fatigue life test data, for a sample of 5 shot peened test 

specimens: 11,9^3; 10,5^5; 10,280; 13,555; 11,931 cycles to 
failure. Assume a log-normal distribution for the fatigue 
life. 

Calculate : l) geometric mean 

2) geometric dispersion 

3) range of population containing 95$ of the distribution 
k) 10 th percentile of fatigue life 

5) "B" value of fatigue life 



^ 1 
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Solution: 

Rank Cycles to Failure x^ (x^-x) 



r^2 



i TS ± log N ± (log ^-log K) (\-x) 

1 10,280 4. 01199 -.05219 27.2380 x 10"!; 

2 10,5^5 4.02305 -.04113 16.9168 x 10 j 

3 11,931 4.07668 +.01250 I..5625 x 10"7 

4 11,943 4.07711 +.01293 1.6718 x 10"!: 

5 13,555 4.13209 +.06791 46.1177 x 10 



Sums 20.32092 93.5068 x 10~ k 

1) Mean log = x = ~ £log TS ± = 2O.32092/5 = 4.06418 (F2.1-3; F2.2-4) 

Geometric mean = N = 11,593 cycles. 

2) Variance of logs = s 2 = (x^x) 2 = (93. 506*8/4 )l0~ k 

Std. log deviation = s = .04835 
Geometric dispersion = g = 1.118 

3) The geometric dispersion for a log-normal distribution corresponds to 

a for a normal distribution. For a normal distribution 95$ of the pop- 
ulation falls within ± 2a of the mean; ^f or the log-normal distribution, 
95$ of the population is bounded by Kg , or 

11,593(1.118)' 2 < K< ll,593(l.ll8) 2 

9.275 < N < 14,490 

Thus 9% of the fatigue distribution falls between 9,275 and 14,490 
cycles. (F2.2-5) 

4) The 10 percentile level is given by 

x 10 = x -z 1Q s = 4.06418 - 1.282(. 04835) = 4.00220 
N 1Q = 10,051 cycles 

5) "B"value of fatigue life. For a conformance of 90$, a confidence level 
of 95#> acd sample size of 5, the tolerance factor(Table 6) is 3.407, 
(F2.1-13). 

^ = X -Ks = 4.06418 - 3-407(.04835) = 3.89945 
Kg = 7930 cycles 
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Graphical Treatment 

Example 1 - The strength data from Example 1 in the previous section is retabulated 
below with the associated mean rank values (12.3-2). 

t u Mean Rank 

i x 1 i/(n l) 



1 181.30 ksi Ik. "ft 

2 182.50 28.6 

3 183.50 ' 42.9 

4 184.75 57-1 

5 187.75 71.5 

6 189.8O 85.7 



The data has been plotted on normal probability paper, page F3. 2-3, and a "best 
fit" straight line drawn through the data. The mean value and standard deviation 
can be read directly from the curve as indicated, giving x = 184.9 ksi and s = 4.3 
ksi. The poor straight line fit makes the assumption of a normal distribution 
questionable; extrapolation to lower percentiles wolld. clearly be poor practice in 
this case. 

Example 2 - The fatigue data of Example 2 in the previous section is retabulated 
below and mean ranks assigned. Mote that a log-normal distribution has been 
assumed. 



i 


N i' 


x i 
log N ± 


Mean Rank 
:i/(n+l) 


1 


10,280 


4.012 


16.7$ 


2 


10,5^5 


4.023 


33-3 


3 


11,931 


4.077 


50.0 


1* 


11,943 


4.077 


66.7 


5 


13,555 


4.132 


83.3 



Two procedures are available. The logs can be plotted on normal probability 
paper. This has been done on page F2.3-3. The mean log and standard log 



F3-2-2 



ilKUUUKtl MANUAL 



August I960 



deviation are read from the plot, giving x = ^ . O65 and s = .063. Converting 
"back to cycles results in a geometric mean of 11,620 cycles and a geometric 
dispersion of 1.16. 

The more direct procedure is to plot the fatigue data directly on log- 
normal probability paper, thus eliminating the steps involving the logs. 
This has been done on page F3.2- 1 *-. The geometric mean can be read directly 
from the plot. The geometric dispersion can be found by taking the Square 
root of the ratio of the cycles to failure at the 8k. 1 and 15.9 percentile 
points. Thus 



■ 2 = N Q^-i = 13,^00 



1.328 



N 15.9 " 10 ' 10 ° 



or 



e = 1.15 



Uimma/z. 
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Structural Reliability 



In conventional design practice a safety factor is applied, to the maximum 
expected service load to obtain a design load. The design load is taken as some 
TiyfT Tinmm allowable strength level such as the "A" value of MIL-HDBK-5 . This pro- 
cedure does not account for the variation in spread of either load or strength 
distributions and can lead to a wide range in "survival probabilities." The 
statistical or reliability approach, on the other hand, depends on the actual 
probability distributions of both the load and strength. 

Since this type of calculation has achieved a degree of popularity in some 
areas, it is worth describing briefly. However, the reservations noted below as 
to its applicability to major structural sections should be noted. 

For the fundamental "stress vs. strength" analysis, the structural reliability 
can be defined as the probability of survival, or one minus the probability of 
failure. The reliability is thus the probability that the strength level will 
exceed the applied load level. While the general procedure is applicable to any 
type of probability distribution, it is restricted here to cases where both load 
and strength are normally distributed random variables (ETDRV's)*. The means and 
standard deviations are either known or can be estimated from large samples. 
Since reliability type calculations are concerned with extreme values, i.e., 
the tails of the distributions, knowledge of the distributions is critical. 
Unless the data is based on very large samples, the results are relatively mean- 
ingless. Unfortunately from a statistical viewpoint, small samples are the rule 
when dealing with major structural components. 

Assume both load and strength are IJDEV's denoted by x^and x q with known 
parameters ( p^ t a J) and (ju s ,o s ). The reliability (r) is the probability (P) 
that the strength will exceed the load, i.e., 

R = P {x s -x^ > 0] 

The difference between two KDRV's is another HDEV, say x, -with parameters ((!,<?)• 



* This assumption results in a closed form analytic solution. Non-normal dis- 
tributions require the use of relatively lengthy numerical techniques. 
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From page F2.1-7(b), 



if x = x -x., 
then ju = ^-/i^ 

2 2 2 
and a - a + a., 
s V 

The reliability, P{x > 0], is thus equal to the area under the probability 

density curve f(x) for x bet-ween 0 and «. i n terms of the standard deviate 
x~ u ' 
z, where z =■ g " ., this is the area under the standard normal density curve 

from - to «, or by symmetry from -«to^. Thus the reliability is given 
by . 



R = P{z>-£} = P{z<#} 



or, 



R = F (£)> vhere H= ^ 



and where F(-£-)is the standardized normal distribution function, Table 1. 



Note that this relation holds for the limiting case where one of the 
distributions is a single value. For example, the applied load night be a 
single known v^lue^L^ -with zero variance. In this case the reliability is 
given by R 



jn value L, i 



The steps described are illustrated in the sketch below, showing the 
various probability density functions. 




Strength, x ; Load, xj 




Strength Minus load 



Reliability = p(z j-- tt/cr ) 
= F(z< a/o-) 
= F( A /o- ) 
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Since both distributions are based upon known populations, the calculated 
reliability is a known parameter of the combined distribution. It has a zero 
variance and consequently an associated confidence level of 100$. In the 
case where one of the distributions is based on sample data, the n and a 
would be replaced by the statistics x and s with the appropriate subscripts. 
The calculation for R is identical, but now R is an estimate of the true 
reliability and should be so expressed, i.e., as an estimate with an appropriate 
confidence interval. Thus the best estimate of the reliability would be 
p ^ JL j f where x and s are the estimated mean and standard deviation of the 
combined distribution. Then 



where 

a_ = standard error of R (see page F2.1-7c), 

t = t-distrlbution value for a confidence level of (1-a) and 
a,f 

f degrees of freedom (Table 3;. 

An example of this calculation is found in Reference 5. 

In the case where the load distribution is known and the required 
reliability is specified, the procedure is merely worked backwards. That is, 
Table 1 is entered with the value of F^-^to obtain the corresponding value 
of — . Using 



' P.* A. 



the values of the strength distribution parameters can be found. The 
solution to be above may be simplified by recourse to the coefficient of 
variation, V = —2- , which is .approximately constant for a given material 
and process. For example, V runs between .02 to .05 for standard aluminum 
alloys; the smaller value corresponds to sheet plate forms, while the latter 
applies to extruded forms. For materials where the "A" and "B" values are 
known, V « .9(B-A)/B. 
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Table 1. 

The Standardized Normal Distribution Function 



Fit) 



V~2r 



e-*dx 




0.01 



0.02 



0.0S 



0.06 



0.0! 



0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.1 
0.S 
0.9 

1.0 
I.I 
1.2 
1.3 
1.4 

I.S 
1.6 
t.7 
1.8 
1.9 

2.0 
2.1 
2.2 

:.) 
2.4 

2.5 
2.6 
2.7 
2.B 
2.9 

1.0 
1.1 
3.2 
3.3 
3.4 

J.5 
3.6 
3.7 
J.B 
3.9 



0.5000 


0.5040 


O.5OB0 


0.539B 


0.5438 


0.5478 


0.5793 


0.5832 


0,5 B71 


0 6t79 


0,6217 


0.6255 


o!«354 


0,6591 


0.6628 


0.691 5 


0.6950 


0.6985 


0.7257 


0.7291 


0.7324 


0.7580 


0.7611 


0.7642 


0.7SSI 


0.7910 


0.79)9 


0,8159 


0.BIS6 


O.S212 


0.8413 


0.84)8 


0.8461 


0.864) 


0.8665 


0.B6B6 


0.BB49 


0,8869 


0 888B 


0.90120 


0.90490 


090658 


0.91924 


0.92073 


0,92220 


0.93319 


0.9344B 


0.93574 


0.94530 


0.94630 


0.94738 


0.95543 


0.95637 


0.95728 


0.96407 


0.96485 


0.96562 


0.971 28 


0.97193 


0.97257 


0.97725 


0.9777B 


0.97B1I 


0,98214 


0.9B257 


0.98300 


0.9H6IO 


0.9*645 


0.98679 


0.98928 


0.98956 


0.98983 


0.9"ltl02 


0.9'1024 


0.9*2240 


0.9*3790 


0.9*3963 


0.9*4132 


0.9*53)9 


0.9*5473 


0.9*5604 


0.9'65)) 


0.9*66)6 


0,9*6736 


0.9*7445 


0.9*7523 


0.9*7599 


0.9'5IJ4 


0.9*8193 


0.9*8250 



0.9*8650 
0.9*0124 
0.9*3129 
0.9>5I66 
0.9*6631 

0.9*7674 
0.9*B409 
0.9'8922 
0.9*2765 
0.9*5190 



0.9*8694 
0.9*0646 
0.9*3363 
0.9'5J15 
0.9'6732 

0.9'7759 
0.9'8469 
0.9'8964 
0.9*1052 
0.9*5385 



0.9*8736 
0.9*0957 
0.9'1590 
0.9*5499 
0.9*6869 

0.9*7842 
0.9'8527 
0.9*0039 
0.9*3327 
0.9*5573 



0.5120 
0.5517 
0.3910 
0.6293 
0.6664 

0.7019 
0.7357 
0.7673 
0.7967 
0.8238 

0.8485 

0.B7OB 

0.8907 

0.90824 

0.92364 

0.93699 



0.97882 
0.98341 
0.9*7 1 3 
0.9*0097 
0.9*2451 

0.9*4297 
0.9*571 I 
0.9*6833 
0.9*7673 
0.9*8305 

0.9*8777 
0.9*1260 
0.9*3810 
0.9*5658 
0.9*6982 

0.9'7922 
0.9*85B3 
0.9*0426 
0.9*3593 
0.9*5753 



0,5160 


0.5199 


0.5239 


0.5279 


0.5319 


0.5359 


O.S3S7 


0.5596 


0.3636 


0.5675 


0.3714 


0.5753 


0.5948 


0.39B7 


0.6026 


0.6064 


0.6101 


0.6141 


0.6331 


0.63 66 


0,6406 


0.644J 


0.6480 


0.6517 


0.6700 


0.6736 


0.6772 


0.68 OS 


0.6844 


0.6879 


0.7054 


0.7088 


0.7123 


0.7157 


0.7190 


0.7224 


0.7389 


0.7422 


0.7454 


0.7486 


0.7517 


0.7549 


0.7703 


0.7734 


0.7764 


0.7794 


0.7823 


0,7852 


0.7995 


0.8023 


O.B05I 


0.8078 


0.8106 


O.M33 


0.8264 


0.82B9 


0.B3I3 


0.8140 


0.8363 


0.8389 


O.BS08 


0.8531 


0.8354 


0.8577 


0.8399 


0.8621 


O.B729 


0.8749 


0.8770 


0.K790 


0.8KI0 


0.8830 


0.8923 


0.B944 


0.8962 


O.X9K0 


0.8997 


0.90147 


0.9098B 


0.91 149 


0,91309 


0.91466 


0.916: 1 


0.91774 


0.92507 


0.92647 


0.92785 


0.92922 


0.91UJ6 


0.9.1 IB9 


0.93822 


0.9394) 


0.94062 


0,94179 


0.94295 


0.94 408 


0.94950 


0.95053 


0.931 54 


0.95254 


0.95152 


0.95449 


0.95907 


0.95994 


0,96080 


0.96164 


0.96246 


0.9*327 


0.96712 


0.96784 


0.96856 


0.96926 


0.96995 


0,97062 


0.97581 


0.97441 


0.97500 


0.9755B 


0.9761 5 


0.97610 


0.97932 


0.97982 


0.980)0 


0,9)1077 


O.V8I24 


0.98169 


0.98382 


0.98422 


0.98461 


0,98500 


0.985)7 


0.98374 


0.98745 


0,98778 


0.98809 


0.9K840 


O.9K870 


0.98899 


0.9*0358 


0.9*061) 


O.9'0S63 


0.9*1 106 


0.9*1344 


0.9*1576 


0,9*2656 


0.9*2857 


0.9*1053 


0.9*3244 


0.9*34.1 1 


0,9 3 J6I3 



0.9*4457 
0.9*5855 
0.9*6928 
0.9*7744 
0.9*8)59 

0.9*8817 
0.9*155) 
0.9*4024 
0.9*1811 
0.9'709t 

0.9'7999 
0.9*86)7 
0.9*0799 
0.9*3848 
0.9*5926 



0.9*4614 
0.9*5975 
0.9*7020 
0.9*7814 
0.9*8411 

0.9*8856 
0.9*1836 
0.9*4230 
0.9*5959 
0,9*7197 

0.9>8074 
0.9*8689 
0.9*1158 
0.9*4094 
0.9*6092 



0.9'4766 
0.9*609) 
0.9*7110 
0,9*7882 
0.9*8462 

0.9*8893 
0.9'2II2 
0.9*4429 
0.9*6103 
0.9*7299 

0.9*8146 
0.9'67J9 
0.9*1504 
0.9*433 1 
0.9*625) 



0.9*4915 
0.9*6207 
0.9*7197 
0.9*7948 
0.9*851 1 

0.9*89)0 
0.9*2378 
0.9*4623 
0.9*6242 
0,9*7)98 

0.9*8215 
0.9*8787 
0.9*1838 
0.9*4558 
0.9*6406 



0.9*5060 
0.9*6.119 
0.9*7282 
0.9*801 2 
0.9*8559 

0.9*8965 
0.9*2636 
0.9*4810 
0.9'6376 
0.9*7493 

0.9'82B2 
• 0.9'K8)4 
0.9*2159 
0.9*4777 
0.9*6554 



O.S*5201 
0.9*6427 
0.9*7365 
0.9'80?4 
0.9*8605 

0.9*B999 
0.9*2BB6 
0,9*4991 
0.9*6305 
0.9'7S83 

0.9'8J47 
0.9'B879 
0.9*2468 
0.9*4988 
0.9*6696 



0.9'6B33 0.9*6964 0.9*7090 0.9*7211 0.9*7327 0.9*7419 0.9*7546 0.9*7649 0.9*7748 0.9*7843 

ForeMmple: F<3.82> - 0.9*1327 - 0.99993)27 - I - 0.00006673 - I - Ft- 3.821. 

1 From Siniltiltal Tabltt mi* Formulas, by A. H»ld, John Wiley and Som. New Vorli, 1952: reproduced by 
permission of Professor A. Hild and Die publishers. 



Table 2. 



Percentiles of the Normal Distribution 





.75 


.90 


.05 


.975 


.99 


.995 


.999 


.9995 


.99995 


.099995 


a - 2|1 - FW\ 


.50 


.20 


.10 


.05 


.02 


.01 


.002 


.001 


.0001 


.00001 


z 


0.074 


1.232 


1.G45 


1.9G0 


2.32G 


2.570 


3.090 


3.291 


3.891 


4.417 
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Table 3. 

Percentages Points t ff of the t Distribution 



\ a 
\ 
./ \ 


0.50 


0.25 


0.10 






n ni 

v.Ul 


ft df\S 


1 


1.00000 


2.4142 


6.3138 


12.706 


25.452 


63.657 


127.32 


Z 


0.81650 


1.6036 


2.9200 


4.3027 


6.2053 


9.9248 


14.089 


3 


0.76489 


1.4226 


2.3534 


3.1825 


4.1765 


5.8409 


7.4533 


4 


0.74070 


1,3444 


2.1318 


2.7764 


3.4954 


4.6041 


5.5976 


5 


0.72669 


1.3009 


2.0150 


2.5706 


3.1634 


4.0321 


4.7733 


6 


0.71756 


1.2733 


1.9432 


2.4469 


2.9687 


3.7074 


4.3168 


7 


0.71114 


1.2543 


1.8946 


2.3646 


2.8412 


3.4995 


4.0293 


n 

5 


0.70639 


1.2403 


1.8595 


2.3060 


2.7515 


3.3554 


3.8325 


9 


0.70272 


1.2297 


1.8331 


2.2622 


2.6850 


3.2498 


3.6897 


10 


0.69981 


1.2213 


1.8125 


2.2281 


2.6338 


3.1693 


3.5814 


11 


0.69745 


1.2145 


1.7959 


2.2010 


2.5931 


3.1058 


3.4966 


12 


0.69548 


1.2089 


1.7823 


2.1788 


2.5600 


3.0545 


3.4284 


13 


0.69384 


1.2041 


1.7709 


2.1604 


2.5326 


3.0123 


3.3725 


14 


0.69242 


1.2001 


1.7613 


2.1448 


2.5096 


2.9768 


3.3257 


15 


0.69120 


1.1967 


1.7530 


2.1315 


2.4899 


2.9467 


3.2860 


16 


0.69013 


1.1937 


1.7459 


2.1199 


2.4729 


2.9208 


3.2520 


17 


0,68919 


1. 1910 


1.7396 


2.1098 


2.4581 


2.8982 


3.2225 


18 


0.68837 


1.1887 


1.7341 


2.1009 


2.4450 


18784 


3.1966 


19 


0.68763 


1.1866 


1.7291 


2.0930 


2.4334 


2.8609 


3.1737 


20 


0.68696 


1.1848 


1.7247 


2.0860 


2.4231 


2.8453 


3.1534 






1 Ifll 1 
l.lOJ 1 


t Tim 




1 A 1 10 


Z.B J 14 


1 y let 


22 


0.68580 


1.1816 


1.7171 


2.0739 


2.4055 


2.8188 


3.1188 


23 


0.68531 


1.1802 


1.7139 


2.0687 


2.3979 


2.8073 


3.1040 


24 


0.68485 


1.1789 


1.7109 


2.0639 


2.3910 


2.7969 


3.0905 


25 


0.68443 


1.1777 


1.7081 


2.0595 


2.3846 


2.7874 


3.0782 


26 


0.68405 


1.1766 


1.7056 


2.0555 


2.3788 


2.7787 


3.0669 


27 


0.68370 


1.1757 


1.7033 


2.0518 


2.3734 


2.7707 


3.0565 


28 


0.68335 


1.1748 


1.7011 


2.0484 


2.3685 


2.7633 


3.0469 


29 


0.68304 


1.1739 


I. '6991 


2.0452 


2.3638 


2.7564 


3.0380 


30 


0.68276 


1.1731 


1.6973 


2.0423 


2.3596 


2.7500 


3.0298 


40 


0.68066 


1.1673 


1.6839 


2.0211 


2.3289 


2.7045 


2.9712 


60 


0.67862 


1.1616 


1.6707 


2.0003 


2.2991 


2.6603 


2.9146 


120 


0.67656 


1.1559 


1.6577 


1.9799 


2.2699 


2.6174 


2.8599 


oo 


0.67449 


1.1503 


1.6449 


1.9600 


2.2414 


2.5758 


2.8070 



Computed by Maxime Merrington from "Tables of percentage points of the 
incomplete beta function, " Biometrika, Vol. 32(1941), pp. 168-181, by Catherine 
M. Thompson, Cambridge University Press; reproduced by permision of the 
author and publisher. 
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CI 
i— 1 
£> 

H 



c 
o 

•iH 

.a 

• H 

(I 
■M 

10 
i(H 

Q 

+> 
0 

En 
to 

4J 
C 

o 

(1. 

m 
v 

DO 

nJ 
+j 
C 
<U 

(J 
a 




m 
o 

© 
I 



e 


254.32 
19.496 

8.5265 

5.6281 

4.3650 
3.6688 
3.2298 
2.9276 
2.7067 

2.5379 
2.4045 
2.2962 
2.2064 
2.1307 

2.0658 
2.0096 " 
1.9604 
1.9168 
1.8780 

1.8432 
1.81 17 
1.7831 
1.7570 
1.7331 

1.71 10 
1.6906 
1.6717 
1.654 1 
1.6377 

1.6223 
1.5089 
1.3893 
1.2539 
1.0000 


0 

rsi 


253.25 
19.487 
, 8.5494 
: 5.6581 

4.3984 
3.7047 
3.2674 
2.9669 
2.7475 

2.5801 
2.4480 
2.3410 
2.2524 
2.1778 

2.1141 
2.05*9 
2.0107 
1.9681 
1.9302 

1.8963 
1.8657 
1.8380 
1.8128 
1.7897 

1.7684 
1.7488 
1.7307 
1.7138 
1.6981 

1.6835 
1.5766 
1.4673 
1.3519 
1.2214 


s 


252.20 
19.479 
8.5720 
5.6878 

4.4314 
3.7398 
3.3043 
3.0053 
2.7872 

2.6211 
2.4901 
2.3842 
2.2966 
2.2230 

2.1601 
2.1058 
2.0584 
2.0166 
1.9796 

1.9464 
1.9165 
1.8895 
1.8649 
1.8424 

1.8217 
1.8027 
1.7851 
1.7689 
1.7537 

1.7396 
1.6373 
1.5343 
1.4290 
1.3180 


? 


251.14 
19.471 
8.5944 
■ 5.7170 

4.4638 
3.7743 
3.3404 
3.0428 
2.8259 

2.6609 
2.5309 
2.4259 
2.3392 
2.2664 

2.2043 
2.1507 
2.1040 
2.0629 
2.0264 

1.9938 
1.9645 
1.9380 
1.9139 
1.8920 

1.8718 
1.8533 
1.8361 
1.8203 
1.8055 

1.7918 
1.6928 
1.5943 
1.4952 
1.3940 


0 

rn 


250.09 
19.462 
8.6166 
5^7459 

4.4957 
3.8082 
3.3758 
3.0794 
2.8637 

2.6996 
2.5705 
2.4663 
2.3803 
2.3082 

2.2468 
2.1938 
2.1477 
2.1071 
2.0712 

2.0391 
2.0102 
1.9842 
1.9605 
1.9390 

1.9192 
1,9010 
1.8842 
4.8687 
1.8543 

1.8409 
1.7444 
1.6491 
1.5543 
1.4591 




249.05 
19.454 
8.6385 
5/7744 

4.3272 
3.8415 
3.4105 
3.1132 
2.9005 

2.7372 
2.6090 
2.5055 
2.4202 
2.3487 

2.2878 
2.2354 
2.1898 
2.1497 
2.1 141 

2.0825 
2.0540 
2.0283 
2.0050 
1.9838 

1.9643 
1.9464 
1.9299 
1.9147 
1.9005 

1.8874 
1.7929 
1.7001 
1.6084 
1.5173 


O 
r-l 


248.01 
19.446 

3.8025 

4.5581 
3.8742 
3.4445 
3.1503 
2.9365 

2.7740 
2.6464 
2.5436 
2.4589 
2.3879 

2.3275 
2.2756 
2.2304 
2.1906 
2.1555 

2.1242 
2.0960 
2.0707 
2.0476 
2.0267 

2.0075 
1.9898 
1.9736 
1.9586 
1.9446 

1.9317 
1.8389 
1.7480 
1.6587 
1.5705 
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fN 


243.91 
19.413 

fl "7 AAA 

5.9117 

4.6777 
3.9999 
3.5747 
3.2840 
3.0729 

2.9130 
2.7876 
2.6866 
2.6037 
2.5342 

2.4753 
2.4247 
2.3807 
2.3421 
2.3080 

2.2776 
2.2504 
2.2238 
2.2036 
2.1834 

2.1649 
2.1479 
2.1323 
2.1179 
2.1045 

2.0921 
2.0035 
1.9174 
1.8337 
1.7522 


O 


241.88 
19.396 
8.7835 
5.9644 

4.7351 
4.0600 
3.6363 
3.3472 
3.1373 

2.9782 
2.8536 
2.7534 
2.6710 

2.5437 
2.4935 
2.4499 
2.4117 
2.3779 

2.3479 
2.3210 
2.2967 
2.2747 
2.2347 

2.2365 
2.2197 
2.2043 
2.1900 
2.1768 

2.1646 
2.0772 
1.9926 
1.9105 
1.8307 


0* 


240.54 

19.385 
8.8123 
5.9988 

4.7725 
4.0990 
3.6767 
3.3881 
3.1789 

3.0204 
2.8962 
2.7964 
2.7144 
2.6458 

2.5876 
2.5377 
2.4943 
2.4563 
2.4227 

2.3928 
2.3661 
2.3419 
2.3201 
2.30O2 

2.2821 
2.2655 
2.2501 
2.2360 
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Table 6. 



One -Sided Tolerance Factors for Normal Distributions 



Factors K such that the probability is f that at least a proportion (1-a) o£ the 
distribution will be greater than x-Ks (or less than x + Ks), where x and s are 
unbiased estimates of the population mean and standard deviation from a 
sample of size n. 

♦Columns labeled "A" § "B" are the K factors for the A B minimum strength 



levels of MIL-HDBK-S. 
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24 81 06 14 98 24 93 58 

75 55 54 29 67 02 81 01 

49 71 80 54 37 73 34 11 

04 19 48 35 54 98 00 41 

66 15 52 42 22 91 22 96 

10 80 17 67 83 05 31 23 

40 42 27 55 76 82 88 42 

95 57 21 21 25 12 05 41 

57 27 64 94 98 88 93 70 
80 56 69 49 63 83 78 78 

44 51 75 51 08 17 43 53 

55 42 48 76 50 13 89 69 

80 50 67 83 01 97 76 21 

03 64 65 44 02 75 41 33 

14 53 75 37 91 43 95 15 

01 64 43 36 30 71 24 75 

39 38 79 42 17 77 99 55 

74 96 24 94 89 54 66 29 

21 16 54 55 77 4 6 38 33 

58 51 99 53 96 73 60 77 

46' 98 27 95 19 22 29 41 

58 46 36 76 19 18 00 60 

43 05 50 00 20 39 25 46 

84 07 33 83 87 14 33 79 

93 54 23 72 70 09 36 16 

54 46 72 02 34 52 81 38 

43 60 84 28 32 93 91 76 
64 80 80 16 92 46 42 46 
78 70 39 30 06 59 65 14 
14 88 67 03 59 32 15 83 

69 28 06 18 56 78 97 49 

99 68 09 96 36 54 10 77 

01 66 22 15 54 63 83 64 

67 85 26 91 23 14 28 01 

13 91 16 76 91 97 85 48 

95 82 20 95 52 65 95 03 

44 06 82 49 28 27. 34 53 
99 2 2 2 6 64 15 71 06 96 
03 44 26 12 87 72 42 13 

14 96 76 OS 37 32 09 72 

27 86 41 53 58 16 49 99 

99 67 81 61 25 52 97 87 

89 14 37 94 03 22 32 45 

34 13 53 15 32 42 02 58 

72 11 79 75 79 36 07 12 

19 72 57 61 99 08 62 02 

9G 99 76 63 90 27 60 94 

44 15 86 76 18 15 57 29 

33 83 94 07 50 18 89 86 

53 07 00 16 30 84 43 40 



TABLE 7 



RANDOM NUMBERS 

63 66 58 26 24 45 65 91 42 
67 54 08 81 34 00 79 62 38 
74 14 91 86 82 41 02 76 12 
47 44 63 13 27 50 18 75 16 
38 41 03 27 15 67 26 36 81 

08 07 40 00 60 44 65 70 16 

76 51 58 49 58 75 38 23 57 

70 28 03 59 97 37 64 48 69 

86 59 46 84 08 32 31 75 61 

76 36 89 51 16 47 35 86 69 

31 09 60 34 34 61 93 66 01 
00 05 99 45 82 01 53 86 68 

64 34 62 43 02 84 38 13 60 

91 28 82 97 57 38 49 27 26 
13 26 33 27 45 48 33 80 80 

92 73 07 81 13 35 46 88 62 

32 85 13 35 48 49 80 83 59 
35 88 50 46 65 50 26 62 45 
88 55 21 56 18 93 32 94 24 
21 06 76 59 78 55 96 99 07 

56 76 83 48 49 82 79 79 20 
50 28 32 44 18 35 99 28 91 
84 39 27 39 92 42 59 04 64 
07 66 60 43 66 57 57 57 59 
24 04 74 05 65 29 64 67 37 

52 96 14 54 27 32 41 74 84 

70 31 50 22 09 40 89 64 85 

47 22 87 16 20 65 82 01 45 
84 04 82 28 46 64 05 89 81 
04 01 20 82 92 25 34 88 84 

14 85 01 58 31 10 20 53 74 
95 88 90 84 52 16 52 58 87 

15 30 21 86 48 17 11 68 92 
76 47 65 12 58 24 27 61 59 
99 50 40 96 30 66 97 82 66 

48 75 64 25 04 13 85 80 13 
42 35 44 12 40 64 35 06 28 
22 93 77 46 73 57 51 22 54 

57 77 61 07 94 24 62 17 76 
61 22 87 70 81 93 78 93 37 

19 03 62 98 79 81 98 15 03 

98 15 85 99 01 86 59 00 11 

42 61 97 83 04 26 30 48 49 

32 14 83 73 02 82 49 25 62 

92 61 89 93 77 82 08 23 74 

26 82 52 90 72 51 94 84 59 

15 70 17 74 92 31 85 24 47 
51 62 95 84 20 83 01 11 90 

16 50 09 97 04 76 51 41 20 
57 32 18 09 47 16 69 41 03 



68 67 42 61 74 77 93 46 

52 14 88 38 66 59 41 97 

36 71 38 43 72 84 36 27 

72 40 90 02 45 87 82 15 

75 U 82 94 33 62 08 94 

31 73 0 5 4 6 41 47 64 68 

06 64 69 46 90 09 55 68 

48 59 60 8 9 7 6 3 5 83 05 

19 49 11 28 46 76 79 28 

96 69 88 91 22 47 24 84 

94 37 13 24 09 75 29 21 

81 36 50 75 20 17 94 47 
26 32 36 81 43 17 56 41 

97 34 44 26 12 00 68 24 
26 69 76 04 87 83 58 32 

80 64 69 86 25 73 92 98 

06 34 94 06 03 61 85 02 

80 61 95 07 99 57 10 54 

80 97 03 78 39 73 87 70 

53 91 95 99 60 56 61 79 

00 26 40 22 50 14 30 73 

50 53 62 21 61 26 4 6 81 

15 09 35 07 11 25 51 17 

01 78 80 13 77 63 58 10 
28 13 98 01 48 29 75 89 

83 90 01 97 59 87 66 41 

82 76 91 16 71 99 98 70 
21 49 80 17 39 70 74 03 
80 09 89 56 11 27 81 44 
80 76 ' 69 25 10 04 86 02 

03 27 05 80 39 15 67 49 

51 31 71 68 53 11 85 50 

16 17 49 36 05 17 80 24 
43 20 15 93 47 30 56 27 
06 90 97 65 28 44 98 08 

37 08 18 09 28 63 07 69 
14 37 23 97 38 07 60 80 
82 37 99 96 27 25 87 77 
19 45 18 98 11 47 40 31 
22 32 25 38 45 38 03 31 

62 32 93 68 24 14 44 50 

39 32 53 49 18 C2 51 65 

40 99 99 69 96 13 94 21 
91 14 94 70 72 64 50 51 
75 67 56 37 45 35 13 44 

79 34 19 95 76 21 49 91 

55 64 51 9 1 47 13 39 69 
66 80 81 40 43 65 87 35 

56 50 20 33 53 70 10 22 

38 24 02 16 41 58 39 58 
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TABLE 8 

RANDOM NORMAL DEVIATES 

M = 0, o = 1 

-0.670 0.518 0.387 0.523 0.641 1.243 0.322 - 2.607 -1.097 -0.012 

-2.912 1.448 1.343 - 0.122 0.726 -0.617 0.609 2.319 -0.450 -1.197 

-0.028 -0.790 0.057 1.425 1.940 1.161 -0.878 -0.716 -0.244 -1.151 

-1.257 0.774 0.003 0.388 1.060 1.028 -0.236 1.172 0.442 -0.157 

2.372 -1.376 -1.318 1.236 0.738 0.337 - 0.534 0.090 0.886 0.676 

-0.970 0.438 -0.672 -0.180 0.667 1.370 -0.481 0.329 0.842 0.449 

-1.228 0.129 -0.426 -0.165 0.028 2.696 1.201 -1.351 0.724 -1.017 

-0.369 0.310 0.432 0.237 0.884 -1.224 0.539 0.852 0.497 -0.283 

1.161 1.219 1.615 0.336 1.100 -0.528 0.161 0.278 0.675 -1.143 
-0.284 2.609 0.792 1.825 - 0.249 1.654 0.621 0.979 -1.472 -1.173 

-0.578 -0.789 0.106 0.832 - 0.597 0.496 -0.561 -1.033 - 0.578 - 0.378 

0.074 0.261 -0.766 -1.046 0.361 -0.043 -1.927 1.527 0.605 1.475 

0.230 0.046 0.978 -1.901 1.162 -0.545 0.697 1.151 2.033 0.080 

2.162 - 0.562 1.190 0.925 -1.057 0.015 -1.371 1.067 -1.080 -1.129 
-1.020 -1.130 -0.315 0.628 - 0.140 2.050 -0.030 - 0.629 0.128 -1.221 

1.323 -0.836 -0.284 - 0.249 -0.768 1.242 - 0.879 -0.417 0.013 - 0.502 

2.329 1.884 0.033 0.598 - 0.217 0.260 0.431 -1.914 0.205 1.155 

2.761 1.800 -0.562 0.714 -0.407 0.009 -0.724 -1.168 0.247 1.166 

-0.232 0.605 -0.023 - 0.531 0.542 -0.155 0.697 1.037 - 0.316 -0.003 

-0.742 0.210 -0.741 -1.099 0.158 2.112 - 0.765 -0.319 - 0.247 0.345 

-1.410 0.413 0.705 1.444 1.057 -0.843 0.043 - 0.571 -0.001 0.203 

2.272 -0.719 0.679 2.007 -0.180 0.698 -1.137 0.688 -0.571 -0.100 

2.832 0.925 -1.350 1.529 -0.260 -1.007 -2.350 -1.501 0.289 1.522 

-1.086 -0.558 -0.973 -1.285 -0.021 0.077 0.915 -0.241 -0.249 -0.529 

0.134 1.815 0.313 1.571 -0.216 2.261 0.696 -0.130 0.393 0.017 

0.783 0.600 -0.745 1.127 -0.684 -0.519 0.125 - 0.499 1.543 -0.082 

0.174 -0.897 0.575 -0.751 0.694 -2.959 0.529 1.587 0.339 -0.813 

-1.319 0.556 2.963 1.218 1.199 -1.746 1.611 0.467 -0.490 0.202 

1.298 -0.940 -1.143 -1.136 -1.516 0.548 0.629 0.250 -1.087 0.322 

-0.676 -1.107 -1.483 0.278 0.493 -0.442 1.078 -0.336 -0.177 -0.057 

-1.287 0.775 -1.095 1.161 -1.877 1.874 1.703 -1.619 -0.725 -1.407 

0.260 - 0.028 -1.982 0.811 0.999 1.662 0.908 1.476 -1.137 - 0.945 

0.481 1.060 1.441 0.163 0.720 1.490 - 0.026 - 0.502 0.427 - 0.351 

0.794 0.725 1.971 0.384 - 0.579 -1.079 -1.440 - 0.859 - 0.346 0.077 

0.584 -0.554 1.460 0.791 -0.426 -0.682 0.430 1.922 - 2.099 0.221 

-0.114 0.379 -0.698 1.570 -0.511 -0.725 0.680 -0.591 -1.091 0.357 

-1.128 -1.707 0,921 -0.859 -1.566 • 1.523 -0.900 - 0.988 0.264 0.282 

0.691 0.153 0.076 1.691 0.553 0.457 -1.107 0.322 0.633 0.007 

1.115 0.777 -0.738 0.868 1.484 -1.792 0.950 - 0.842 -0.192 0.620 

-0.389 0.559 0.670 -0.315 1.234 0.475 1.117 1.286 -0.649 -1.880 

0.330 0.750 -0.642 0.148 -0.608 0.866 -1.720 0.653 -0.210 -0.959 

-0.333 - 0.084 1.239 - 0.049 -0.095 -0.197 -0.213 -1.420 -0.491 0.102 

1.718 1.111 -0.548 -0.G53 1.534 -0.456 -0.395 1.614 -0.531 -0.785 

-0.182 0.620 1.178 -1.071 0.444 -0.072 -1.001 1.325 -0.302. -1.119 

1.260 -1.192 0.182 -0.397 -0.705 -1.085 -1.492 1.642 0.673 -0.707 

-1.204 -1.725 1.695 1.473 0.665 -0.489 0.020 0.267 1.230 0.865 

-0.619 0.307 -0.226 -0.096 0.987 -1.195 -1.412 0.433 2.052 0.022 

-0.272 -0.096 0.137 - 0.361 0.653 -0.156 1.309 -0.480 - 0.397 1.302 

0.245 -0.690 0.493 -1.123 1.465 0.132 0.582 -0.429 0.225 0.125 

0.101 -0.855 0.782 -1.040 2.113 -1.423 -1.010 0.158 0.106 -1.232 
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SECTION Gl - LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 



The following pages contain a listing of computer programs which are 
useful in solving problems encountered by structures personnel. They are 
subdivided into the following categories: 

General Gl.01-1, 2 

Stress Distribution Gl.02-1 thru -7 

Dynamic Loads Under Transient Conditions GI.03-I thru -8 

Temperature Distribution Gl.04-1 thru -5 



The availability of additional reference material in the form of 
reports, memos , etc. is indicated. Information concerning some of the 
reference material can be found in Section A6. 

Detailed information on any of the listed programs can be obtained 
from the Computer Technology Group (X7701). 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 



General 
Title 



Summary 



Grumman Large Scale 
Matrix Package for 
IBM 709** 



Consists of many subroutines 
which perform a variety of 
matrix operations. These 



operations include matrix 
additions, subtractions, 
multiplications, inversions, 
consolidations, row or column 
deletion, and partitioning. 
The subroutines have a common 
data format and communication 
medium. They are linked to- 
gether by a program that 
controls the flow of data be- 
tween them and also establishes 
the operations to be performed. 

Use of the large scale 
matrix package requires a joint 
effort by computer personnel 
and engineers. The formulation 
of the matrix problem, tabu- 
lation of input data and 
results is the responsibility 
of the engineer. Processing 
data and supplying the results 
to the structures engineer is 
the responsibility of the 
computer group. 



chain of matrix operations 
provided row and column size 
does not exceed 90. Input 
matrix data must be in standard 
single word Grumman Format. 
These operations are controlled 
by a series of two digit code 
numbers, each number causing a 
matrix operation. Three 
storage zones designated A, B, 
and C are provided. As an 
example, the code number 06 
causes the matrix multiplication 
of A x B and stores the result 
in C. Small matrix jobs can be 



Fortran Matrix Package 



This program can carry out a 
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General 
Title 



LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 

Summary 



Fortran Matrix Package 



Gismo Matrix Package 
(Ref : Bu-Docks GISMO 
Users Manual Contract 
No. NBy-33778) 



easily coded and processed. 
Programs which utilize this 
matrix package include the 
following : 

1*5135 r elastic analysis 

45138A - matrix multi- 
plication with and 
and without punched out- 
put, 

^5138B respectively. 

^5139 - solution of equations 

Gismo performs simillar matrix 
operations as the Grumman Large 
Scale Package. It is intended 
primarily for the analysis 
of large scope structural 
problems . 

The decision as to which 
matrix package is preferable 
for a particular problem 
should be made jointly by the 
engineer and the Computer 
Technology Group. 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Stress Distribution 



Program 
Number 

k5lkk 



Title 



General Frame Analysis 



^5156 



General Unsymmetric 
Shell Analysis Pro- 
gram 



Summary 



Performs routine elastic 
analysis of following types 
of frames or beams : 

1. "One -celled frames with 

symmetrical' or anti- 
symmetrical loading, 

2. U-frames with symmetrical 
or anti -symmetrical loading. 

3- Curved beams with the re- 
sisting forces or reactions 
at the ends of the beams. 
k. Some types of curved beams 
with resisting shears and 
■ end reactions. 
The programs involved have 
additional capabilities which 
can be utilized to satisfy 
specific problem requirements. 
These capabilities include the 
following : 

1. Shear and axial energy 
effects in addition to bending 
energy effects. 

2. Pressure conditions 
(uniform and hydrostatic). 

3. Two lines of shear flows. 
Frame member forces and 
flexibilities corresponding to 
the applied loads are punched 
out in standard Grumman format 
and can easily be incorporated 
into a fuselage analysis. 

This program is capable of per- 
forming a linear unsymmetric 
shell analysis and a linear or 
non-linear axisymmetric analysis, 
It can cope with any shell 
configuration that can be 
idealized into twenty-five or 
less shell segments and twenty- 
six or less node points. Each 
shell segment can have any one 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 



Stress Distribution 



Program 
Number 

^5156 



1*5180 



Title 



General Unsymmetric 
Shell Analysis Pro- 
gram 



Shear Buckling - 
Rectangular 
Orthotropic Plates 



Summary 



of the following geometric config- 
urations : ellipsoid, ogive, 
parabola, cylinder, and cone. The 
program also has the capability of 
handling a "rigid" segment or 
kinematic linkage. Program out- 
put consists of stiffness co- 
efficients for each shell segment. 
If shell segments are coupled, 
then final stresses, displacements, 
and yield stresses, are printed 
out along each shell segment at 
desired intervals.' 

Determines the shear buckling 
coefficients for both the 
symmetric and antisymmetric modes 
of buckling of simply supported, 
finite rectangular orthotropic 
plates from prescribed. values of 
stiffness and geometry parameters. 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Stress Distribution 



Program 
Number 

1*5051 



1*5091 



45045 



k5lkO 



Title 



Flexibilities, 
Quadrilateral. 
Shear Panel 
(Ref. GE 196) 



Argyris 
Redundants 
(Ref. GE 196) 



Minimum Compression 
Buckling Load for 
Single and Double 
Corrugation 
Sandwich. 



Axially Symmetric 
Shell Buckling 
(Non -Linear Shallow 
Shell Iteration) 



Summary 



Calculates the member flexibilities 
in a quadrilateral shear panel and In 
surrounding bar systems. This program 
also calculates appropriate terms to 
adequately consider Poisson's Ratio 
and sweep coupling effects. 

Calculates redundant load 
distribution in an "Argyris Box" 
structure. Also calculates "kick" 
loads induced by warping of the cover 
panels and components of spar and rib 
cap strip loads. Structure is assumed 
to be symmetrical about a horizontal 
plane. 

The buckling equation for a single 
or double corrugation sandwich is 
minimized to determine the lowest 
buckling load for any given set of 
parametric values used to classify 
this type of structure. 

This program calculates the non- 
linear deflected shape of an axi- 
symmetrically loaded shallow 
spherical shell. As a special case, 
non -linear arch deflections can also 
be determined. Internal load dis- 
tributions are also provided. 



Gl.02-4 



STRUCTURES MANUAL 



1 September 



LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 

Stress Distribution 

Program Title Summary 

Number 

^5160 Variable Cross Calculates the buckling coefficient 

Section Column and critical buckling load of a 

member with a varying EI. The 
member is pin connected at both 
ends and must be symmetric about 
a line through it's midpoint. 
Tabulated values of 'El/EI max. 
must be provided as input data. 



^5132 Strength of Laminates Computes the stress distribution 

Made of Orthotropic in laminated plates of ortho.-< 

Materials tropic materials under any com- 

bination of planer loads and 
edge moments. The laminates can 
have any orientation with respect 
to each other. The failure 
criterion used in the program is 
the modified Von Mises criterion 
recommended in MIL-HDBK 17. 
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Stress Distribution 



Program 
Number 

24-5006 



Title 



Cumulative 
Fatigue 



k5l6h 



Barrel Shell 

Analysis 

(Ref : GE 209) 



45126 



Matrix Analysis 
Methods Inelastic 
Structures - 
Part I Elastic 
Plastic Solution 
of Shear Lag 
Problem (Ref. 
ADR 02-11- 62.2 



Summary 

Based on Grumman Structures 
Manual fatigue curves, the 
program will calculate 
fatigue damage for both the 
pre-residual and post- 
residual life cycles. The 
theory of this program is 
explained in the fatigue 
section of the Structures 
Manual. For notched 
specimens, the accuracy of 
this method is greatest when 
the range of stresses predict 
more than 10,000 cycles of 
life. 

The ASCE Manual #31 equations 
are programmed for solution. 
Circular barrel shell stresses 
are computed for various 
normal loadings, simply 
supported transverse edges, 
and arbitrary longitudinal 
edge supports. Poisson's 
ratio is neglected. A 
plotting routine is in- 
corporated into the program. 

Calculates the internal load 
distribution in a redundant 
in-plane structure considering 
inelastic plastic and creep 
effects. Material properties 
are isotropic or anisotropic. 
Input data consists of: 
l) Components of Planar stress 
at the node points due to the 
applied loads and inposed 
strains (a maximum of 55 nodes 
are allowed). 2) Stress - 
strain table. 3) Creep co- 
efficients, k) Loading se- 
quence. 5) Anisotropic parauia. 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 



Stress Distribution 



Program 
Number 

^517^ 



Title 



Astral Automated 
Structural Analy- 
sis (Ref. 
AM 02-11-65.1) 



Summary 



A series of linked programs for 
the solution of an idealized 
structure with only the structure 
geometry and material properties as 
input data. The programs included 
are: 

1) Direct Stiffness Analysis - 
For the various options listed 
"below the output is in form suit- 
able for input to GISMO (Gl. 01-2) 
for further coupling of structures. 

a) Large Package - For structures 
with a maximum, of 150 joints at 

3 degrees of freedom or 75 at 6 
degrees of freedom. 

b) Small Package - For structures 
with a maximum of 45 joints at 2 
degrees of freedom or 30 joints at 
3 degrees of freedom or 15 joints 
at 6 degrees of freedom. 

For small structures this program 
requires much less computer time 
than (a) above or (c) GISMO 
Input - For structures which 
exceed the capacity of (a), this 
program will compute the stiffness 
matrix required for a solution, 
(d) Band Characteristic Program - 
For particular structures where 
the joints can be numbered so as 
to create a "banded" stiffness 
matrix not exceeding 270 elements 
in width, this option can solve 
structures with 300 joints at 3 
degrees of freedom. 

2) Automated Force Method - 
Solves structures composed of bars 
and shear panels. A maximum of hh 
joints at 2 degrees of freedom are 
allowed. 

3) Member Load Conversion - 
Generates a matrix to convert 
member loads from the stiffness 
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Stress Distribution 



Program 
Number 

1+517^ 



^5175 



Title 



Astral Automated 
Structural Analy- 
sis (Ref. 
ADN 02-11-65.1) 



Structural 
Synthesis (Ref. 
ADR 02-21-65.1) 



Summary 



type to the force type. 
1+) Buckling - Computes critical 
"buckling loads for structures 
composed of bars and beams. A 
maximum of 30 joints at 3 degrees, 
of freedom, or 15 joints at 6 
degrees of freedom are allowed. 

Optimizes the -weight of an infin- 
itely wide integrally stiffened 
panel subjected to compressive and 
shear loading. A realistic non- 
linear failure criteria accounting 
fcr buckling and post budding 
behavior of the panel elements 
is specified. 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Dynamic Loads Under Transient Conditions 

Summary 



Program 
Kumber 



Title 



1*5151 



45oia 



Single Degree 
of Freedom Res- 
ponse 

(Ref. GE 90A) 



Equipment Shock 
Response 

(Ref. IOM 7/10/57 ' 
Shock Load Criteria 
for the Design of 
Electronic Equip- 
ment for the WF-2 
Airplane R. Harris, 
A. Kelsey) 



45172 



Calculation of 
Normal Modes of 
Vibration 



Presents dynamic response of a 
linear, single degree of free- 
dom system subjected to 
various forcing functions. 
The effects of viscous damping 
can be included. 

This program calculates the 
response of a non-linear 
spring -mass system with 
viscous damping to a half- 
sine wave acceleration 
pulse applied to the base of 
the system. This can represent 
the response of equipment 
(black boxes) mounted on 
vibration isolators when the 
base is subjected to the 
shock of MIL-E-5400 C or to a 
typical aircraft landing. 

Obtains normal modes and 
frequencies of vibrations 
of structures idealized into 
lumped masses connected by 
weightless, flexible members. 
Input data requirements consist 
of mass, flexibility influence 
coefficient, and transformation 
matrices. Up to ihh relative 
degrees of freedom plus 6 
degrees of freedom of a 
reference point can be 
allowed. 
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Dynamic Loads Under Transient Conditions 



Program 
Number 

45122 

45123 A,B,C,D 



Title 



Response of a 
Wing to Transient 
Loading Conditions 
Induced by Landing 
and Catapulting 
(Ref. GE 172) 



1*5182 



A Method for 
Predicting the 
Dynamic Behavior 
of a Particular 
Type of Articulating 
Landing Gear 
(Ref. ADN 02-10-65.1) 



Summary 



Predicts the behavior of an 
elastic airplane wing during 
catapulting, arrested or field 
landing. Decks 45122 A and B are 
used simultaneously to calculate 
the response of the wing to 
symmetric loading conditions. 
Decks 45123 A,B,C,D are used 
simultaneously to calculate the 
response of the wing to un- 
symmetric loading conditions. 
Both programs calculate wing net 
loads relative to a prescribed 
structural axis. 

Predicts the behavior of a 
landing gear which articulates in 
a plane parallel to the plane 
of symmetry during the initial 
landing impact. All the import- 
ant parameters required to define 
the ground loads are considered. 
The program prints out all the 
pertinent design data. 



1 September 



STRUCTURES MANUAL 



Gi.03-3' 



LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Dynamic Loads Under Transient Conditions 

Title Summary 



Program 
Number 



Metering Coefficient 
from Strut Dimensions 



1^5023 



Dynamics of 
Arresting Hook 
Due to Impact 
with Deck 
(Ref. GE 1810 



Nose Tow Catapult 



Nose Tow Catapult- 
ing Off Center 
Spotting Dynamics 
(Ref. GE 203) 



Calculates metering coefficient 
K, which is used to determine 
the viscous damping force as a 
function of the shock strut 
stroking velocity squared. 
Metering pin and orifice 
diameters and the density of 
the hydraulic fluid must be 
provided. 

Predicts behavior of 
arresting hook when it strikes 
deck structure during a carrier 
landing. Determines stresses 
in hook, path of toe, hold- 
down dashpot requirements , and 
loading on hook bumper should 
hook contact it. 

Predicts structural loads 
and general behavior induced 
during the nose tow catapulting 
of an aircraft. The airplane 
is assumed to be a single 
rigid body except for the nose 
gear assembly and the two main 
gears . 

Predicts nose gear lateral 
loads due to off-center 
spotting during nose tow 
catapulting. The effect of 
nose gear lateral flexibility 
has been included. Aerodynamic 
forces and structural damping 
are neglected. This restricts 
the validity of the results 
to the first load cycle ex- 
perienced by the gear or 
approximately the 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Dynamic Loads Under Transient Conditions 



Program 
Huniber 

k5lk2 



1+5130 



Title 



Hose Tow Catapult- 
ing Off - Center 
Spotting Dynamics 
(Ref. GE 203) 



Dynamics of 
Unsymmetric 
Landing 

(Ref, ADR 02-10-62.1) 



Summary 



first second of motion. Output 
of the program includes trans- 
lation, rotation, velocity, and. 
acceleration in the X, Y, and £ 
directions . 

Predicts dynamic behavior of an 
airplane during an unsymmetrical 
landing. Six degrees of freedom 
are allowed at the aircraft C.G. 
Aerodynamic and thrust forces can 
be applied to the aircraft. 
Metering, bending flexibility, 
and bearing friction of the oleo 
struts are provided for. 
Flexibility of supporting gear 
braces and of the airplane 
structure at the gear attach- 
ment points are also provided. 
The effects of cable arrestment 
during carrier landings can be 
accounted for. 



f-Utmmanzz 



1 September I965 



STRUCTURES MANUAL 



Gi.03-5 



LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 



Dynamic Loads Under Transient Conditions 



Program 
Number 

1+5036 



Title 



Arrested Landing 
with Cable Impact 
(Ref. GE 176) 



450U3 



Tail Bounce 
Analysis 



U5067-M 



Water Impact of 
Manned Space Craft 
(Ref. ADR-0l;-03a- 
61.1) 



Summary 



Determines rigid aircraft motion 
and landing gear load-time his- 
tories for either symmetrical 
shipboard arrestments or field 
landings. This analysis is also 
capable of determining loads in- 
duced when a wheel impacts and 
rolls over an arresting cable. 
Coupled- aerodynamic, inert ial, 
arrestment, and landing gear 
forces, excluding aerodynamic 
drag are fully described. 

Determines tail bumper loads 
when aircraft brakes are applied 
as aircraft rolls backward. 
Analysis can consider the fuse- 
lage as flexible. The main gear 
is represented by a non-linear 
spring assigned the flexi- 
bility properties of the tire 
and strut combination. The 
spring located at the bumper 
represents the local flexi- 
bility of the bumper material 
as well as airframe flexibility. 

Determines the effect on space- 
craft subjected to rough water 
impact. The theoretical NASA 
approach ' for 
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Dynamic Loads Under Transient Conditions 



Program 
Number 

^5067 -M 



45087 



1+5087 TF 



Title 



Water Impact of 
Manned Space Craft 
(Eef. ADR-C4-03a- 
61.1) 



Transient Response 
Using Transfer 
Function Data 
(Ref. Str. Methods 
Note: An Intro- 
duction to Mechan- 
ical Transfer 
Functions. A. Kelsey 
5/61) 

Evaluation of 
Transfer Function 
(Ref. See U5087) 



Summary 



rotationally constrained, 
prismatic "bodies impacting 
smooth water is expanded to 
account for the behavior of a 
pitching, non-prismatic vehicle 
penetrating rough water. The 
analysis calculates normal 
acceleration, rotational 
acceleration, attitude, and vehicle 
velocity. 

The transient response for a 
linear system is obtained by 
means of a modified Duhamel 
integral solution. The inte- 
grand is a function of experi- 
mental transfer function data. 



The theoretical transfer function 
is calculated based upon normal 
mode data for a multi -degree of 
freedom system. A tabulation is 
made of transfer function vs. 
frequency. 
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LISTING OF SUMMARIES OF IBM COMPUTER PROGRAMS 
Dynamic Loads Under Transient Conations 

Program Title Summary 

Number 



1+5103 



1+5500 



1+5501 



1+5505 



1+5511+ 



Roving Vehicle 
Dynamic Analysis 
(Ref. ADR 06-0l+b-6l.l) 



LEM Symmetric 
Landing Study 
Tripod Gears 



LEM Unsymmetric 
Landing Study - 
Tripodal Gears 



LEM Symmetric 
Landing Study - 
Cantilever Gears 

LEM Unsymmetric 
Landing Study - 
Cantilever Gears 

(Ref. LED 520-6) 



Predicts behavior of wheeled 
vehicle traveling on the 
lunar surface. The chassis of 
the Idealized vehicle is assumed 
to "be a simple rigid body with 
its mass and inertia properties 
concentrated at its C.G. The 
wheel masses, which are asssumed 
concentrated at the axles, are 
connected to the chassis by a 
suspension system idealized as 
non-linear springs in parallel 
with velocity sensitive 
damping devices. 

Predicts the dynamic behavior 
of the Lunar Excursion Module 
during symmetrical or un- 
unsymmetrical landing. 
Principal features of the 
analysis are : 

1. The vehicle may possess 
h, 5 or 6, "tripodal" type or 
"cantilever" type gears. 

2. Six degrees of freedom are 
allowed at the vehicle C.G. for 
unsymmetric motion (three 
degrees of freedom of the C.G. 
are allowed for the symmetric 
case ) . 

3. Three degrees of freedom are 
alloved at each of the gear 
foot pads . 

1+. Strut load-stroke chera- 
teristics may be represented 
by any single valued function. 
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Dynamic Loads Under Transient Conditions 



Program 
Number 



Title 



LEM Unsymmetric 
Landing Study - 
Cantilever Gears 

(Ref. LED 520-6) 



Summary 



5. The landing surface may be 
inclined and may contain pro- 
tuberances and depressions. 

6. Each pad may impact a surface 
of different energy absorbing 
capacity. 

7. Built in crushing 
characteristics of the foot pads 
are considered. 
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Tenmerature Distribution 



Program 
Number 



Title 



Summary 



U5113-E 



Ablating Slab & 
Sub -Structure 
Transient 
Temperature 
Response 



45060 



Honeycomb Sandwich 
Panel Temperature 
Distribution 



45061 



Corrugated 
Sandwich Panel 
Temperature 
Distribution 



45062 



Multi-slab 

Temperature 

Distribution 



Determines transient temperature 
response in a charring ablator 
and a 2 -dimensional backup 
structure subjected to con- 
vective heat input on the 
outer surface ablation 
material. No surface 
recession is assumed. Depth 
of charring can be determined. 

Computes transient temperature 
distribution in a honeycomb 
sandwich panel subjected to 
aerodynamic heating on one or 
both sides. The program 
accounts for radiant heat 
transfer on both inner and 
outer surfaces and conduction 
through honeycomb core. 

Computes transient temperature 
distribution in a corrugated 
sandwich panel subjected to 
aerodynamic heating on one or 
both sides. The program 
accounts for radiant heat 
transfer on both inner and 
outer surface and conduction 
through honeycomb core. 

This program calculates the 
transient temperature response 
of a plate which is divided 
into "N" isothermal zones 
where N varies from 3 to 20. 
Heat input by convection, as 
well as a more general heat 
input, are permitted as a 
function of time. Temperature - 
time histories for each iso- 
thermal zone are calculated. 
The effects of heat loss by 
radiation from the heated 
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Temperature Distribution. 



Program 
Number 

^5062 



1^063 



Title 



Mult i -slab 

Temperature 

Distribution 



Isolated Plate 

Temperature 

Response 



^5177 



Thermal Protection 
System - Composite 



Summary 



surface are included. Variation 
of specific heat and thermal con- 
ductivity with temperature is 
permitted* 

Computes transient temperature 
distribution in a thin, isothermal 
plate subjected to aerodynamic 
heating on one or both sides. 
Program accounts for radiant 
heat transfer on the surfaces. 
Specific heat as a function of 
temperature can be described as 
part of the input data. 

Program description source as 
program ^5178 (above) except: 

1. Magic subroutine is 
employed for forward in- 
tegration. 

2. Time variation in boundary 
layer oxygen. 

3. Automatic plot routine is 
incorporated for temperature 
response & mass loss. 
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Program 
number 



Title 



Summary 



U5113-A 



Thick Walled 
Cylinder - 
Transient 
Temperature 
Response 



Radiant Interchange 
& Equilibrium 
Temperatures 



Radiant Interchange 
& Transient 
Temperatures 



Computes transient temperature 
distribution through the wall 
of a cylindrical cross section 
where both inner and outer 
surfaces may be subjected to 
aerodynamic heating. Program 
accounts for radiant heat 
transfer from the surfaces. 
Thermal- conductivity and 
specific heat as a function 
of temperature can be de- 
scribed as part of the input 
data. 

Determines radiation interchange 
factors and equilibrium 
temperature distribution in a 
three dimensional system. 
Thermal boundary conditons 
can consist of: (a) con- 
vective heat input as a 
function of temperature, and 
(b) heat input by convection, 
conduction, and radiation from 
fixed temperature sources. 

Determines transient 
temperature response in a 
three dimens ional . system 
identical to that described 
for program 45113-A.. Thermal 
boundary conditions applied to 
the system can consist of: 
(a) convective heat input 
which is a function of 
temperature and time, and 
£b) heat input by convection, 
conduction, and radiation from 
fixed temperature sources. 
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Temperature Distribution 

Title 



Program 
Number 



Configuration 
Factors - 
Axisymmetric 
Enclosures 



1 +5113-D 



Configuration 
Factors - General 



^5178 



Reentry Ablation 

Temperature 

Response 



Summary 



Determines black body radiation 
configuration factors in a system 
consisting of surfaces of revo- 
lution. These surfaces of 
revolution are described around a 
common axis. Shadowing effects 
between surfaces are accounted 
for. 

Determines black body radiation 
configuration factors in a 
system consisting of surfaces of 
revolution and flat, rectangular 
plates arranged in random fashion. 
Shadowing effects between surfaces 
are accounted for. 

Program calculates temperature 
response and mass loss for a one- 
dimensional ablation system with 
substructure. 

The ablation material is 
divided into two layers 
(representing charred and un- 
charred portions) whose boundaries 
can move with time. The boundary 
recession is determined by the 
mass losses of the two layers. 
Char removal can take 
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Temperature Distribution 

Program Title Summary 

Humber 



45178 Reentry Ablation 

Temperature 
Response 



place through, oxidation and sub- 
limination while uncharred material 
is thermally degraded into Char 
material and a gas that passes 
through the char layer to the front 
(heated) surface. 

Temperature response is calcu- 
lated by a forward difference nu- 
merical technique. 

The analysis was principally de- 
veloped for charring ablators sub- 
jected to reentry thermal enviorn- 
ments but is applicable to impregnated 
ceramics, subliming ablators or any 
conduction problem involving up to 
3 layers of material. 

Principal data required for use 
with charring ablators are: 

1. Cold wall convective heating rates 
and radiative heating vs. time. 

2. Density, specific heat vs. temp- 
erature, and thermal conductivity 
vs. temperature, for char layer, 
uncharred layer & substructure. 

3. Heat of pyrolysis of virgin 
plastic, reaction rate factors, or 
ablation temperature, and specific 
heat of decomposition gases vs. 
temperature. 

k. Boundary layer enthalpy pressure 
and oxygen concentration. 
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Subjootj. Fatigue Allowables for - AU$09 ■ Sorewa, Sheet-Faatener Combination*' 

• 

A method is presented here 'for determining the fatigue li*« joints nith 
AN$09 screws macblne-countarsunic in- R301-T6 or 75S-T6 aluminum ^7 
sheet, alad or bars. The method is based upon fatigue teat data °^ Md 
at Origan, vhich indicated no significant differences in fatigue allovablaa 
for the different sheet materials. The teat data and the procedures 
used to extend the information beyond the range of the teats vill oe 
presented in QB-lSO. 
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Fatl.ua Allowables for Joints Screws. Machine Countersunk 

in R301-T6 or 75S-T6 Shoot 



NT 



At 



'1 



o 



G 



5 



Fig- 1 



x nt 
fnt. 



hom. 



fnt 



<D 



Symbols i 

C, - Percentage increase in the fatigue, strength per acrew for 

a joint with- a wide acrew spacing -(J - 12) over a joint with 
a narrow screw spacing (J - 3-5)- (See Fig. 50 

D - Shank diameter- of screw 

- Average tensile- 3tre3S in countersunk sheet at the net section 

- p - nominal tensile stress in the 'countersunk sheet at 
CW-Djii ^ nQt sect i 0n 

-A reference value of net-tension fatigue stress (see Fig. 3)» 
(In particular, it is the nat-3ection stress causing fatigue 
failure in a joint with a 3/8 inch screw, with 

nt Hi f f - Size effect correction to the reference fatigue 3tre33, f nt ^ , 
' (see Fig. U). (In particular, it is the difference in 

net-tension fatigue stres3 at a given number of cycles between 
a joint with some given screw diameter D, and a Joint with a 
3/8 inch screw, where J - 3.5 in both cases.) 
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Symbols (Cont.) 
K 



W 

- Ratio or bearing stress .to tension stress, "where £ - 3-5. 
(See Fig. 2.) 



P 
P 

a 

t. 
w 



CD 



- Load per 3crcw 

- A reference value of fatigue strength per screw. (In particular, 
it* is the load per screw causing fatigue failure in a Joint 

with ^ - 3-5.) 

- f tm -Ant' - ratio of ^trHmntn to mazinum stress in the 

m^niff max f a t;f.gue cycle. 

. Countersunk sheet thickness 

- Screw spacing perpendicular to load line 



TW^rndnation ~* Sh^nrth for a Given Lifetime 

The load M r screw causing failure at any given number of cycles in a 
Zl^^sZUow ^ination ™ * * ^g^T' 

in Fig. 3 to 5. Fig. 3 can be used to determine ^j., * relerence 

of net-tension fatigue strength at the given number of cycles. 
SV*™ aTorrection to f^that depends upon the screw 

size . 

p^, a reference value of fatigue strength per screw, can be- determined by: 

P(T)- K (f n t(i) + -fnt^.) Dt (1) 

where, K is given in Fig. 2. 

2.6 

2.4 
2.2 
K 2.0 
1.3 
1.6 




P, the actual value of fatigue strength per screw at the given number of 
cycles, can now be determined by* 

W 



P - P, 



1 + 100 v 8.5 ; 



(2) 



where, C ia given in Fig. 5. 
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^termination of Fatigue Sto«np *.h jar a Qiven Lifetime (Cent.) 
Example #1 

• Given a joint as shown in Fig. 1,. '-with t - 0-102- inches , D - 3A* 
Schest W - 1-0 inch. The sheet is 'of 7SS-T6 bare . aluminum alloy, 
machine countersunk,, and the ■ fasteners are AN509-AO screws. 
IssuSng that the stress ratio R is 0.20, deternxne. the load 
per screw for a >f atigue.- lif o ■ of 50,000 cycles. 

1. Determine Dt,. and 

£ - 4^ - 1.8U, Dt - (-188) (.102)- 0.0192 m-2, $ - txot - 5*33 
t .102 

2- Determine the reference stress,, f^, at 50, 000 cycles. 

From Fig. 3: *ntQ - ^ 8o ° P si - 
3 . Determine the correction stress,, ^t^.' at 5 °' 00 ° Cycl93 " 
From Fig. hi ' 7,000 pel. 



li. Determine the reference fatigue strength per screw, Pq 



-(Eq. 1) 



K - 2.1 (Fig. 2) 

Fflv - (2.1)(lU,800 + 7000) (0.0192) - 880 pounds 

5. Determine the actual failing load per screw, P, at 50,000 cycles* 



W 



1 loo^ q.5 



-3-5 



-) 



-(Eq. 2) 



From Fig. 5t 0 - h3% 

.-. P - (880) [l + ^ f'llf 3 '* ) ] " |£ P ounda 
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^termination of Fatigue Lif* for a G iven Load 

If tha problem ii to find the fatigue, llf- of a given joint, vher. the 
W per a craw ia known, the following-procedure la recommendedt 

1. Determine the nominal, net-tenaion stress in the joint. Then, aa 

rSSt approximation to the fatigue life, set the reference stress, 
JL , equal to the nominal net-tension atreaa, and determine the 
^spending number of cycles to failure from Fig. 3 ; The actual 
fatigue life of the joint vill, of course, be somewhat different 
rrom this. 

B, Determine the load neoeaaary to cause fatigue failure In the joint 
vjt the number of cycles calculated in Step (A) above. Use the 
sjathod outlined in Example #1- 

Q, Zl. the- load calculated in Step (B) is leas than the applied load 
liapeU-tha calculations in Step (B) at some lower number of cyclea. 
If the load calculated in Step (B) la greater than the applied 
load, repeat the calculations at soma higher number of cycles. 

If the loads determined la- Steps (B) and (C) bracket the applied load, 
plot them on log paper (Fig. 6) against the corresponding ^tigue lives, 
and connect the tSo points with a straight line. A good approximation 
can then be obtained for the fatigue ll^e corresponding to the given 



load. 



If the loads determined in Stepa (B) and (C) do not bracket the 
applied load, then Step (C) can be repeated for a different 
number of cycles until the applied load is bracketed. Then,, 
the graphical solution described above can be used. 

Example §2 

Consider the same Joint aa in Example #1. Assuming that the stroso 
' ratio R is 0.20, determine the fatigue Ufa if the maxUnum load per 
•crew is 1,200 pounds. 
A* (1) Determine ^, Dt, ^, and K« 

£ - 1.81;, Dt - 0.0192 in. 2 , H - 5.33, X- 2* 1 2 > 

(2) Determine fnt nom * ' bha noraiiml net-tanaion Btraaa at mit-rimi* load. 

■ *W - (i -SS){.ioa) - ^ 5o ° pBi 

(3) Assuming fnt 0 la B *»l *° *nW« datormln* ths first approxima- 
tion to the fatigue life from Fig. J. 

n ■ 53 i 000 cyaleo 



^ i 
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Determination of Fntiftue Life for a Given Load (Cont.) 
Example ,\ l Z (Cont.) 

B. Determine the load per screw causing failure in the actual joint at 
^3,000 cycles. (See the procedure outlined in Example #1.) 



(1) JfntQ " ^ 00 P si * 

(2) fnt^ . " 7,000 psi. 



(Prom Fig. 3) 
('Prom Fig. U) 



(3) P 



CD 



K- (f n tQ + Aitdiff. 



) Dt 



- (2.1) (lii^OO .+ 7,000) (0.8192) - 867 pounds 
W 



(It) P - P 



1 + TOT <■ 



-3-5 



-) 



(From Eq. 2) 



- (867) [:i. * j$ (- 'lls' 3 '^ ] - 9U8 P° und3 /screv 
where, C - U3& from Fig. 5- 

This value of P la leas than the given loading of 1200 pounds per 
screw. Therefore, the fatigue life must be less than S3, 000 
cycles . 

C. Assume the fatigue life is 10,000. cycles and determine the failing 
load per screw. 



(1) f, 



- 25,200 psi. 



(2) Arb^.' " 3,300 psi. 



(Prom Fig. 3) 
(From Fig. 1$ 



(3) Pq -K (fnt 



CD 



- (2.1)(25,200 +8,300) (0WD192)-- 1,350 pounds 



00 P 



C ',D 3 ' 5 



(From Eq. 2) 



screw 



} + 'T£50 * u.5 . 

- (1350) [l> gj5 C 5 '".; 3 '^ ] " ^^'P 0 ^/ 
where, C 20%- from Fig. 5- 

Thls value of P is greater than the given loading of 12C0 pounds 
per screw. Therefore, at the given loading, the. fatigue life will 
be between 10,000 cycles and 53,000 cycles. 

Plotting the two falling loads obtained in (B) and (C) against the number 
of cycles at failure on Fig. 6, and connecting the tuo points, with* * 
straight line, the number of cycles at failure for P - 1,200 pounds/ 3crew 

lai n - 20,000 cycles (From Fig. 6) 
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5 6 7 8 9 10* 

n - Numb«r of Cycles to Failure 
FIGURE 6 

NOTS: Horizontal Scale can be adjusted to suit any particular problem. 



5- 6 7 8 9 X? 
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STRUCTURES BULLETIN NO. h 

To: All Holders of Structures Manuals 

Fromr J*' Mairs. 

Subject:- Stagnation- and Af^^f^^^^J^ m 
Standard Day' 1 - and "Navy Hot Day" Conditions 

Nomograms for the rapid calculation of Stagnation, and Adiabatic 
Wall Temperatures are presented. ' 

Temperatures for either "NACA Standard Day" or "Navy Hot Day" 
conditions can be obtained for altitudes up to 100,000 feet and 
Mach Numbers up to 5. 
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STRUCTURES BULLETIN NO. k 

Stagnation and Adiabatic Wall Temperatures 
for "NACA Standard Day" and' ;?Navy Hot Day" Conditions 



Introduction 

Vehicles flying at supersonic speeds are subjected to heating 
of an aerodynamic nature. This heating is due to an increase in 
temperature in a thin layer of air around the body. The air in this 
layer, known as the "Boundary Layer", is slowed down by viscous forces 
and part or all of its kinetic energy is converted into heat. 

The performance of a structure subjected to aerodynamic heating 
will depend on the maximum temperature and thermal gradients that re- 
sult as heat is ? being transferred from the boundary layer air to the 
structure. A nomogram- type method for the determination of the tempera- 
tures in the boundary layer air has been developed and is presented 
in this Bulletin. 

The structure in supersonic flight will be exposed to these 
temperatures. The temperature distribution at any time in the structure 
will depend, however, on other factors as well. Some of these are: 
the heat transfer coefficient of the boundary layer air and the tempera- 
ture alleviating effects of reradiation, significant at high temperatures 
only, and possible surface cooling schemes. 

The Stagnation and Adiabatic Wall Temperatures (defined below) 
can be determined from the nomogram on Page 6 for 'either an "NACA 
Standard Day" or "Navy Hot Day" condition for altitudes ranging from 
sea level to 100,000 feet and for speeds up to Mach 5. 

The temperatures so obtained are accurate within ±5°F if below 
300°F. Temperatures in excess of 300 0 F are obtained with engineering 
accuracy by the joint use of the nomograms on Pages 6 and 7- 

Stagnation Temperature 

This is the temperature the air will attain when brought to 
a stop. As such, it will exist only on the leading. edge of an airfoil 
or the nose of a cone. 

Stagnation Temperatures obtained from the basic nomogram, Page 6, 
satisfy the relationship: 

T st = (T 0 + h6Q) (1 + M 2 /5) - U60 (1) 

where: , 

T st = sta g nation Temperature (°F) 

T 0 - Free Stream or Ambient Temperature (°F) 
H = Mach Number 
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STRUCTURES BULLETIN NO. It 

Stagnation and Adiabatic Wall Temperatures (Continued) 

Adiabatic Wall Temperature (B.ojundary Layer Temperature ) 

Due to the existence of a velocity gradient in the boundary 
layer, extending from zero at. the body surface to the free stream 
velocity at the edge of the boundary layer, a temperature gradient 
is also present. The air thus loses heat to the structure as well 
as to the free stream. 

The maximum temperature to be attained by a body, if its 
internal surface were perfectly insulated, and if it were exposed to 
the boundary layer long enough. to reach an equilibrium condition, is 
known as the Adiabatic. Wall or Boundary Layer Temperature.. As such, 
it is- the temoerature to which parts of a vehicle other than the 
leading edges : or. the nose of 'a. cone are. exposed. ■ The Adiabatic Wall 
Temperature, is. always less than the. Stagnation Temperature due to 
the* heat losses mentioned above*. The reduction In temperature from 
a. Stagnation value is expressed by a Recovery Factor varying from 
0.85 £or laminar flow to 0.90 for turbulent flow. In the nomogram, . 
the Recovery Factor is taken as 0.90. 

Adiabatic Wall Temperatures obtained from the "basic nomogram, 
Page. 6,. satisfy the relationship: 

T aw = (T 0 + WO) (!■+ H 2 r/5) - U60 ........... (2) 

where : 

T aw = T Dl = Adiabatic. Wall or Boundary Layer Temperature (°F) 
T Q =. Free Stream or Ambient Temperature (°F) 

r =■■ Recovery Factor = 0.90 
M- = Mach Number 

Correction Nomogram 

The temperatures read on the basic nomogram shown on Page 6 
are accurate only up- to the 300°F range. For higher temperatures, 
equations (1) and (2), based on the room temperature value of the 
specific heat of air- (Cp) 3 yield values that could be in considerable 
error. 

Temperatures of engineering accuracy can be obtained however, 
by the use of the correction nomogram shown on Page 7. The corrected' 
temperatures, determined by the simultaneous use of the two nomograms, 
agree well with values shown elsewhere (Ref. 1). 

■a- Reradiation not considered 
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STRUCTURES BULLETIN NO. h 

Stagnation and Adiabatic Wall Temperatures (Continued) 

The corrections do nat^eflect high temperature effects such 
as dissociation and departures from the law of perfect gases. These 
variations become significant for Mach Numbers higher than 5. 

Procedure for Use of Basic Nomogram (Page 6) 

To use the nomogram, the following steps are necessary: 

(a) Locate altitude on axis I ( Right side for NACA Standard 
Day, left side for Navy Hot Day J 

(b) Locate Mach Number on axis III ( Right side when deter- 
mining Adiabatic Wall Temperature, lei't side when deter- 
mining Stagnation Temperature) 

(c) Connect points selected on axis I and axis III and 
read temperature on axis II ( Right side for Stagnation 
Temperature, left side for Adiabatic Wall Temperature) , 

Note that for altitudes between 35,300 and 100,000 feet for 
"NACA Standard Day" and between U3,750 and 100,000 feet for "Navy Hot 
Day 1 * conditions, the values on axis I do not change. 

Example No* 1 : 

The Adiabatic Wall Temperature is desired on the surface of 
a wing flying at M = 2 at 10,000 feet during- an "NACA Standard Day" 
flight condition. 

(a) Locate U0,000 feet on the right side of axis I 

(b) Locate M = 2 on the right side of axis III 

(c) Connect points on axis I and HI, and read Taj,. = 2l6°F 
on left side of axis II 

Procedure for Use of Correction Nomogram (Page 7) 

When the temperature as determined with the basic nomogram is 
in excess of 300°F, the use of the correction nomogram is advisable ; 
the following steps are necessary in using it: 

(a) Locate on axis A the temperature just determined by 
using the basic nomogram of Page 6 

(b) Locate the Mach Number on axis C and connect with the 
point obtained above 



J 
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STRUCTURES BULLETIN NO. h 
Stagnation and Adiabatic Wall Temperatures (Continued) 

Procedure for Use of Con-ection Nomogram (Page 7 ) (Cant.) 
'(c) Read a "Corrected Mach Number" on axis B 

(d) Find a corrected temperature on. the basic nomogram of 
Page 6- following the procedure outlined previously. 
Note- that the only change is a somewhat smaller value 
for the Mach Number. 

(e) Repeating points (a) through (d) will improve the 
correction, but it will be found that in most cases, 
one correction is sufficient. Each new correction, is 
made using the. original Mach Number and the temperature 
obtained previously ^ 

Example- No. 2 

The Stagnation Temperature is desired on the leading edge of 
a wing flying at Mach Number k at 70,000 feet during a "Navy Hot Day" 
flight condition. 

1. Basic. Nomogram: 

(a) Locate 70,000 feet on left side of axis I 

(b) Locate M = h on left side of axis III 

(c) Read T st » 1200°F' on right side of axis II 
2.. Correction Nomogram: 

(a) Locate 1200°F on axis A - 

(b) Connect M = i. on axis C with the above point and 
read M' = 3«85 on axis B 

( c) Repeat- Basic Nomogram procedure changing in step (b ) 
only, to M = 3-85 

(d) Read corrected temperature T s t = H00°F 

(e) A second correction yields M* = 3»86 and T s t = U10°F 



Ref. 1: 

WADC Technical Report 55-305, Part 1 
Structural Design for Aerodynamic Heating 
W.H. Dukes and A. Schnitt 
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STAGNATION AND ADIABAT1C WALL TEMPERATURE 

MACH.NO 



Basic Nomogram 



ALTITUDE 
tin iOOOft.) 



NAVY HOT 
DAY 



NACA STANDARD 
DAY 



35.3 to 100 




30—= 



-I- 



:— 20 



20—: 



■10 



io.-> 



:— 0 



AXIS I 



Example (T) 

M = 2, h = 40, 000ft. 
NACA Standard Day 
T AW = 2I6°F 



TEMPERATURE 



3000— 3 

AXIS 3T 



Example(2) 

M -4, h = 70,000 ft. 
"Navy Hot Day" 

a) T ST = I200°F (uncorrected) 

b) T„ T = II CO" r ( I st correction) See page 7 

c) T ST = 1110° F (2 nd correcrion» not shown) 
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STAGNATION AND 
AD1ABAT1C WALL TEMPERATURE 

Correction Nomogram 




I st Correction (2b) 

T ST =1200°F (uncorrected) 
M = 4 

M corrected - M , = 3.85 

See page 6 for ^correction of T$t 

2 nd Correction @ 

T ST = MOO°F (corrected once) 
M = 4 

M corrected = M 1 = 3.86 

See page 6 for 2 correction of T ST 



0.9 1.0 2.0 3.0 

H-| 1 1 1 1 1 I I M | I I 1 1 1 I H I [I 

Axis B 
M' 

.0 2-0 3.0 

— 1 1 1 1 1 1 1 I 1 1 1 1 I 1 ] I 1 1 1 1 I 



14.0 5.0 

\ \ \ \ 111 Il l-I ll 



5.C 



Axis C 
M 
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STRUCTURES BULLETIN NO. 10 



TO:- All Holders of Structures Manuals 

FROM: T. C. Adee 

SUBJECT:. Static. Allowable Loads for 3/8" D. Blind Bolts in 
Countersunk 2024-T81 Sheet and. -T85I Plate. 



Shear allowable ultimate static loads for FF375 JoBolts, WF375 
high strength JoBolts and B 100^12 Euck bolts machine countersunk 
in aluminum alloy >202^-T8l bare sheet and 2024-T851 bare plate 
are given in the accompanying table. 

Tests which have been performed show a wide range of allowable 
loads for the WF375 bolts. The material specifications of the FF375 
and WF3T5 bolts overlap throughout much of their range. It is 
more realistic to use common allowables for these bolts. The 
specified Rockwell C hardness values for- the pin and nut of each 
are listed below. 



Bolt Type 

FF375 
WF375 



Rc Hardness 

39-^3 
39-8-46.5 



The allowables given in this bulletin are to be used in all 
future design. 

TCA/ amp 



'Awn/nan. \ 
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Shear movable Ultimate Static Loads (lbs.) for FF375 
JoBolts, WET?"? JoBolts. and Iil00-Tl2 Huek Bolts In 
Machine Countersunk 202U-T81 Bare Sheet and 2024-T85 1 Bare Plate^ 



c 




FP375 & WF375 


B100-T12 


™ eo (« 

j. 


(5) (6) 

u 


rrrm W ( 6 ) 


raTu (5) (6) 


CVJ 


.100 


2010 


3260 


2580 


3620 


-tJ 

4) 

a) 


.125 


3150 


14.980 


3^0 


■ ^920 




.160 


3330 


65^0 


3760 


6580 


S 
3 

ia 

' fn 




4260. 


• 7780 


5260 


7880- 


<D 

% 
D 


.22^ 


5710 


92^0 


7170 


9350 


O 
O 


.250 


6420 


9750^ 


8150 


10500^ 


o 

ta 

W 


• 312 


78^0 




9630 




ckne 


.375 


9000 




10500^ 




i-4 

.a 


A38 


9750^ 









Ref . 3l0 MT H-k- 

(1) All test specimens were single shear, single bolt lap joints. 

(2) In cases where the lower sheet is thinner than the upper sheet, 
the shear-bearing allowable for the lower sheet-bolt combination 
should be computed. 

(3) Use of sheet thicknesses which are less than the bolt head height 
are not recommended. (Head height = O.16O-O.165 in.) 

(U-) Ul/Ey = 1.30k Average test yield load. 

(5) ULTjj = Average test ultimate load/l.l?. 

(6) Yield is critical (ULT^ < ULT^) . 



(7) Minimum guaranteed single shear load. 
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STRUCTURES 'BULLETIN NO. 13 „ , 

September 22, 19^6 

TO: All Holders of Structures jtenuals 

FROM: T. C. Adee 1 

SUBJECT: ^timie Strengt h nf Axiallv-Lo^H Aluminum Alloy Lugs. 



A method for determining the fatigue strength of 202^3 and TOT5-T6 
aluminum alloy lugs under axial loading is presented. The method is 
semi-empirical and is based on vork by S. E, iarsson of the SAAB Aircraft 
Company, originally published in SAAB 1 Technical Report No. KHU-0-22 9 ta, 
April 1965. Lug fatigue test data from various sources has been utilized 
in the preparation of the design curves, and these data ; together with a . 
more detailed discussion of 'the method, will be presented in a Grumman 
Advanced Development Report. 



1 
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. Symbols 

a distance from edge of hole to edge of lug, (see Fig. l), in. 

c (net section width)/2, (see Fig- l), in. 

D hole diameter of lug, in. 

cyclic stress amplitude on net section of given lug, lbs/in. 
mean cyclic stress on net section of given lug, lbs/in. 
maximum cyclic stress on net section of -given lug, lbs/in 
minimum cyclic stress on net section of given lug, lbs/in 

J 

allowable net- section tensile ultimate stress 



f 



f 

m 



f ■ 
max 

f min 



nli 



3 



a 

3 
2 



T? allowable net- section tensile yield stress 
nyL 

k^kg,!^ fatigue parameters 

N fatigue life,, number of cycles 

R ; stress ratio > f min/ f max 

Note: All stresses are average values across the net section of the lug. 




Method Description 

Figures 1 and 2 show the lug and_the range of lug geometries covered by - 
the fatigue strength prediction method. Fatigue lives for lugs having dimen- 
sional ratios falling outside the region -shown should be corroborated by tests. 

In this method the important fatigue parameters are 1^, k £ and ^ 
(see Figure 3) ■ . 

To find the allowable life knowing the applied stresses and lug dimensions, 
or the allowable stresses knowing the life, R value (S = f^/^) lu S 
dimensions use the following procedure: 

1) Enter Figure 2 to check that the lug dimensional ratios fall within 
the region covered by the method. Enter Figure 3 and read k^ k g and k^ 
calculate the product k^k^- 

2) Calculate the allowable net-tension static stress for the lug, F^, 
according to the method described in Section B3-13 of the Structures Manual. 

4 

3) Determine the value O.k F^. This is the alternating stress corresponding 
to a maximum stress value of 0.8 F^ when f^ = 0. 0.8 F^ was chosen as an 
average yield stress value for 2021) and 7075 aluminum alloy lugs. 

10 Using the value O.h as an alternating stress, draw a straight . . 
line between the intersection of this value and the appropriate kjkg^ curve 
on Figures h or 5, and the point 0.5 F^ at 1 cycle. This extends the 
lck k curve to cover the entire life range to static failure. 

5) Enter -Figure h or 5 (lug fatigue curves for the case where E = 0) 
with For values of life, N = 10 3 , 3 x 10 3 , 10 , etc., or any other 
convenient values, determine the corresponding values of f & , the stress 
amplitude causing fatigue failure when R - 0. 

6) Plot the values of f found in Step 5 along the R = 0 line in a 
Goodman diagram such as shcwn\n Figure 6 (f m = f & when R = 0) . The Goodman 
diagram shown in Figure 6 applies to a particular 7075-16 lug for which 

= 1.32 (see example problem l) , but is typical of all such diagrams. 

7) Plot the allowable net tension static stress found in Step 2 as f a 
at the point <f m ,' 0) of the Goodman diagram. (f m = f^ when i & = 0) . For 
the case considered in Figure 6, this point is plotted as (f m = 70,000 psi, 
f ft «0). 



Method Description (cont'd) 



1+ 



8) Connect the point plotted in Step 7 with each of the points plotted 
in Step 6 by straight lines. These ara-the constant life lines for the 
particular lug being analyzed. The Goodman diagram is now complete and may 
he used to determine a life for any given applied stresses, or to determine 
allowable stresses knowing the life and R value. 



f 
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Example Problem 1 



Given a concentric 7075-T6 aluminum lug as shown in Figure 1, with the 
following dimensions: a = Q.3kk in; c = 0^,in; D = 0.^37 in. If the lug 
is subjected to a cyclic axial load such that the maximum net-section stress 
is 27,700 psi and the minimum net section stress is 18,470 psi, find the 
fatigue life. 

From the lug dimensions 

a/c = 1.0 ' c/D = 0.787 (D/c - 1-27) 

1) Figure 2 indicates that the lug may be analyzed using this method. 
From Figure' 3:' 

k L = 1.0, k 2 = 1.33, 1=3 = 0.99, = 1-32 

2) Calculate the allowable net-sect'ion tensile ultimate stress, F^, from 
equation (U) in- Section B3-13 of the Structures Manual. For the given 
lug F^ •= 70,000 psi. 

3) .p'.lv F^ = O.k x .70,000 = 28,000 psi. 

lv) Draw a light pencil line on Figure k from the point (f & = 28D00 psi on 

1^*3 - 1^32) to the point (f a = 35,000, N = 1 cycle) (This is illustrated, 
for clarity, on Figure 7). 

5) Enter. Figure h and read values of ■ f & for various values of lives on the 
^^3'= .1.32 .line. These are: 



N ■ 


0* 

■ 10 2 " 


10 3 , 


3 x 10 3 


10* 


k 

3 x 10 


10 5 


f a 


30KSI 


2^.5 


18.8 


13.5 


8.88 


5.70 



2.3k 



10' 



1.30 



6) Plot the values of f along the E = 0 line of the Goodman diagram. 



(Refer to Figure. 6) . 

Plot F^ = 70,000 ps 
(Refer to Figure 6) 



7) Plot F^ =70,000 psi, as f m at the point (f^O) of the Goodman diagram. 



Q) connect the points plotted in Step 6, with the point plotted in Step 7 - 
by straight lines. The Goodman diagram is now complete. 

i' e «f f - 27.700 - 18,U70 = h 6l3 i 
9) Enter the Goodman diagram with values , of i & - g ' 

' and f 3 27.700 + 18,^70 = 23jOQ5 psij ^ read the fatigue life, 

N = 10 U cycles by interpolation (Test results show N = 8.6 x 10 cycles) 

lj. 

If the known quantities are life and R value, e.g., N = 10 cycles and 
r = 0, the allowable stresses can be obtained using the^same Goodman diagram. 
Enter 'the completed Goodman diagram at R = 0 and TT = 10 cycles and read the 
amplitude and mean stresses (in this case f & = f m = 13,500 psi). 

Only if the. lug dimensions are changed, must a new Goodman diagram be 
drawn. 

Example Problem 2 

* 

Consider the lug in Example 1. .If this were subjected to stresses of 
f - 60 000 psi and f . = 10,000 psi the corresponding alternating and 

stresses would be: f & = 25,000 psi f m - 35,000 psi . Reference to the 
Goodman diagram, Figure 6, gives a life, B - lMO cycles. In this case, the 
stresses are in the. yield range, and this illustrates the reason for the pro- 
cedure "described in ..Step h } Page 3. 

Note : .. 

S-pectrum type loading : 
The method may be used in conjunction with Miner's Cumulative Damage 
Rule to obtain fatigue life of elements subjected to spectrum loading. The 
life obtained will generally be conservative, since residual stress effects 
are neglected, and such stresses are mainly beneficial. It is anticipated 
that the method will eventually be extended to include residual stress 
effects. 

TCA/amp 
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STRUCTURES MANUAL 



STRUCTURES BULLETIN NO. 14 

ijj o: All Holders of Structures Manual 

From: 

Raynor/D. W. Bone *''*'* 
Subject: USE OF GRUMMAN STANDARD GS28A 

The purpose of this standard is to define an acceptable criteria of 
surface roughness and mismatch of aluminum alloy, titanium and steel 
machine parts to avoid secondary hand finishing operations as a general 
requirement. The net effect of using GS28A is to reduce costs in producing 
machine parts. This standard GS28A is to be used only where specifically 
called out on the engineering drawing and may he superceded by specific 
drawing callouts. 

The Engineers use of GS28A requires a "type" callout definition on 
the drawing to classify the critical nature' of the surface or mismatch. 

t 

Where GS2&A is called out by a drawing, it will normally specify Type 
II and IV conditions which are defined in the attached GS28A specification. 
This is structurally acceptable for most structural parts including parts 
wherein fatigue life is a design consideration. 

Where parts are extremely fatigue critical or where there is considerable 
fatigue life sensitivity to surface finish one or more of the following 
options should be specified for the local areas in question: 

(1) Callout of Types I and III in GS28A 

(2) Callout of symbol A (see DP215A Classification of Characteristics 

- V k January 1971) 

(3) Callout of finer finish than 125 RMS (See Engineering Manual 

Procedure Ho. CIJO - Surface Roughness 
30 September 1970) 

The structural analyst is responsible to identify areas, if any, where 
these options must be specified. In case of questionable interpretation 
in use of GS28A or the options, refer question to the Structural Analysis 
Group Head or Section Head. 

Designers may also specify these options for fuel sealing, aero 
smoothness or mechanical functional requirements. 
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GRUMMAN INTER-OFFICE MEMORANDUM 

"» H < G r j Ml »l. . 35 *« DATE Jme 2 , 1975 

J — ■ gaout no.i name '■'-iNT no. exT. 

N AMC , ■ NO. 

TO: B3-STAH-75-°^6 
All Structures Analysts 



SUBJECT: rnsT SAVTNGS BY USE OF G3TTMMAN STANDARD GS28A 



A significant cost savings to 'the Grumman Company can be realised by 
frrZ „7>s?aA on machine part drawings. GS28A is an engineering 
SSS'ES.IoSSi S S a-id^fe costly S secondary hand «^J« ^**»» 

iSTtSSS J^g^ if SSSara a 3=5L£ Staining 
. tliSyM!: t &SSS 1 th. hand f *ish was essentially 

a shop practice. 

Future machined part drawings will incorporate ^*f*^* 
release! An effort is presently underway to incorporate GS28A on present 
A6, EA6B, and F-lU parts through a drawing change. 

UsinK the latest release of GS28A, there is an engineering identification 
required to classify the machine parts by a type callout, critical or non- 
critical, in. terms of the cusp height, and type for surface mismatch. 

The definition of cusp height is the distance from the highest to lowest 
*olnt £ the cutter pattern and is the resulting metal remaining between the 
center of cutter passes, additional material at all times. This cusp height 
wm^e inSuded L the'part thickness measurement and therefore via require 
a^oper^ype callout for thin parts especially where the tolerance would be _ 
effected. • . • 

The intended use of GS28A is not to call all parts critical where there 
. vould be no help to the cost savings. ' The nch-critical type should be used 
S£re static strength or fatigue could tolerate the "as machined ^face. 
SET the listing Wimum surface roughness of 125 rms will not be changed 
bv use ol GS28A7 ThTSage of GS28A is not to change the part in any "spect 
sucS as thickness £ term! of adding weight or' to degrade the part structurally, 
bufto reduce the hand finishing that presently takes many hours where hand 
finishing is not required. 

Some surface defects are not covered by the surface roughness callout 
or the GS28A such as nicks, dents and scratches. For surface critical for 
special defects, drawing notes will still be required. 

cc: L. Mead D. Bone JQ>' T. Adee 

N. Spiess J. Culletin A. Barbero 

N. Lewin P. Obedzlnski J. Brennan 

R. Cyphers H. Krier 



SURFACE ROUGHNESS 
(ALUMINUM ALLOY. TITANIUM AND STEEL MACHINED PARTS) 



APPLICATION. ' THIS STANOARO TO BE USED ONI Y WHERE SPECIFICALLY CALLED OUT ON THE ENGINEERING 
DRAWING AND MAY BE SUPERSEDED BY SPECIFIC DRAWING CALLOUTS. 

SCOPE: MACHINING OF ALL PARTS SUCH AS BULKHEADS. FITTINGS, LONGERONS. SKINS AND SPARS WHERE 
THE FOLLOWING CONDITIONS APPLY. .. 

DEFINITIONS- CRITICAL- A CRITICA1 SURFACE IS ANy'sTiRFACE ENGINEERING IDENTIFIES AS SUCH. 
' DUE TO FUEL SEALING REQUIREMENTS, FATI CUE OR ANY OTHER REASON, 

CUSP HEIGHT: CUSP HEIGHT IS THE DISTANCE FROM THE HIGHEST TO LOWEST POINT OF 

THE CUTTER PATTERN INCLUDING WAVINESS. 

BASIC STANOARD ■ THE SURFACE ROUGHNESS DATA CONTAINED HEREIN. IS BASED ON ANSI BUS. l-ig62 

"SURFACE ROUGHNESS, WAVINESS AND LAY". 

NOTE I- ALL PROFILOMETER READINGS TO HAVE A 0.030 CUTOFF WIDTH. 

NOTE Z - SURFACE ROUCHNESS VALUES AS MENTIONED IN THIS GRUMMAN STANDARD ARE DEFINED AS 

THE ARITHMETICAL AVERAGE ROUGHNESS HEIGHT RATING EXPRESSED IN MICRO-INCHES, 

NOTE 3 - VISUAL TYPE COMPARATOR GAUGES ACCEPTABLE TO GRUMMAN MAY BE USED FOR ACCEPTANCE 
CRITERIA OF ALL TYPES. 



PURPOSE: 



TYPES: 



TO AVOIO SECOOTARY HANO FINISHINC OPERATIONS AS A GENERAL REQUIREMENT; AND ■ AS AN 
AID IN SPECIFYING AND -DEFINING THOSE SURFACES ANO SURFACE C0NOITION5 SO THAT THESE 
SECONDARY OPERATIONS MAY BE LIMITED ANO CONTROLLED. TO ACHIEVE THIS PURPOSE THE 
FOLLOWING SURFACE TYPES HAVE BEEN ESTABLISHED. 

TYPE I- CRITICAL AREAS (SEE FIGURE I) . „„,-,.„ „ nnne 

" REQU I R ES A SUR FACE ROUGHNESS OF 125 WITH A MAX I HUH CUSP HEIGHT NOT TO EXCEED 0.0005. 

CUSP HEIGHTS EXCEEDING THIS AMOUNT REOUIRE SECONDARY HAND FINISHING IN ORDER TO 

OBTAIN SMOOTH ANO UNIFORM CONTACT OF BEARING AREAS. 
TYPE 2- N ON-CRITICAL AREAS (SEE FIGURE I) . ' 

— SURFACE CONDITIONS MUST MEET EITHER OF THE FOLLOWING TWO ALTERNATES 

A. AVERAGE SURFACE ROUGHNESS IS 125 WITH CUSP INCLUDED IN THE PROFILOMETER 

e CUSP^EicHTS OF .003 MAXIMUM WITH Ml Nl MUM' PEAK TO PEAK WIDTHS OF 20 TIMES THE 
CUSP HEIGHTS IS ALLOWED IF SURFACE ROUGHNESS IS 125. 
TYPE 3- SURFACE MISMATCH- CRITICAL AREAS (SE£ FIGURE 2) 

~~ OCCURING DUE TO MULTIPLE CUTTER PASSES ON A 3 1 NCI E SURFACE AS DEPICTED IN FIGURE I 
IS ALLOWED IF SURFACE ROUGHNESS IS 125 AND MISMATCH HEIGHT DOES NOT EXCEEO 0.0005 
WITH A MINIMUM CUTTER RADIUS OF .125. 

TYPE h- SURFACE Hi SMATCH- NON-CR I Tl CAL AREAS (SEE FIGURE 2) 

OCCUR INC DUE TO MULTIPLE CUTTE» PASSES ON A SINGLE SURFACE AS DEPICTED IN FIGURE 2 
IS ALLOWED IF SURFACE ROUGHNESS OF 125 AND A Ml SMATCH HEIGHT DOES NOT EXCEED O.OOS 
WITH A MINIMUM CUTTER RADIUS OF .125. ,. 

TYPE 5- MISMATCH AT INTERNAL INTERSECTING SURFACES (SEE FIGURES 3 ANO J») 

A OCCURING AS DEPICTED IN FIGURE 3 DUE TO INTERSECTING ANGULAR FLANGES WITH 

RIBS- OR FLANGES AND RIBS TO WEB: OR CHANGING RADII IS ALLOWED IF THEY DO 
NOT EXCEED MISMATCH ALLOWANCES SPECIFIED ON THE ENGINEERING DRAWING. 

B OCCURING WHEN FORM CUTTERS ARE USED. AS DEPICTED IN FIGURE DUE TO INTER- 
SECTING ANGULAR FLANGES WITH RIBS: OR FLANGES ANO RIBS TO WEB: OR CHANGING 
RADII IS ALLOWED IF THEY 00 NOT EXCEED MISMATCH ALLOWANCES SPECIFIED ON THE 
ENGINEERING DRAWING, 



ENGINEERING INFORMATION 

■ TYPICAL DRAWING NOTES AND FIELD CALLOUTS 
ARE AS FOLLOWS: 



125 / f 

y TYPE I 6 3|T> 




GENERAL DRAWING NOTE: 



H> INTERPRET SURFACE ROUGHNESS AND 
MISMATCH PER GS28A 

A. INSIDE INTERSECTING CORNER 
MISMATCH; TYPE 5A .030 MAX 
TYPE 53 .0*0 UNLESS OTHER- 
WISE SPECIFIED. 

B. ALL OTHER SURFACES PER TYPE 
2 AND I* EXCEPT AS SPECIFIED 



NOTE: 



THIS DRAWING INFORMATION IS SHOWN FOR REFERENCE ONLY. IN THE EVENT OF DIFFERENCES BETWEEN 
DRAWING PRACTICES HEREIN SHOWN AND THE LATEST PROCEDURES CONTAINED IN THE CORPORATE ENGINEERING 
MANUAL , THE MANUAL PROCEDURES SHALL GOVERN, 
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SURFACE ROUCHNESS AND MISMATCH 
ALUMINUM ALLOY. TITANIUM ANO STEEL MACHINED PARTS 
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. CUTTING 
SURFACES ' 



\ 



s »— i 

CONDITION A 





■n 



CONDITION B """'"CONDITION C CONDITION D 





CONDITION E 



CONDITION F 



CONDITION G 



NOTE: CUTTER SHAPES SHOUH ARE FOR ILLUSTRATION ONLY. ' IT IS UN0ERST0OO THAT MANY CUTTER SHAPES WILL 
PRODUCE SIMILAR CONDITIONS. , 

INTERPRETATION: ROUGHNESS- H1SHATCH 



SURFACE ROUGHNESS , 
MEASURED HERE. f1 : l HEICHT 




-I U- PEAK 

FIGURE I 

(AS MAY BE PRODUCED BY CONDITIONS 8. C. F OR G) 



PEAK TO PEAK 
WIDTH 



,-HISHATCH TYP 



SURFACE ROUGHNESS 
MEASURED MERE 



I v — FILLET RADIUS 

FIGURE 2 

(AS MAY 6E PRODUCED BY CONDITIONS A. B, OR E) 



"I 



■MISMATCH 




FIGURE 3 

(AS MAY BE PRODUCED BY CONDITIONS D, D OR E) 



• MISMATCH 



RAOIUS CALLED OUT ON OWG 



y— BREAI 
/ CUSP 




BREAK RESULTANT 
CUSP APPROX .060 R 



-MISMATCH 
L MEASURED HERE 



BREAK RESULTANT 
APPROX .060 



RESULTANT RADIUS \ 
OF FORM CUTTER 



MISMATCH * AD " LLED 
MEASURED 0UT 0N " 
HERE 

RESULTANT MISMATCH CALLED 
BY USE OF FORM CUTTERS 
(CUTTER RADII NOT SHOWN) 

FIGURE 4 




RESULTANT RADIUS 
OF FORM CUTTER 
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fTRTMMAN AEROSPAC E CORPORATION 
^.TiffiEMBB DEP^™*™ 1 FROfTFlPUHES NOTICE 

DP 2154 

. (Supersedes DP 215 date*** October 1970) 



1+ January 1971 



c. 



To: All Entering Personnel (Except^-m^odect) 
Subiec t: r-r^STFTCATION ™ CHARACTERISTICS - 

^ . , ^ p is similar in intent and content to DP 215 

a . Definitions 'use *^°![ rCra ^" 

to include IM. prograru (Paragraph 2.1J 

Classification reEponsibiUty for critical IM 
characteristics- added. ( Paragraph 3 .1) 

"Interface" characteristics not applicable to 
!?p£SaL (Paragraphs 2 1, 3.2, 6.1a diagram, 
sa^e note- for "I n in 6.2) ^ 

^ w . "interface" inspection level data no longer 

^ d * r SuSd on SaSng. (Paragraph 5-2 , sample 

note for rt l" in 6.2) .. 



1.0 GENERAL : - 

surfaces, areas, etc.) ^^fJf^^T^ocedure based on Grumman 

established. 

2.0 CLASSIFICATION AND DEFmiTIONS 

^ , . ^--,-tPTrLatics requiring classification shall 
2.1 Those parts ^i^^^Sf^SSlied o^ rSSed drawings by use of a 
have those characteristics identified °£ shall be 

Smbd. The symbol, consisting of a letter ina -W^*™ > 
pSced adjacent to the characteristic being classified. 
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BP 215* 



SYMBOL 



CLASSIFICATICS 




CSHIGAL 




FATIGUE CHIUCAL 




I3TEEFACE 



SOI APHICABIZ TO 
Di FHOGBAM 



BEPnnnoir 

A critical characteristic is one, other than 
-fatigue critical", that if 
result in a hazardous or unsafe condition for 
individuals using or a nlntnlTvIng the vehicle, 
or which is liiely to prevent performance of 
the tactical function of the vehicle. Such a 
condition requires 100* inspection of these 
characteristics* . 

A fatigue critical area is one where the stress 
level is sufficiently high thafif a defect 
occurs in the area, it can result-in a signi- 
ficant fatigue failure which may resul- in t-e 
loss of the vehicle and its occupants. Such 
& condition requires ICC* inspection of Jie 
characteristics within the area with particugr 
attention being given to surface discontinuities 
(mismatch) . 

An interface dimension is one that if Vf c ^ 
ant could cause a defective assembly and could 
have a serious impact on the schedule. 



2.2 Proper Usage - 
a. 



Only those, parts containing characteristics which are c°v«edhy 
SfdefiniiS^ in Paragraph 2.1 shall he <^*±K*L.C^zi^- 
cation shall not he used to invoke a mere rigid control ^of 
«mrfac±Dxiiufar quality control procedures, i.e., the use or 
T^fiSla, shall he restricted £ 2^*« 
pSta whicS could Jeopardize the safety of the vehicle or its 
occupants. 

>, Tnl^rances - Tolerances do not necessarily establish toe need 
** te^& lcSSTlt is possible that a dimension vi^ a 
±03 tolerance rny require an <£> classification while an 
^LenttoSnaion with a ±.0O?tolerance may not require any 
classification. 
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DP 215A 



, « r it r^PflA. - Before application of classification 
■of natnifacturing and inspecting the item. 



3l0 CIAS3IFICATI0IT BESPOIISIBILITY 



3.1 




Critical 



Fatigue Critical 



The originating Sub-system (121 only) 
Design or Structural Analysis (All 
other projects) 

Structural Analysis (Stress) 



A 



'( 



•Engineering prior to release. 

^. r^^^ff "Interface" Ch aracterist ics (got amicable to ^ 

^ , ' ; _ -when more than one classification is required 

group. 

^ o LEVELS GF CIASSIFICATION 

tolerances, geometric tolerances, surface *™ Xu., or ao me of these 



3.2 



3.3 
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DP 215A 



5.0 QUALITY ASSOEABCS HEPSCTIOir PBC37I3IOHS 



5.1 Tn^tlon BesoonsibiHtr - Quality Control shall be ^ronaible for 
3 assuring compliance with t he inspection requirements of this procedure. 

Drawing fan nnt of 'inspection RecTiirements - All detail parts and 
S^e^ontaining "Critical" " F fSgiua Critical" characteristics 
shall hare these characteristics inspected on all parts. This repre- 
'sents 1CC£ inspection, with no sampling procedure permitted. Jaae 
phrase, M 10O£ ETSHICTIOIT HEQUHED", shall he appended to each dravins 
notTor group of notes referencing classified characteristics in these 
categories. See paragraph 6.2. "Interface" parts require no inspec- 
tion level indication. 

6.0 DHASOTG CALLCUTS 

6.1 Field of Drawing Callouta - 

a. Classified characteristics will he identified on the field 
of the drawing with the applicable s^ahol placed adjacent 
to the characteristic a) as shown in the following typiea-. . 
examples. 



A 




DP 215* 



Pago 5 



v w,.n it ia reaulred to inspect a general area visually, rather 

^^deattfied by enclosing;. the area containing them with a 
pLntofSe and attaching' a ayahol f^^' J?' 
^^^TZ+ZTa fSee taragratii 6.2) shall he altered sy 

-. OlAHEt BfflU, MUST BS MMaiAUED . 





TV-f. that classification of characteristic 

6.2 Cruris* ITotM - It ^^"S-SSeatKT D»ta Decal vita a heading 

^S^rmESrilCE, and W theT contain such additional clarions 

ILSe note. sacSTbelcv pertain to ■*»« 
paragraph 6.1a. 



CIASSISTCAraH CF chaeactehistics 



FATXGOE CEITICAIi AREA.. .EXTRA. CASE 
MUST BE EXEECISED TO HEURE TEAT 
TEES ABSA 13 FEES OF NICSS, GOUGES, 
SCRATCHES, SHARP EDGES, ETC. , THAT 
ASS YISHIS TO THE BASED EYE. 
DETAIL EAET DIHEHSIOHS , EAEHCC- 
LABET EADU, MOST BE MAXSTAJHED. 

10036 isaEECTioir beqhibed.. ■ 



HOT APPUCABLS \ 
TO D4 PBCJECT ] 

WD/rf 



CHUICAL TObftLJE EEOJIXHEMEHT. 100$ 
EEEECTIOIT ESqDBED. " 
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SURFACE ROUGHNESS 



.0 GENERAL 

1 1 Surface roughness, is defined 'as irregularities on the surface of solid 
materials. The terms and ratings contained in this procedure apply to 
surfaces produced by such means aa machining, abrading, extruding, 
casting, molding, forging, rolling, coating, plating, blasting, 
burnishing, etc. 

1.2 Surface roughness ratings, are derived by arithmetically averaging sur- 
face irregularities from a mean line. This average is specified in 
mlcroinches . (0.000001 inch) . . 

!.0 PRODUCTION METHODS AND COST FACTORS 

2.1 A typical range of surface roughness values produced by ccamoa production 
methods is given in Table 1. 

2.2 The finer the surface 'finish the greater the cost. Care should be 
exercised in the choice of surface roughness ratings to insure that the 
coarsest surface finish compatible with design requirements is used. 
Figure 1 illustrates a cost comparison curve which typifies the exponen- 
tial rate of cost rise required to obtain increasingly fine surface 

finishes with turret lathe operations. 
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Surface Roughness, mlcroinches 



SURFACE ROUGHNESS VS COST 
Figure 1 
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0 ROUGHNESS HATING SYMBOL 

3 1 Ba sic Symbol - The basic symbol used on engineering drawings to indicate 
surface roughness shall be constructed as follows : 



( 110 IE: All dimensions 

are approximate) 



3.2 Roughness Rating - Selection of roughness ratings should bebased on the 
racing characteristics given in Table 2. , 

The desired roughness rating shall be placed above the short leg of the 
symbol, using .19 inch high numerals. When only one ™^ « fjg* J" 
• shall be considered to be a maximum value, and any lesser ^e ^ oe 
acceptable. When a maximum and niinimum value are- specified, the maximum 
■ value shall be shown above the ndnimumvaljie. 





< t .Q DRAWING REQUIREMENTS 

k 1 Machined Part s Drawing - On machined parts drawings, the Supplementary 

Data decal CENG 771. ^ J shall be used. This decal contains preprinted sur- 
?aS roughness requirements as shewn, in Figure 2. When a drawing contains 
any surface roughness requirements, the general surface roughness state- 
*St ((a) in Figure 2) shall be .checked. In addition boxes (b) 
may be checked if applicable, or field callouts may be applied as ^cribjj 
in Paragraph k.k. The surface roughness values shewn in (b) and lc> may he 
changedS meet the requirements of the drawing. When more than one value 
iTrlquired, the preeminent value shall be entered in the decal and the 
remainin?surfaces shall be identified on the field of the drawing as indi- 
cated in Paragraph h.h. 

In the case of castings, forgings, extrusions, "altered Item" parts, etc 
where an original surface already exists; part of which i will remain as is 
anf onS pSfoTwhich will be machined, the word "MACHINED'' shall be added 
to box "b" in Figure 2. 
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ROUGHNESS HEIGHT (KECROINCHES) 
SCO 250 125 6^ 32 l6 8 h 2 




AVERAGE APPLICATION 
IESS FREQUENT APPLICATION 

THE RANGES SHOWN ABOVE ARE TYPICAL ^^^^^^tq^ 
HIGHER OR LOWER VALUES MAY BE OBTAINED UNDER S PECIAL CONDITIONS. 

SURFACE ROUGHNESS PRODUCED BY COMMON PRODUCTION METHODS 

Table 1 
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, SURfACE TOUGHNESS IN 
sj KSMWX WTH ASA &«.L 




(a) 


_ j 


^ HIAUSUtfACES 




00 




y fob all hoes. . • 




(c) 


- i 1 


! . L— 







SURFACE ROUGEESS PORTION OF 
SUPPLEMENTARY DATA DECAL (EHG. 771. *0 

. Figure 2 



■r±sz'~? ard "o-g*ng Drawings. - Where separate drawings are required fa: 
' ie "ougn cashing or raw forging, surface finish requirements must be 



specified for tie as-cast or as-forged surfaces. The decals used with 
these drawings contain a surface finish section which is shown below. 
The surface roughness box shall be checked and the applicable value 
entered as described in Paragraph k.l. 



, SXtCZ KUfSiSS a 

\J AQXaiuss wth asa sm.1 



— 1 



SUHfACE rasH . 

APPLICABLE TO ALL SUEfACES 
EXCEPT THOSE TO ii XXXXsB. 



m All SURFACES 



, SURKCE ROUGMSiaS »; 

✓ Acccaci::K v.ith asa w.l 



(Pare of Supplementary 
Data decal for castings f 
ENG 771.13) 



(Part of Supplementary 
■ Data decal for forgings , 
ETC 771.12) 



it.. 3 Waviness and Mismatch - Surface roughness may be inter-related with 
mv-Livinx ar >^ m-i.Tna.teh in defining surface irregularities. Refer to 
Procedure ClOO, MACKEJHJG PROCESSES, for general data on waviness and 
mismatch.. . 

k.k- Field of Drawing Calicut ' - When symbols are entered directly. on the part 

in -che field of the drawing, the point of the symbol shall be placed on 
the surface to be controlled; on an extension line; or on a leader pointing 
to the surface. The long lag shall slant to the right. All symbols shall 
be positioned so that t'^ay read from the bottom of the drawing. See Figure 
2. "Symbols shall appear in one location only for any affected surface. 
Do not repeat a symbol in another view or section. 
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Used on parts which are, not critical in fatigue or stress 
concentration, the failure of which would not endanger 
safety or reliability. 

A coarse production finish for unimportant clearance and 
cleanup operations. This degree of roughness is often pro- 
duced on the natural surfaces of forgings, permanent mold 
castings, extrusions and rolled surfaces. 

A medium commercial machine finish. This is the roughest 
surface recommended for parts subject to loads, vibration 
and high stress. Also permitted for bearing surfaces when 
motion is slow and the loads are light or infrequent. Do 
not specify for fast rotating shafts, axles or parts sub- 
ject to extreme vibration or extreme tension. 

A good machine finish. May be specified where close fits 
are required, and may be used for all stressed parts, except 
for fast rotating shafts, axles and parts subject to extreme, 
tension. Satisfactory for bearing surfaces when motion is 
slow and the loads are light or infrequent. 

A high grade machine finish. Satisfactory for bearing sur- 
faces when motion is not continuous, and loads are light. 

A high quality surface. Specify only where smoothness is of 
primary importance for proper functioning of a part, K e.g. 
rapidli rotating shaft bearings, heavily loaded bearings, and 
extreme tension members) . 

Very fine Surface. Specify where packings and rings must 
slide across the direction of the surface grain, maintaining 
or withstanding pressures; (e.g.. the interior honed surfaces 
of hydraulic cylinders) . 

Refined surfaces produced by special finishing operations. 

Very refined surfaces produced only by the finest super fin- 
ishing equipment . 



ROUGHNESS HEIGHT RATING CHARACTERISTICS 
Table 2 
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SURFACE ROUGHNESS SttCBOL USAGE 
ON FIEID OF DRAWING 



Figure 3 

Plated anri Coated Parts - On plated and coated parts it may be required 
to indicate whether the symbol applies before, after, or before 
and after plating or coating. Refer to the PIATING AND FINISHES section 
of this Manual for the specific process involved, its surface finish 
requirements and the drawing callouts to be used. — ,^»». 

Areas of Transition - Where the roughness symbol is used with a dimen- 
sion, it affects all surfaces defined by the dimension. Areas of 
transition, such as chamfers and fillets, may conform to the roughest ~» 
adjacent finished area unless otherwise specified. 
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To- All Solders of Structures Manuals 
Frcm: 3. Haanlli /a.S. Eooson 

Subject: Calculation of Sctch and Constraining Material Stresses 

-h. cc^tr^i^ the ootti. TS= a.cooi problem. deal* a. 

^L-»^ ,=tc r^,« — . « t-icnal) . 

adjoining axiallT leaded nesbers. 

SSSaiW net section struck - Crac. initiation «*T»« « 
I^Tupcn the part, notch C V > - ^ averagestress ( ) * the 

conatraining ferial. The constraining Serial is defined 
-eacte f~oa the notch hut jofiUSAattL ^ *° *» °* 
only the peak notch stress Qtf) not sufficient since,in the plastic 
r^notch stresses and strain* are controlled h 7 the nornal^ ^-c 
constraining naterial resote fro* the notch. However in parts 
holes multiple net section* axe created vhich ma? hare sign— cant-7 
-ering individual net section stress. One such example is illustra-ed in 
this tanetin. The calculations shevn utilize data from S^.' Peterson s 
' "Stress Concentration Factors" which, on an elastic hasis, permit the cal- 
culation of net section loads and hence individual net section stresses. 

The selected example represents the geonetry associated *±th a 3/lS ^e 
niniature anchor nut vita the exception that the priW attachment hole is 
' 0.250 inches (representing an oversize condition). Additional cenments 
and reccincendaticns for anchor nuts are given on page 6. 
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2sasjie 1 - Multiple Set Sections 



Hit H I t H f i c«tt 

-V^- — ^ • 



* t * 



'm-n grass secH.cn load intensity) 




K ? 2 t r 



2he notch stresses at points I, 2, 3 ard> and also the averse art «cticn 
stresses 0-1, 2-3 and U-5 *iH calc=la.tetl. Tirrt a shear stress ^ee boundary 
between the two holes mat be established. ' Peterson • suggests that such a shear 
iree plane can be established by proportioning the distance between the holes ac- 
cording to the hole radii. 

Therefore S 1 - S (J-p-J 

- °^( ° 0 :^ .cut )- 0 - 037 " 



V °2 



0.725 da£2 tf.C63jO.15 



3 2 - 3 




(is)- °- 



021" 



i 2 



with eccentric 



'2b' ' J 3 

In efrect,the problea is new reduced to two iinit* width plates 
holes. Caliing the «™^^- edge distance e and the larger edge distance e,the abcre 
picture is obtained. 



I 
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yrm Person (^tion 57) the net section load carried by the atcrt edge for the 
example dimensions ia 



p 2a " ftc l 



Sote that for a 3«=± infinite piste (i.: e x the vaine of P^ la lover ^ 

(0 133 ft). Shi* i» laportarrt information" from which an adjusted notch stress ^cr 
~nite width sheet be obtained. Sote that literate, solstice for stress con- 
centrations for multiple boles are available only for infinite width sheets. 
3Tcm equilibrium. c£ the left element 

? x - (0.725 0.1S2) ft. - Q.1U2 ft.. « 0.765 ft. 



Correspondingly 



? 2b " " C 2 



0.056 



and agaia,if e 2 were large ? a vculd have been 0.<*9 ft. 
Finally ? 3 - (0-150 + 0.C68 ) ft. - 0.056* ft. - 0.1fi2 ft. 
The three net section stresses are therefore - 

0.763^ ft. 



* o-i - P i 



1.272 f 



2-3 



r 2a 2b 
st 



(0.725 - 0.125) t 



( j O.lUg » 0.056") ft. - 2.5"* f 
0.078 



0.162 ft 



(0.150 - 0.047) t 



1.573 f 
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3y way of cenpariacn the average net section stress for the entire part la 

■a 



1.125 ft. 



* &Ter - w-sa-ar * i.125 - i (0.125 + o.^t; 



l.UUOf 



To deterge the pea* notch stresses (at 1, 2, 3, U) ^ requires additional 
engineering judgment. 3ct±« that the net section lead hetveen holes is *lv£ZL. 
Us-rer iBr a finite width plate. .Eenoe all stresses (inelndins the notch stress) 
can he expected to be higher in the finite sheet case. It is hypothesised that 
the notch stress increase can he tafcsn as proportional to the net section lead 



:&se. 



I_M * ^ ***** i ~ 



'I / deceit" 

At paint (31 \ - 3.3 or S^f - 3.3 f far the infinite, case 



0.125 « 



_/, 0.250 , 



s*r - 3.30 f 



O.lUg 0.050 
0.133 0.0^9 



h.lk f for the finite case 



therefore apparent £ fe relative to thi constraining net section naterial is 



Apparent — (£,.) 



U.lOf 



f- - 2.53c* 
2-3 



.1.615 



H. ISc - 1 - t , 0-615 . "» 1.37 

1 + ^/X • 1 + o.iU- 



or 



(Ejf) - 1-37 s 2.533f - 3."*8f 
VI - O.lU, assirains an alumina alloy with CT 7CCC0 psi, 

(2ef . Gma=an Stmct. Manual page 37,030-26) 

S1jz±2j)x±7 tor point (2) page 15 SiT": 

£ fc -3.0 or S,f « 3- Of for the infinite sheet case 
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Again raticrLsg ^ nat action lead increase, 
' 3-0 Lo.133 + O.C^J 



STRUCTURES MANUAL 
the finite case is obtained 



Apparent 2^. 



<V>2 



^ * 2 , 3,2^ _ ' » 1-275 



1.275 - 1.0 



- 1.197 x 2.538 r =■ 3'.civ i 

,, , . _ -q-t nkn i_i Gmannaa Stricter =3 Macaal 

Point (li),oai2S 3"'° mj,J - 

= 0.313 



vita 



gives 



j . 3.25 (lnila±t« case)' 



0.0it7 
0.150 



- 3 



Atroaxent 5... a ^ 



and 

In stannary: . 



.25 fx/ 0.162 \ » 

I oTifey 

3-7°* =» 2.35 
1.573* 

- l782 x 1.573 



3.70f (finite case) 



K - 1 + 2.15 - 1.0 
1.0 + ^ 
O.Oij-7 



2.26 f 



1.S2 



LLi 



1.2721* 



- + 1 






i 







•1.5732 



° <5 w 

* 
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Ce maea ai-fraoe apglicaticaa at mnltiolg bolea - Tier* are at leaat three ccsBscnly 
occurring examplea of multiple holea of varying diams'tera. These caaea are: 

o Anchor JIata - Small attaching riveta adjcirir-g primary 
removable fastener 

Accsaa Holea - Semcyable faatarwra surrounding a large cutout 
Sealed Fuel Taaka - S"* 1 1 injection 3crev tains 3 or preferably tapped 
preaaed Jit pings 1 , adjciaiag primary structural fasteners. 

2ae latter two caaea do not have ccmmoa gecmetry. la additica it moat be acted 
that for the case of eultipla satellite attachaeat3 3urrcuadlag a primary icceaa 
hale, atresa concentration reduction due to "shadowing'' is pcasible. "Shadcwiag' 1 
occurs when the holes ars clcaely aad repetitively spaced such that the prsao=?tica_ 
of uniform gross sectica atreaa remote from the critical holes its iavalid. Aa 
estimate of the impcrtaace cf this effect caa be obtaiaed by comparing page 
B7.0Uo.l-l (rcr a single ceatral bale ia a finite sheet) vith page 37.C^C.i-5 
(for repetitive centrally located holes). The anchor aut problem is cf singu- 
lar geometry and will be dealt vith ia general teraa. , 

Aacacr cuts are available ia varioua shapea illustrated, ca cages U-3 through 
of the Grunmaa Fastener Manual (dated December 1576). The center to center hole 
spacing between the priaar7 fastener and the smaller attaching rivets is either of 
reduced dinensioa (ccmmciily referred to aa niniature) or standard. For commonly 
used 2/l6 aad l/U attachments ve have 





to j_ Spacing 


Calculated e and e/d 


Fastener 

Miniature 

Standard 


3/16 
0.250 in 
0.3W; iu 


- 1/U 
0.281 ia 
O.JCO ia 


a(3/l6) 
0.153 ia 
0.21+7 ia 


e/d<3A6) 
1.63 
2.63 


e(VU) 
0.150 ia 

0.369 la 


e/dCl/U)- 
1.60 
3-53 .. 



U till ring the curve on page 15, ve observe that since the primary parameter e/d 
ia larger than 2.5 that standard anchor atrta caa be considered aa a . Tin a ? . ? hole. 
However, for miniature anchor nuts e/d ia only about 1.6 mW-.z orientation aad 
ooteatial ever sire holes very iaucrtant. At the small hole edge E. . can be as 
high aa 3.U x 1.11 - 3.77 (angle about 65°) but aa low aa 3.0 ior all fasteners 
in line (angle about 0°). Therefore, it ia recommended, in all primary structural 
parts, that only standard anchor rata be used. If miniatures au3t be used due to 
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those cases • 

p-ob'lea a.- Increased Jotch Stress due to Torsional Shear 

The fatigue prcble* of adjoining axially loaded parts with shear transfer 
between the part, ^ act been properly addressed in the past.. 

An e^le is provided by the structural free body representing a typical 
Gulfstream integral wing cover construction, shcvn belov. 

j — I y - Eole 

^t"^^ /fe ^/7x / /// 



t~pl T^r 7 7 / 

• ^ Atim gze tie critical probles i* *t ?<=inta of stress concentration, 
irg the state or stress around hole A on the inner cover pictured above. 



.7) 




.(Typical fastener pitch) 



1-T» 
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' ; ^Ltaner pit* £ the 3 tr«. ««b»e« ^oaitlan i. «1M 

; caaefl. 



"TC - ' 

III) H i 



q/2 



r- 



Case 2 
Remote Shear 



Case 3 

Pin Load Balanced '07 Shear 



Case 1 
3ynass Tension 

Superpcaition'cx- stress ccnc.ntraticn rasters is strictly valid only Tcr enTilled, 
unloaded holes. For problems i= which the bales ccntain seat (line to line) Sit 
-ins invard radial displacements erf the hole boundary are -rrectively eliminated. 
For lu^this effect strongly influences the lead distribution in the log and 
-daw the stress concentration that vculd have occurred with an underside pi*. 
3rjeriar.ee has shewn that the effect does sot noma^r W appreciably under conpler 
1..h^ 5 a-d superposition is valid as a first order approximation. Far important 
problems vith —«n T tish oblique direction pis leads , consideration should be 
given to further study by either photoelastic or flsite element techniques. 



Cases (1) and (2) can readily be obtained from standard references liie the Gru=an 
Structures Manual or 3.3.' Peterson "Stress Concentration Design Factors". Case 3 
can be approximated by the superposition 0* the three cases shewn . . 



Case 3 - Pin Lead Balanced by Shear 



__J ' UJ-l I rrrJ 1 ■ 




o.25qs 



Case 3A - Pin Leaded Hole 

Balanced by Tension 
b' is lesser of jcrv 




7 



C25SP 

b -*J 

3B - Relievins 
Bypass Compression 



0.25qp 



3C - Zero .let 
Shear Load 



— S3 15-3 — 



JUL? 1578 



A 



-IT' ■ 



STRUCTURES MANUAL 



, i * wr. .f-*e*l which has a relatively high 
c-a4> j - - irur (or pin loaded hole efzeccj vnica ^ . 
Case (3A) i. * 3« ^ P» ; CCEOre ssicn stress (relive* 

3 tress ccncentraticn factor. Case (33) ^ - ^ 

_ , 9 „ d r-a.se (3c) fcas no net stress across tae t^c** 

the notch stress) and Case U<-, negligible. 
«t <a therefore hypothesized that the uotch stress -or -his case -s 
i I^cn or "this precede is shevn in the «lo« «^ 
^le a'- Typical lever cover section of the Guinea* III ^ 

r 65000 psi 



•a *c '«ia 
z-7« 



*tu 
t 

D ■ 

W 

P 



thicks - 0.110 in. (aft 3la«3fi fed «dge) 

faraaer dianeter = 0.25 

distance between fastener rews - 0.75 

'astener ^itch - 1.13 in. (Starred pattern) 
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Case (1) 3n>» T^cn Pa** 0*5. 1-6 GSM" (CcusezrmtiTe Solution) 



to/ 4 " Q>79 
0.95* 



6.7S6 



D/b - 0.25 - 0-333 
0.75 



2. - 2.C3 



^t gross 



0.75 



2 - cS \-o".75 - o-^ 



3.22 



3.22 f-i 



**** 

.»* r=r a=7 hole te . isSsit. *~« * ,r« *=- - 3.0 ^ 

• to a tesaiai ilsli •* i jalsS 5°° » 

^ JL occcr. (~ * *" ^ Cal ^ " 5 "° • 

tie 'oad. At thelc^ocLt this stress is zero (antisy^etry load principle) 
^ hence bo sidlticral «U1 stress occurs at the critic- 50 poist Sw 
this 3*±al lead dented problem ?ci=t S ^5 *=d SO 9 ete> 

critical Tar high shear stress problems. 
Caae (3A) - 5ia Haded Sell 3ala=ced by Teaaioi " "" 

Eaf page 37. 0^0. 3-1 Grosman Strsctarea Maaial 
e /W»L D Af 



0.25. »■ 0.333 
0.75 



E„ - 3.2 
set 



or 



U O - V 2 * 0.59 a. „ 3.776 q/ t 

V - ^; a et (0.75-0.25 )t J 



,„ ., . „ canceatra.tion vfcich corresponds to a gross 

Ucte tie unusually high net stre33 caasxa*=*sw- ... 

* « m ^ U 3 Laxse values LL3cs this cce can occar la pin leaded 
stress concentration, ox *.a. Large 

^ril" problems. 

Case (33) - sTpass Ccmcreasion 
Hef page 37.cU0J.-l Grasnan Structures Manual 

3 m 0:125 - 0-133 Su - 2 -3 

«72 0.375 



et 



cr 



(■0.S90 
- 2.3 1 3 



Qet 



(0. 75-0. 25 Jt 



1.357 q_ 
t 



V. 
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Tier 



rfore the net effect of the ahear transfer i* the sum of case* (3*0 and (33) 
(S.f) - (3.776 - 1.357) a - 2.U2"£,*'-- ■ 

S» total apparent raised stress (Case (1) pins Case (3) 

■ 2 (s b r) - 3.12^ + 2.^2 £ 

<* . t > 

EM «tr». on the =on,tr^=s ^texial a.t n=» olculatrf. 31==, ti. 

Shearload free boundary 




Vl - (r/c,) 2 



1 - C l/e 1 (1 - Vl - C r/ ^D _ 



0.375 tjjjt z O.S85 =» 0.369 nc* 



Therefore ? 2 - 0.875 C^t - 0-369 f^t - 0.506 f^t 



?„ - f_„ SO 



.375* Vl - ( r /0 2 -0.35^.^ 



? Set 3 ? 1 + h ' °' Z69 TC* * ° ,35U ^ 3 ^ 



•MC 4*10 
I- 7* 
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gr^ rl" '"g Section A-A 



CO- 



fret » 0.723 ^ tc - 



C3S 38 „ 0>aog - 



- 0-25) t 




{is). 



fret 



0.723 g^t ain 33° m Qt532 



t?, * ?-,' - 0.723*-** 

'13 -** 
Uaiss Octisdr&l Shear Stress ?ar Ccaaised Streaaea : 

- (Q.SC5 r^) 2 + 3(0.632 ij-f 

Apparent Strsaa Concentration Factor 

IV Set , 3.12 ^ ^ 2.-U 2 q/t 



f constraining 



1.36 i 



s m 2.30 + L.78 q/t 
t *LC 
1.30 + 1.73 7 



1 + ■ 



i/t 
1C 



- 1-93 + 1-275 0 



1 + 0.15 > 



V 0.125 



■ SAC *«%o 

1-74 



finally VHet- j 1 ' 93 * 1 - 275 '^} j 1 - 36 ^} 

For the Aft Plant t - 0.210 (forward edge) 

V Set " ^ ^ + ^ 4 ■ 
To ma*e the analysis m^rdngful from a design point of view, assume that it is 
~ec.uir-d to deterge the Movable ultimata gross lover cover stress (f^) *« 
satisfy the Gulfstream Etie absent. Assume, for aaqle, that the cal- 
culated allowable limit raised notch stress for the Gul^tream III is 
aSCCO psi for the cover material and the maximum value of shear flow (c) f or 
this plan> is 11C0 pounds per inch ultimate^ ^ m ... 

Therefore (Z^f) = ^ * ^ " Zm6&? ^ + ^ 
cr Allowable f_ = ^3^30 psi ultimate 

Bote, as is often' the case for modem long life airoreft, this allowable ul- 
timate stress is considerably below the material ultimate tensile strength 
(y - 650CO osi,3-Basis) and a weight penalty vculd be incurred in order to sat- 
isfy" the fatigue life requirement. For this reason interference fit fasteners 
and/or cold verted holes are being widely used, throughout the aircraft industry, in- 
cluding Grumman, in fatigue critical structures. 

Although it is' beyond the scope of the bulletin, it can be shown that tte inter- 
ference fit fastener improves fatigue life by reducing the value of the raised . 
notch stress. For- example, the theoretical stress concentration factor for an in- 
finite width sheet in tension, at low stresses, is' 1.6 (rather than 3 for open 
holes). However, the stress concentration can increase in a very non-linear manner 
at high loads, if and 'when the initial radial compression between the hols and 
-astener <s -elleved. Cold verted holes, on the other hand, improve fatigue life 
I? introducing tangential compressive residual stress around the hole boundary, and 
therefore increasing the allowable notch raised stress. Here again stress relaxa- 
tion due to temperature exposure 'or applied compressive loads nay drastically 
reduce this effect in certain cases. Therefore the potential weight savings of 
such systems must be carefully assessed including, in addition to the above consid- 
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eratlcna, «l±*12±t7 srd ^acturi^ beto the decision to the a.- ( 

.vltta tSa.conMrrenc. of ti» 3 t=*et=r« proiec* sks? l=ader and tba project 'a 
uerlsg Maas=Mat (i.e. ?rod«ct Sagizssra and tha Ssgiseeriss Man*3=r). 



1 
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C 




- o 

= Em 



Q 



— 1 ^ « rr=^:j* ^~ T Z..jCzt ^~ *^j^E^fc^V^l-f—~——^£ \\ ■.tri"i^.- : 



il 

3 




Cm 
33 



Angle ( degrees) ; ^Z-= = == 
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From: 
To: 

Subject: 
Enclosures : 



D.W.Bone Struct. Analysis B-Itf/35 GAC 78O9 21 Sept. 1979 

EG-STM-79-O56 

All Holders of Structures Manuals ♦ 
DIMENSIONAL TOLERANCES IN STRESS ANALYSIS CALCULATIONS 



1) Structures Bulletin No. 16 

2) Grumman Standard GM15B 



The Presidential Audit Committee on Product Quality has 
concluded that future designs shall incorporate modified 
analytical rules with respect to dimensional tolerances to 
insure greater conservatism in stress analysis. 

Structures Bulletin No. 16, provides required guidelines 
for future design and shall he implemented immediately. 



'cc: T.J. Kelly 
. N. Lewin 
W. Bischoff 
A. Mead 
R. Keenan 

Distribution! 

M/A Lists : 



B2 - 3A & 8A 
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Structures Bulletin Ho. 16 
'—■«-''•■■ 

To: All Holders of Structures Manuals 

Fron: D. Bone 

Subject: Dimensional Tolerances in Stress Analysis Calculations 



zaxy 



Guidelines are presented herein for the use of dimensional tolerances for all 
fatigue and static stress analysis calculations for future design. "Future 
design" includes modification of an existing design when necessitated by 
requirements other than tolerance requirements. It is not intended' to 
cause a sequence of existing part changes solely as a result of implementing 
these tolerance guidelines.. The guidelines in this Bulletin supersede 
Structures Bulletin No. 8 and any or all prior directions. 

The guidelines are applicable to both load critical and deflection critical 
calculations. Deflection critical structures are defined as structures 
wherein the stress is primarily controlled by compatibility of deflections 
with adjacent structural members. The appropriate most critical high side 
or low side tolerance within the guidelines shall be used for load critical 
or deflection critical calculations. , 

Thickness Tolerances: 

For all safety of flight structures, the nominal (average) thickness or five 
percent of the thickness from the extreme tolerance thickness shall be used, 
whichever is the more critical. 

For structures other than safety of flight, nominal thickness shall be used. 

Thickness tolerances to be considered shall include material stock thicknesses 
as purchased as well as fabrication tolerances resulting from machining, chem 
milling or any other material removal processing. 
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Grumman Standard GML5B defines tolerances for sheet and tubing material and 
is the standard to which G-AC purchases material. Any thickness tolerance 
specified on the engineering drawing takes precedence over specifications. 

Dimensional Tolerances Other Than Thickness: 

For safety of flight structures, the most critical extreme tolerance allowed 
"by the engineering drawing or specification sh^n be used for stress 
analysis calculations and for the derivation of stress concentratio n 
factors . 

For structures other than safety of flight, nominal thickness shall he 
used. 

"Tolerances other than thickness" include, for example, hole size tolerances, 
edge distance tolerances, straightness tolerances, misalignment tolerances 
at Joints and length or width tolerances. 

Special Consideration for Stress Corrosion : 

In the calculation of built-in residual stresses due to press fits, clamping 
or any other pre-stressing process, the most critical extreme tolerances 
_shall be used. 



Definition of Safety of Flight- Structures : 

A Safety of Flight Structure shall be any structure, the failure of which, 
would cause loss of the aircraft in flight or catapulting operations or 
cause a catastrophic carrier landing accident affecting crew safety or 
other aircraft or personnel on a carrier deck. 

Documentation : 

All "future design" structural analyses, published or unpublished, shall 
reference the source of any tolerance used in the analysis. The reference 
must be a drawing or a specification which is used for material procurement 
or part or assembly fabrication and inspection. 



GRUMMAN .ZttZ-JZaTJIbSE JSEMyanaSTROKI 
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Design Considerations : 

Analysts should "be alert to poor dimensioning practices or large tolerances 
on drawings or layouts which would cause—velght increases without providing 
significant cost savings. Such examples should he "brought to the attention 
of the cognizant' structural designer and the structural analysis group leader. 
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PREFERRED ^Hfrr METAL GAGES. TUBING SIZES AND THEIR TOLERANCES 



, THE FOL'OW.NG TABLES CONTAIN T.H£ PREFERRED SHEET METAL GAGES. TU3ING SIZES. AMD THE,, TOLERANCES 
CONSIOEFEO STANOARO AT GRUMMAN • 

SYSTEM/DOCUMENTATION) FOR SPECIFIC PROGRAM APPROVAL ANO THE CORRECT 't-> L u^lluu 

PARTS LIST IMPLEMENTATION. 
J THE USE OF OTHER W THE PREFERRED STANDARD SIZES REQUIRES MATERIALS ANO PROCESSES DEPARTMENT 

CONCURRENCE ANO ENGINEERING STANDARDS APPROVAL. 
U. mR AVAILABILITY OF .MATERIAL IN SIZES SPEC.F.EO. 1EFER TO THE M590I2 ALLOWABLE PARTS CATALOG 

(CORPORATE MlN./MAX.) ■ 



--OR PREFERRED CAGES ANO SUES OF METALLIC .MATERIAL NOT YET INCLUDED IN THIS STANDARD CONSULT .MATERIALS 
ANO PROCESSES DEPARTMENT ANO ENGINEERING STANOAROS 

AUTHORIZED MATERIAL SUBSTITUTIONS CAN at" FOUND IN THE FOLLOWING DRAWINGS. 
GS30B SUBSTITUTION LIST. MATERIALS. ALUMINUM ANO ALUMINUM ALLOYS 
GS30C SUBSTITUTION LIST. MATERIALS, STEEL ANO STEEL ALLOYS 
GS300 SUBSTITUTION LIST. MATERIALS, TITANIUM ANO TITANIUM ALLOYS 
GS30E SUBSTITUTION LIST, MATERIALS, MONOMETALLIC 

INFORMATION CONTAINED WITHIN THIS STANDARD WAS EXTRACTED ROM GOVERNMENT. UDUSTRY. ANO COMPANY 
STANOAROS AND SPECIFICATIONS. 



SHEET METAL 


TABLE 1 


ALUMINUM fc ALUMINUM ALLOYS 


TABLE Z 


STEEL (CARBON * CARBON ALLOYS) 


TABLE 3 1 STEEL (CORROSION RESISTANT) 


TABLE <» 


TITANIUM 1 TITAM1UM ALLOYS 



TABLE 
5 


TUBING (ROUND) j 

PREFERRED SIZES FOR ALUMINUM ALLOY 
TUBING (ROUND) 




TABLE 
IZ 


TUBING (ROUNO) 
TOLERANCES FOR CARBON S- CARBON ALLOY 
STEEL (ROUND) SEAMLESS. COLD FINISHED 
TUBING. AIRCRAFT TYPE 


6 


TOLERANCES FOR ALUMINUM ALLOY TUBING 
(HQUNQ) DRAUH 




13 


TOLERANCES. FOR CARBON CARBON JLLOY 
STEEL (ROUNO) SEAMLESS, COLD FINISH 
TUBING. MECHANICAL TYPE 


7 


TOLERANCES FOR ALUMINUM ALLOY TUBING 
(ROUND) EXTRUOED 


1* 


TOLERANCES FOR CARBON S CARBON ALLOY 
STEEL (ROUNO) WELDED, ANNEALED. 
NORMALIZED. OR STRESS RELIEVED TUBING. 


3 


PREFERRED SIZES FOR CORROSION 
RESISTANT STEEL TUBING (ROWO) 


9 


TOLERANCES FOR CORROSION RESISTANT 
STEEL (ROUNO) SEAMLESS TUBING 


15 


WALL THICKNESS TOLERANCES FOR CARBON 
j. CARBON ALLOY STEEL (ROUND) WELDED 
TUBING. AIRCRAFT TYPE. 


10 


TOLERANCES FOR CORROSION RESISTANT STEEL 
(ROUND) WELDED TUBING 


16 


PREFERRED SIZES FOR TITANIUM 3AL-Z.5V 
TUBING, SEAMLESS, ANNEALED 


U 


PREFERRED SIZES FOR CARBCH S. CARBON 
ALLOY STEEL (ROUND) TUBING 




17 


TOLERANCES FOR TITANIUM JAL-Z.5V RCUNO 
TUBING. SEAMLESS. ANNEALED 



MATERIAL - METALLIC 
PREFERRED GAGES ANO ROU NO TU BING 

I GRUMMAN DESIGN^ j 

GRUMMAN STANDARD 
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TABLE 1 ■ ■ 

ALUMINUM A NO ALUMINUM ALLOYS 

(TOLERANCES: IN. PLUS & MINUS) 



CAGES 


WIOTH RANGE (INCHES) 


IN. 


UP TO rs 


19-36 


37-ua 


1*9-5!* 


55-60 


.016 


.0015 


.0020 


.0025 


.0035 




.020 


.0015 


,0020 


.0025 




.ao** 


.0J5 


.0015 


.0020 


.0025' 


,0035 


.301* 


."32,.,.. 


.0020 


.0020 


"0D25 


,001+0 


,oo_5_ 


• Cto 


,0020 


.0025 


.0030 


.001*0 


.005 


.050 


.0025 


.0030 


.001*0 


.0050 


.006 . 


.063 


.0025 


.0030 


.001*0 


.0050 


.006 


.<""._ 


.0030 


.0030 


.00*0 


.0050 


.006 


.000 


.0035 


.0035 


.oai*o 


.0050 


.006 


.090 


.3035 


.0035 


. ao^ 


.0050 


. ,.00d 


. I0O 


.OOW 


.001*0 


.0050 


.0050 


UP07_ 


•125 


.C0"5 


.00^5 


.0050 


.0050 


.007 


. 160 


.0060 


.0060 


.0080 


.0080 


.009 


. 190 


.0070 


.0070 


,0100 


.0100 


1 .Oil 



STEEL: CARBON AND CARBON ALLOYS 

(TOLERANCE: IN. PLUS & MINUS) 




STEEL: CORROSION RESISTANT 
(TOLERANCE: IN. RLUS S. MINUS) 


CAGES 
IN. 


WIDTH RANGE (INCHES) 


GAGE5 


CONTINUOUS MILL 
M" MAX. WIOTH 


12-20 


21-1*0 


M-US 


.020 


.003 


.003 


.003 




.018 


.0015 


.036 


.oou 


.OOU 


.001* 


.025 


.0015 


.050 


.005 


.005 


.005 


.032 


.0020 


.063 


.006 


.006 


.006 


.036 


.0020 


,071 


.006 


.007 


.007 


.050 


.0030 


.080 


,006 


.007 


.007 


.063 


.0030 


T09? 


.00b 


_ t 0O7_ 


.008 


.080 1 .001*0 




,oad 


.009 


.010 


.095 


,00*0 


. 160 


.008 


.009 


.010 


.125 


.0050 


.190 


.008 


.009 1 .010 


.160 


.0070 










.190 


.0070 



TABLE It- 



. TITANIUH AND TITANIUM ALLOYS 
(TOLERANCE: IN. PLUS t MINUS) 


GAGES 
IN. 


GAGE RANGE 

in. CD 


UP TO W" WIOTH 


.0100 


.008 - .0110 ' 


.0020 


.6TS0 


.012 - .0160 


.0020 


.0250 


.017 - .02*6 


.0030 


,0360 


,027 »-.OI*00 


.COW 


^0500 


.OM - .0580 


.0050 


.0630 


.059 - .0720 


.0060 


.0S00 


.073 - .0830 ._ 


.0070 


.0900 


.OSU - .0980 


,aa8o 


. 1 100 


.099 - . 1 IW) 


.0090 


. 1250 


.115 - .1300 


.0100 


. 11*00 


.131 - .H*50 


.0120 


.1600 


.11.6 - .1875 


.311*0 


.1300 


.|l*6 - .1875 


.0I**0 



(T) TITANIUM ALLOY IS NOT STOCKED IN ANY STANOARD GAGE. ALL GAGES ARE HANO' ROLLED TO ORDER AND TO ANY 
THICKNESS THE DESIGNER REQUESTS. HOWEVER THE GAGES LISTED ABOVE ARE PREFERRED. 



GRUMMAN BTANOABD 



GMI5B 



CODE IOENT NO. 2S512 [SHEET Z 



■ NO *m i>?a 



TABLE 5 

PREFERRED ALUHINUM ALLOY BOUND TUBtNC 



.0UTSI0E j WALL THICKNESS (NOMINAL) INCHES 






(NOMINAL) j „ a 
INCHES | ■• u ' a 


.035 i .049 


.058 


.065 


.083 
' ■ 


.095 | .120 


.(56 


.188 


.250 | 


,. 1ST 


5052 0 


S0S2 0 j 


















;2SQ 


2024 n 
S0S2 0 
60S! T6 


202"* T3 
5052 0 
6061 T6 


2B24 T3 

5052 0 




2024 T3 








1 






1 

. ■ .312 


5052 0 


202"* T3 I 2024 T3 
5052 0 1 5052 0 
6061 T6 j • 


2024 TS 
















.375 


202<* T3 
5052 0 
9061 T6 


2024 T] i 2024 TJ 
5052 0 | 5052 0 
6061 T6 6061 T6 


2024 T3 


2024 T3 




2024 T3 










.4J7 


202"* T3 


2024 T3 
5052 0 


2024 T3 


2024 T3 




2024 T3 


2024 T3 








■' 




2021* n 

5052 0 
6061 T6 


2024 73 
5052 0 
6061 T6 


1014 T3 

5052 0 
6061 T6 


6061 T6 


pi 

4U AH 4 J 

606 1 T6 




2024 73 


2024 T3 








.625 


5052 0 


;o24 n i i024 n 

5052 0 5052 0 
6061 T6 68*1 T* 


2024 T3 


6061 T3 


2024 n 


2024 T3 




2024. T3 






.750 


! 202"* T3 
S052 0 5052 0 
6061 T6 6061 T6 


2024 73 

5052 a 

6061 T6 


202 1 * T3 
6061 T6 


2024 TI 
6061 T6 


2024T3 j 6061 T6 


2024 T3 








.375 




2024 T3 

5052 a 


2024 T3 


2024 T3 
6061 T6 


2024 T3 




2024 T3 










1 .00 


5052 0 


2024 TJ 
5052. 0 
606) T6 


;024 T3 
5052 0 
6061 T6 


2024 TJ 


202** T3 
5052 0 
6061 T6 




2024 73 


2024 T3 


2024 73 






1.13 




2024 H 


2024 T3 


2024 TJ 


2024 T3 














1.25 


5052 0 


2024 TI 
S052 0 


2024 T3 
5052 0 
6061 T6 




2024 T3 


2024 T3 










2»24 73 


.1.33 




2024 TJ 


2024 T3 


2024 T3 
6061 TS 


2024 T3 














• 1.50 


5052 0 


2024 TJ 
5052 0 
6861 TS 


2024 n 
5052 a 




2024 t3 




2024 T3 






2024 73 


2024 73 


. I.oj 




2024 73 


2024 T3 


2024 T3 












2024 T3 




. 1 .75 


5052 0 


2024 T3 
50S2 0 


2024 T3 
5052 0 


2024 T3 


50S2 0 


2024 T3 


2024 T3 


2024 T3 






2024 T3 


2.00 


5052 0 


50520 


2024 T3 
5052 0 
6061 T6 


2024 T3 




2024 T3 








2024 T3 


2024 T3 


.2.25 


5052 0 






2024 T3 


2024 T3 






2024 73 








.2.50 


5052 0 


5052 0. 


2024 T3 
5052 a 
6061 T6 




2024 TJ 
5052 0 






2024 73 








2.75 




2219 731 


5052 0 










2024 T3 






2024 T3 


3.00 


5052 0 


5052 0 


2024 T3 
5052 0 




5052 0 
606I T6 










2024 T3 



TABLE 3 CONTINUES ON PACE 



UnUMMAN BTAiMDAHD 



QMI5B 



CODE ICENT NO. 26512 SHEET 3 
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•A CONTINUE TABLE 5 



OUTSIDE ' ! 
OIAMETER ' 






WALL THICKNESS (NOMINAL) INCHES 


(NOHINAL) 
INCHES 


.028- 


.035 


.0U<) 


.058- 


.065- 


.033 


• .095 


.120 


.156 


.133 


.250 


3. SO 




5051 0 


5051 a 




5052 0 




. j 

j 








3.75 








202<» T3 






| 202<* n 








"».00 




5052 0 


5052 0 
















^.50 






5052 0 

















TABLE S 





ALUMI MUM JU.LQY 


DRAWN ROUND TUBING 












SPECIFIED 


TOLERANCE INCHES 


SPECIFIED THICKNESS 


TOLEMBCE. INCHES 


CUTS! OE 


IN PLUS i MIWJS 


INCHES 


IN PLUS i MINUS 


DIAMETER 


ALLOW— O B*»l*Tf at» 


(3)® 


ALLCWMLE OEVIATION OF^ 
MSAR WALL THICKNESS FROM 
SPECIFIEO WALL THICKNESS 


INCHfS 


OF MEAN DIAMETER (2) 
FROM' SPECIFIED OIAMETER 




.iga- :soo 


.003 


.028 - .035 


.002 


.625 - 1 .CO 


.00<» 


.oug 


.003 


1.13 - 1-00 


.005 


t .05a - .oaj 


.001* 


2.25 - 3.00 


.006 


.095 . 


.005 


3.25 - '♦.SO 


.008' 


.120 - .133 
.250 


.006 

.ooa 



TABLE 7 





ALUMINUM ALLOY EXTRUOED ROUNO 


TUB INS 








SPECIFIED 

OUTSIOE 
DIAMETEJl 
INCHES 


TOLERANCE INCHES 

IN PLUS 1 MINUS 

ALLOWABLE DEVIATION 

OF MEAN OIAMETER. F*Ott_, 
SPECIFIED 01AMETEf\Ji 


-SPECIFIED WALL 

THICKNESS 

INCHES 
® ® 


TOLERANCE INCHES IN PLUS 4 MINUS 
. QyU-LOWASLE DEVIATION OF MEAN WALL 

tnjcxhess fwnr specified vale thioness 


00 

.188-1.25 


GO 

1:38-2:50 


CD. 
3.00-i».5O 


.188 - :M7 


.009 - 


.029 - .035 


.Ofl< 








.500 - . .a75 


.010 


.^9 - .058 


.■007 




.008 


.008 


1.00 - V.75 


.012 


.U65 


.'ooa 




.008 


r009 


2,00 - 3'. 75 


-.015 ' 


.'-083 - .095 


:oog 




.009 


•.010 


4.00 - !+,50 


.M5 


,120 - ,138 


.009 




.009 


..013 






..250 


.on' 




.Oil 


fll« 



(2JMEAN OIAMETER IS THE AVERAGE OF TWO OIAMETER MEASUREMENTS TAKEN AT RIGHT ANGLES TO EACH OTHER AT ANY 
^POINT ALONG THE LENGTH. 

Q)THE MEAN UALL THICKNESS OF ROUNO TUBE IS THE AVERAGE OF TWO MEASUREMENTS TAKEN OPPOSITE EACH OTHER. 



ft* 

IS 
1 

A 

a 

A 

a 



TOLERANCES LISTED WERE EXTRACTED ?ROM. 

FED STO ik$ (mil-WOSI, MIL-T-787 AND MIL-T-700/SERIES) 
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TABLE 3 

PWEFEUMP' STEEL: COHKOSIQN RESISTANT ftOUNO TUB IMC 



OUTSIDE i WALL THICKNESS (NOMINAL) INCHES 

DIAMETER i 


(NOMINAL) | Q16 
INCHES | 


.020 ; .028 j .035 j .0*9 ; .058 } .065 j 


.187 




321 ';6M 


JO* 1/8H 
321 ANN 


: i i 


1250 1 

1 




JO* t/SHl 
321 I/8H 


30* I/8H 
321 ANN 


30* I/8H 
321 ANN 


i i 
! 1 
i 


.312 








30* 1/8H 
321 ANN 




1 


.375 






30* I/8H 
321 ANN 
321 1/8H 


321 ANN 


30* I/8H 

321 ANH 




! 


.500 






321 ANN 


30* I/8H 
321 ANN 


321 ANN 












30* I/8H 
321 ANN 




321 ANN ! 

I 




.750 




321 ANN 


321 ANN 


321 ANN 
321 l/SH 


30* 1/8h| 

i 




.275 




321 ANN 




1 




1 .00 




321 ANN 


30* I/8H 
321 ANN 


321 ANN 






1.25 








321 ANN 


321 ANN 






1.33 






321 ANN 




321 ANN | 


i 


I. SO 


321 ANN 




321 ANN 


321 ANN 


321 ANN | j 32.1 ANN 


1.75 




321 ANN 




321 ANN 






321 ANN 


2.00 






321 ANN 


J21 ANN 


321 ANN 




321 ANN 


2.50 






321 ANN 


321 ANN 


321 ANN 






2.75 










321 ANN 




321 ANN 


3.00 






321 ANN 








321 ANN 


3.50 




321 ANN 








r- 

i 


*.00 




321 ANN 


321 ANN 






321 ANN 


MO 








321 ANN 









J 

<3 

I 
? 

i 

a 

-or 



r 




ana m i>io 



i 

■A 



TABLE 9 



STEEL: CORROSION RESISTANT 
SEAMLESS; COLO FINISHES 


OUTSIDE DIAMETER 
INCHES 


■TOLERANCE 
OUTSIDE OIAMETER 

INCHES 


TOL. WALL THICKNESS 
S7\ (X OF THICKNESS) 
<&< INCLUOES OVALITY 


. .187 - 1.00 


*.0O3 -.000 


*IS% -0% 


I.2S - '♦.SO 


f.00& -.000 



(5) OVAL I TV IS THE 01 FFERENCE BETWEEN MAX AMD MIN OUTSIDE 01 AMETERS MEASURED AT ANY ONE CROSS 

SECTION. THERE IS NO AOOIT10NAL TOLERANCE FRO* OVALITY ON TUBES HAVING A NOMINAL WALL THICKNESS 
OF MORE THAN 3 PER CENT OF THE O.D. OUTSIOE DIAMETER. 



TABLE 10 



STEEL: CORROSION RESISTANT 
■UELOED 


OUTSIOE DIAMETER 
INCHES 


TOLERANCE * 
OUTSIOE DIAMETER 
INCHES 


WALL THICKNESS 
INCHES (f)(5) 


TOLERANCE. WALL THICKNESS * 


OUTSIOE DIAMETER RANGE 


. IS7-.37S 


1.00-1.75 


2.00-3.00 


.137 - .375 
.500 -■ .750 
1.00 *"- 1.38 
1.50 - 1.75 
2.00 

1.50 — 3- DO 
3.50 - <*. SO 


.003 
.004 
.005 
.006 
.007 
.010 
.015 


.016 - .020 
.023 

.035 - .049 
.058 - .065 


.002 


.003 


.004 


.003 


.004 


.005 


..005 


.005 





© FOR NOMINAL OUTSIOE DIAMETER 0.625 INCH AND UNO EH , WALL THICKNESS TOLERANCES OF SEAMLESS 
TUB I NO APPLY, 

(&) FOR REDRAWN WELDED CORROSION RESISTANT STEEL TU3INC, WALL THICKNESS TOLERANCES ARE *. 10% 



TOLERANCES LI STEO WERE' EXTRACTED FROM 

MIL-T-8973. REF. MIL-T-6645 4 MIL-T-3808(MS33S30 

FOR LOOSER TOLERANCES. 



GRUMMAN STANDARD 



QMI5B 



CODE IOENT NO. 2S5I2 



SHEET tT 
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■I ■ 
























TABLE 1 1 




















PREFERRED 


STEEL: 


CARSON CARBON 


ALLOYS ROUND TUaiNG 




































OUTSIOE 

f% i a u p n 

□ J AMcTER 










WALL THICKNESS 


(NOMINAL) INCHES 












(NOMINAL) 
INCHES 


.028 


.035 


.04g 


.053 


.065 


.083 


.095 


. :i2o 


.156 


.188 S 


.250 j 


.312 


.'.375 


.187 




*»1 30 




















t 


.ISO 


i*l 30 




4130 




4130 














1 


.375 




4130 


4130 


4130 












1 




■ .SOO 


! *I30 




1025 
4130 


4130 


4130 


| 4130 


4130 | 


1 
P 

1 




.625 


| 4130 


41 30 




4130 






4130 


j 4130 j 






.750 


1 «H30 


4130 


4130 


4130 


4)30 


4130 


4130 


4I]0 


4130 • 


4130 






.875 






4130- 


"*l JO 


4130 






4130 






4130 






1.00 




4130 


4130 


4130 






1015 

4nn 


4130 


4130 




4140 




1.25 




4130 




4130 






4340 


4130 




4130 






1.38 


1 

i 






4130 






4130 


4130 










1.50 


1 

i 






4130 
4140 


4130 




4130 


4130 


4130' 
4340 






4340 


1.63 | ! 




4130 


4130 












4340 






..75 








4130 




4130 


4130 






4130 






2.0O 




4130- 




4140 




4140 


4130 
4140 




41J0 


4130 






2.50 










4I3Q 










4130 


4130 
4100- 


4330 
CSVM 


4130 


2.75 












4140 


4130 












4130 


3.00 






















4130 







Q 

1st 
> 

rr 

H 

<o 

UJ 

> 
a 

cc 

1 

Q RUM MAN BTANDAHD 

CODE IOENT NO. 26512 | SHEET 7 



TABLE 12 



STEEL; CARSON ANO CARBON ALLOYS 
AIRCRAFT TYPE, SEAMLESS (COLO FINISHED) 



OUTISIOE 
□ I AMETER 
INCHES 



.187 - .500 
.615 - 1.50 
I.63 1 -.3.00 



TOLERANCE, OUTSIDE DIAMETER, INCHES(7}| 



ANNEALED, NORMALIZED, 
OB STRESS RELIEVED 



.DOS 
.005 
.010 



QUENCHED 
Sr TEHPERED 



.010 
.015' 
.030 



TOLERANCE 
WALL THICKNESS 
INCHES 



SEE NOTE ( 



(7) TUBES WITH UALL THICKNESS LESS THAN 3% OF THE NOMINAL OUTSIOE DIAMETER (00) WILL 3E ALLOWED AN OVAL 1 TY 
V TOLERANCE OVER AND UNDER EQUAL TO 0.5X OF THE NOMINAL 00 IN ADDITION TO THE TOLERANCE INOICATEO IN THE 
TABLE, BUT THE HE AN 00 SHALL SE WITHIN THE INDIVIDUAL MEASUREMENT TOLERANCE' SPECI Fl EO IN THE TABLE. 

(3) WALL TMICKNESS OF TUBES O.S IN. OR LARGER NOMINAL INSIDE OIAHETER (ID) SHALL NOT VARY MORE THAN +.10% 
^— 'WALL TMICKNESS OF TUBES LESS THAN O.SIN. NOMINAL INSIDE DIAMETER (10) SHALL NOT VARY MORE THAN • I5S 



TABLE 13 



STEEL: CARS Si! ANO CARBON ALLOYS 
MECHANICAL TYPE, SEAMLESS (COLD RINI SHED) 


OUTSIOE 
DIAMETER 
INCHES 


NOMINAL WALL 
THICKNESS. INCHES 
ANNEALED, NORMALIZED,. 
WENCHES C- TEMPERED. 


TOLERANCE 
OUTSIOE 

DIAMETER 
1 NCHES 


NOMINAL WALL THICKNESS 
FINISHED OR STRESS 
RELEASED 

SEE (D,®4© 


TOLERANCE - 
OUTSIOE DIAMETER 
INCHES 


PLUS 


MINUS 


.187 - .500 
.625 - I .50 
1.63 - 3.00 


ALL 

n, OF 00 OR MORE 
K OF 00 OR MORE 


+.010 

i.oi5 

*.0I1 


ALL 
ALL 

ALL 


.005 

.010 


:© 

0 



(9j 



MS) 



WALL THICKNESS TOLERANCE 

MECHANICAL TVPF. COLO FINISHED (ALL CONDITIONS) 

WALL THICKNESS OF ALL fUBES SHALL NOT VARY MORE THAN *}0%, EXCEPT FOR THOSE LISTED BELOW (®< (TT) ) 

WALL THICKNESS MAY VARY +11.57, FOR TUBES WITH LESS THAN MO If*. 00 HAVING A WALL THICKNESS OVER ITi OF 
THE NOMINAL 00. 

?0» TUBES LESS THAN 0,5 IN. NOMINAL 10 (OR LESS THAN 0.625 INC. WHEN WALL THICKNESS IS MORE THAN Z0% OF 
(001, THE WALL THICKNESS HAY VARY *15*». 



TOLERANCES LISTED WERE EXTRACTED c ROM 4MS2Z53D 
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TABLE 14 



STEEL; CARSON AHO CARBON ALLOYS 
AlftCRAfT TYPE, WELDED 
ANNEALED. NORMALIZED, OR STRESS BELIEVED 


OUTSIDE 
OlAMETER 
INCHES 


NOMINAL WALL 
THICKNESS INCHES 


TOLERANCE. INCHES 


PLUS 4 MINUS 


OVALITY 


.187 - .500 


ALL 


.CO J 


.001* 


.615 


ALL 


.00'* 


.004 


.750 - 1.00 


.028 - .058 


,004 


.005 


.750 - 1.00 


.065 - .120 


.004 


,00<* 


1.25 - 1.38 


.028 - .120. 


.005 


.008 


t.so - z.oo ■ 


.028 - .058 


.006 


. .008 


i:50 - 2.00 


.065 - .120 


.005 


.004 


2-Sa, 


ALL 


.007 


.010 


2.75 - 3.00 


.028 - .065 


.010 


.020 


2.75 - 3.00 


.083 - . 120 


.010 


.015 



TABLE IS 





STEEL: CARBON AND 


CARBON ALLOYS 




AIRCRAFT TYPE, WELDED 






WALL THICKNESS 


TOLERANCE 




NOMINAL WALL 

THICKNESS 


TOLERANCE, WALL THICKHESS. INCHES, PLUS S MINUS 
OUTSIDE DIAMETER RANGE, INCHES 


INCHES 


.3 75-. 375^ 


1.00-2.00 


2.SO-3.00 


.028 - .035 


.004 


.004 


.005 


.049 


.004 


.oos 


.006 


,0S8 - .065 


.004 


.006 


.006 


.083 


.004 


.006 


.006 


-095 




,006 


.006 


.120 




.006 


.008 
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T/ILE 16 

PBEFERRED SIZES FQR TITANIUH 3AL-Z.5V TUBINC S 6AW' f ^ JNNFAt^f) 



OUTSIDE 
01 AMETER 
INCHES 


.028 j .036 


,0<»2 


1 

.aw» .05^ 


..073 


.375 












.300 j 


X 










.615 














.750 










X 




i.oa 












X 


1.50 






* 









TABLE 17 ' 



TOLWANCES FOR TITANIUH 3At.-J.5V ROUND TUBING 




SEAMLESS - 


ANNEALED 




OUTSIDE DIAMETER 
(NOMINAL), 
INCHES 


TOLERANCE 
OUTS 1 OS DIAMETER 
INCHES 


OVALITY TOLERANCE 
' OUTSIDE OIAMETER 
INCHES 


TOLERANCE 
WALL THICKNESS 
INCHES 


.375 - .500 


*.004 - .000 


.00>> MAX 


WALL THICKNESS 


.625 - t .500 


+.005 - .000 


.005 MAX 


NOT TO EXCEED 
+ 10% 

OF NOMINAL 
WALL THICKNESS 



TOLERANCES LISTED WERE EXTRUOEO FROM 1,131183 
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STRUCTORES BULLETIN HO. 17 

prom: E. Eanalli/B.Whitmlui 

<j> 0: All Holders of Structures Manuals 

Subject: Determination of Fastener Load Distributions in Miltiple Sheet 

Packups 

Reference: (l) Grumman Structures Manual Section B2.50 

(2) Grumman Drawing Procedure Hot ice DP301+ (l$-h) 



Summary: 



Elastic Analyses of mechanically fastened multiple layer packups 
must employ parallel as well as series springs to represent the 
fasteners which interconnect the laminates. Two- closed form 
equations are presented which permit the calculation of the 
required parallel, spring flexibilities. These parallel springs ' 
must account for the additional fastener flexibility due to the 
gaps between the laminates. The data of reference 1 does apply 
to this configuration. 

The use of these fastener flexibility equations. requires an 
investigation to insure that the maximum stiffness (minimum 
flexibility) for the configuration is obtained. Additional 
equations are developed to assist this investigation. 

Finally, a relatively simple symmetric double shear splice Joint 
is analyzed to demonstrate the deficiency of the existing series 
spring only solution. 

I. Fastener Flexibility Equations 

Fastener flexibilities usually control splice Joint load dis- 
tributions. "Analyses of these Joints can give incorrect results ■ 
for multiple layer packups, that is, in configurations, where the 
load is being transferred from one part to two or more parallel 
part's. Situations of this type have recently occurred in under- 
strength splice joints reinforced by local doublers. The 
difficulty is traceable to the use of only series springs be- 
tween the elements rather than a combination of series and 
parallel springs to connect all laminates with each other. The 
springs are used to mathematically represent the fasteners. 

To correct these analyses, parallel as well as series springs 
are required. To accomplish this, the components of the fastener 
flexibility must be identified and quantified insofar as possible. 
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The term fastener flexibility "is associated with that joint deflection 
which cannot be attributed to the single axial extension of the test 
plates. The additional deflection is associated with three effects: 

(1) Fastener deflection £n 'shear and bending. 

(2) Joint motion attributable to localized hearing 
distortions at the fastener locations. 

(3) Joint motion due to fastener rigid body rotation. 

The latter effect is bounded by the two limiting cases (i.e.) 
single and double shear which have maximum and aero fastener rigid 
body rotations respectively. 

The following figures show the general configurations of single 
and double shear joints whose fastener flexibilities must be determined 
prior to joint analysis. 



Single Shear 

Joint Configuration 




Elate 2 



Double Shear 

Joint Configuration 



Elate 2" 



7 



(Central ELate) 



r r v 



'Maximum ,X 

I ^-Elate 1 



point location plate 2 
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To correctly analyze multiple laminate structures, the flexibility of the 
parallel springs must include the effects of the gaps between the layers. Since 
reference (l) data' does not include this- effect the following two empirical equa- 
tions are to be used. "*"" 



Flexibility equation for single 'shear fasteners (Protruding Head) : 



1 




1 + 2{£ 




+ Q.OkO 



^bry^e! 



P~ t 
bry 2 e 2 



(1) 



Flexibility equation for" double shear fasteners (Protruding Head) : (per shear face) 



K DS V /US 



3-51 : 
E^d 2 " 



i + 2 a; 




+ 0.024 



bry^e! 



^bryg 1 ^ 



(2) 



The first terms in these expressions represent the fastener deflection, in 
shear and bending (for a unit load) while the second represents the total of the 
local deflections of the plate (for a unit load) . The nomenclature is as 
follows: 

I = distance the load is assumed to be transferred (in) 
accounting for gaps, as applicable. 

= Modulus of Elasticity of fastener material (psi) 
= Fastener diameter (in) 



d 



F, = Lower of fastener or sheet bearing yield strength (psi) 
bry 

t = Effective thickness of the plate (in) 



•where 



and 



J " I and d > O.156 in 

**i indicates the i °~ plate. 



(3) 



plate 

t at, for *i * 0.65 
ei x. - s - 



Note t is only used for the sheet deflection calculation but never in 
e 

determining ^,, -for reasons explained in the next paragraph. 

The idea of using an effective thickness for low plate thickness to fastener 
diameter ratios was empirically determined. It is conjectured that in relatively 
thin plates (say t/d < O.k), the allowable load per unit of plate thickness is 
limited by the allowable bearing stress (proportional to diameter times plate 
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thickness) while for relatively thick plates (t/d i "0.65) the load distribution- 
is not bearing stress limited but rather determined from simple bending and axial 
load through-tbe-thickness distribution ' (which are proportional to thickness only) 

The decision to use either the single or double shear stiffness equations in 
an unsymmetrlc 'Joint is somewhat arbitrary and so the following rule is 
recommended: 

If the load is being transferred to both sides of a central or nearly central 
plate, use the double shear equation. The maximum distance, -I, over which the 
load will be transferred, is from the quarter point of the central plate to the 
mid point of a side plate. If the load is being transferred from one side plate 
to another, use the single shear equation with I having a. maximum value of the 
distance between the plate center lines. 

II. Concept of Maximum Fastener Stiffness (minimum flexibility) 

The fastener flexibility equations (l) and (2) must be used with judgement. 
In gap free joints, the values predicted by the fastener flexibility equations 
will approach a w-jm'Tmim value and then increase as the plate thickness increases. 
This occurs in the predictive equations due to the rapidly increasing fastener 
deflections with increasing &, but is' not in agreement with test data. 

A reasonable explanation is that once the fastener carries the load across 
the plate interface a sufficient distance for it to be introduced into the plate 
in bearing, the plate interlaminar stiffness will then move the load to the plate 
quart erpoint or centerline. Re-examining equations (l) and (2) and introducing a 
single constant C for the 0.0k and 0.024 values, we have (for equal plates of 
common material) 1 r>\ 



HF-ffa 



[tx +g 

1+2 — 

a 



(I) - wi? |- " l d j ■ F try t x |.^ey 

where t x <: t, I = + g) and |s la the plates effective (bearing) 
thickness to thickness ratio using equation (3) . 
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d 
*t 

x 



Differentiating with respect to t x , equating to" zero, and rearranging: 
finally, the value of t (sfc) which gives the maximum fastener stiffness 



x 

is 



Equation (I*) may he iteratively solved for a family of when 
g = 0 and is plotted in Figure lL 



bry 



III. Determination of tjj. for fasteners with gap g 

When an arbitrary gap g is introduced between the loaded laminates, 
as in the case of the parallel springs, the value of tj^ is determined 
from t^Cgapless value) from 



To familiarise the reader with the concepts discussed above, some 
examples are presented on page 7 illustrating how fastener stiffnesses 
can be calculated. ■ ... 
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IV Example of Fastener Stiffness Determination 

Find the single shear fastener stiffness for a l/k Steel HiLok 
(Ep = 29 x 10 6 psi) in 7075-T651 Aluminum Alloy ELate (F bry = 115000 psi) 
for both gapless and 0.100 gap configurations. 

CS F _ 0.0U x 29 x 10° _ 1rt From Figure I5 *x/d O.95 or 
.115000 ' t x = 0.2375 in; 

Therefore only thicknesses less than or equal to 0.2375 inch need be 
considered. 

Table 1 - l/k in. Steel HiLok Fasteners in 7075-T6 (without Gaps) 
Comparison of Predicted Stiffnesses - Reference 1 with 
Equations (1) and (2). 






t. 


t/d 


t e CD 


i 


' i 

Kp 


'1 


K- 






.Ok 
.08 
.12 
.16 
.20 
^ .2375 


.16 
.32 
.1*8 
.61+ 
.80 
.95 


.0515 

.096 

.133 

.162 

.200 

.2375 


8.12x10"!? 

l. 86x10" ' 
3.385xio"' 
5.621x10"' 
8. 806x10 "J. 
1.286x10"° 


1.351xlO~ 5 
7.25 xlO-J 
5.23 xlO-o 
l*-.29 xlO"? 
3. 1*78x10"? 
2.929x10"° 


1.36xl0" 5 

7.1*36x10-9 

5.568x10"? 

1*. 852x10"? 

U.359xlO"? 

I*.2l5xl0"° 


73.5xlof 
131* xlflr ' 
180: xl0| 
206 xlO^ 
229 xlO^ 
237 xlO J 


77xl0 3 
136x10^ • 
l8Oxl0| 
205x10^ 
216x10:? 
220xl0 : * 


(1) Equation 3 

(2) Reference 1 Page B2. 50-7 

Table 2 - Predicted stiffness for l/h Steel HiLok Fasteners in 7075-T6;,! gap 




t 


t/d 


V 


I ■ 


1 

K _ 


_l 


1 

% 






.01* 
.08 
.12 
.16 
s .183(3 


.16 
.32 

.1*8. 

.61* 

.732 


- .0515 
.096 

.133 
.162 
.183 


.11+0 
.180 

.220 
.260 
.283 


1*.1*0 xlO ' 

7.08 xio"; 

1.083 xlO"? 
I.588 xlOJ? 
1.9^7 xlO"° 


1.351xlO"5 
7.25 xlO"? 
5.23 xlO"? 
1*.29 xlO"? 
3.801x10"° 


1.395xlO"| 
7.9^8x10^ 
6:313x10 ? 

5.878x10"? 
5.71+8x10"° 


72x10^- 
126x10:? 
158x10^ 
170x10^ 
17lacl0 C' 




(3) Maximum effective fastener length for gap configuration (g = 0.100 in.) 

* / V" S ■ ' - g = 0.2375 /0.2375 + 0.100 ' . mnn - n i*< 1n 

■y *x y 0,2375 

(1*) Predicted Stiffness ratio 0.100 gap to gapless £ Steel HiLok = 17^/220 = 

From Grumman Test Report 310MTB-1 (6-k-6h) Measured Ratio = ^* ?9 

[0.87 (P260 JoBolts) 
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V Illustrative Problem - Two demonstrable observations of the validity of the 
series - parallel spring solution^ over the series only solution can "be 
shown by considering the following- symmetric- double shear joint. 



7/16 



V 



doubler- 
central plate. 

0.5P 





— 3 
-rlr 



6 

zrT 



_i_5 



2d, 



— *- 



0.875 



(2D) 



--8 



bymm. 



1.313 



Md s + 0.062) 



-2-5 



(3D) 
I 



3=£ 



7/16. 



0,340 
(2 places) 



■0.51 



,(2 places) 



-0.680 



3r 



-0;5P 



0.875 



(2D) 



5d; 



*5-8 



+ 



+ 




~ 3 -5D Formal to Load 
See Note 1 

Notes- i _ All. dimensions agree with reference 2 minimums except 3. 50 normal 

to load to allow for one oversize attachment without any significant 
fatigue life reduction. 

2 - The edge distance of 2D and pitch distance of 3D are arbitrary and 
in the • untapered joint shown excessive-. In an actual design, 
fish-mouth tapers or reduced dimensions based on improved tooling 
should be considered. 
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■The first observation is that for a" zero doubler thickness, the- problem becomes 
statically determinate (based on bolt and plate size symmetry) and the joint 
deflection parameter, j , can be independently calculated using reference 

1 data. Therefore, as t^ approaches zero, the correct indeterminate solution 
will approach this value. Figure 2 shows how this only occurs in the five 
degree indeterminate series-parallel spring solution with the series only- 
solution becoming very flexible since the load is forced, to enter and exit the 
relatively thin doubler or shim. The second observation is that the stress in 
the doubler (points 1 to h) should be lower than the stress in the central 
remotely loaded splice plate (points 2 to 5). This is true since the additional 
flexibility produced by the fastener connecting points 1 and 2 will be felt by 
the load path, points 2-1-4 but not by the load. path. 2-5. Figure 3 illustrates 
stress results from the series only spring. solution compared to the values 
obtained from the- series -parallel spring. solution.. 

* 

It is concluded that the series/parallel spring approach provides a more 
accurate solution for problems when multiple element packups exist. In. general, 
the series/parallel spring solution should be regarded as a state-of-the-art 
improvement and must be used, in all future analyses where applicable. 

The illustrative problem was solved in closed form to show the effect 
of doubler thickness variations. The analysis is presented in summary form 
on- the next page. 

To illustrate the correct use of fastener flexibility equations (l) and (2) , 
the fastener flexibility calculations used in the illustrative example are 
included (see pages Ik, 15, and 16) . Particular attention is directed to the 
concept of effective bearing thickness (equation 3) for t/d ratios below 0,65 
and to the length for minimum fastener flexibility for which equations (4) and (5) 
are of assistance. Observe however that equations (4) and (5) are. for equal gage 
identical bearing yield strength material and must be used with judgement when 
this condition does not exist. This situation is illustrated by all fasteners 
except 3-5 and 6-8. 
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■Continued: Illustrative Problem Solution: 



o Redundants e^, and q^ pertain to series spring solution. 

o Redundants thru q^. pertain to_series-parallel spring solution. 



a 22. + «U5 




ot. 



58 



%8 



•to 



%5 



*36 



a 36 + a 58 



°35 + '"68 



°36 + a 58 



^36 + ^58 



'68 



'68 



l a 36 + ff 58 
a 3^ * ^5 



X % 



25 



0.5a, 



58 



■»o.5af. 



'78 



0.5a, 



67 



0.5a, 



58 



0.5a 



58 



0.5a, 



58 



NOTE: 



The above equations were obtained from the minimum strain energey 
principle. ■ 

Identical equations are easily obtained using results of standard 
Force Method Ql]^ matrix algebra which circumvents the 

requirement to determine the derivatives <j*17. 

3 % 
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Figure-' 2 - nina^a-M-re Joint Problem : 
Joint Deflection Parameter 
Versus. Doubler Thickness 



25- 



W3|r 20" 



a- 



0) 
-P 



p-i 

J3 
O 
•H 

■P 
O 
<U 
H 
4h 
(U 

a 

■p 

c 

•H 

o 

•"3 



15' 



TZ *^ 



tor 




Series Spring Solution 



io- 




Parallel-Series Spring Solution 



Statically Determinate Solution 
Using Reference 1 Bolt Stiffness 



.20 



.05 .10 .15 

Doubler Thickness (inches) 
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752 
3 oa f@0.01 



Figure 3 - 7niTRt.rfl. tive Joint Problem : 

Member Stress to Eemote Stress 
■Versus Doubler Thicltness 




o -o Series-Parallel. Spring 
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In general, the. -results of any analysis to wfaieh -this b^s% applies 
should he examinea' to £S±ahliBh the wOiaity of dU -asswinptiORS .flRPft. The 
equilibrium of. -jshear -forces on each jg.. the fasteners can., £ar .-exempli, -.be. 
helpful in .indicating ;W hether -She single she^r, rdpuhle ^hear,, sr .*m* dafcsr- 
mediata val'ae ; :pf.. flexibility is appropriate .for the^probl.eju. inhere ;n»y be 
oases wherein it -is -als-o ^profitable to.^xarane the Reflected shape .-of the 
splice aeaibers,.,. The .overall load distribution. ; and stresses should .always 
be. assessed. 
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